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ABSTRACT

A closed form of the Picard-Fuchs equations for N = 2 supersymmetric Yang-Mills
theories with massless hypermultiplet are obtained for classical Lie gauge groups. We
consider any number of massless matter in fundamental representation so as to keep the
theory asymptotically free.
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1 Introduction

Recently duality has become a very important tool both in supersymmetric Yang-Mills
theories and string theory. Seiberg and Witten|?| have used duality and holomorphy to
obtain the exact prepotential of N = 2 SYM theory with gauge group SU(2). (For a
review see: e.g.|?], [?] and [?].)

The key point in N = 2 SYM models was the discovery of a hyperelliptic curve with
r complex dimensional moduli space (r is the rank of the gauge group) with certain
singularities, which gives information about the low energy Willsonian effective action.
The Seiberg-Witten data is a hyperelliptic curve with a certain meromorphic one form
(B, Asw ).

Indeed, the prepotential of N = 2 SYM theory in the Coulomb phase can be de-
scribed with the aid of a family of complex curves with the identification of the vacuum

expectation value (v.e.v) a; and its dual a” with the periods of the curve

a; — 7{ )\SW and CLZ'D = 72 )\SW, (1)

where «; and (; are the homology cycles of the corresponding Riemann surface.

There are two well known methods for finding the periods and thereby the prepotential.
The first method is to calculate the periods directly from the above integrals. This
method has been developed in[?] and [?]. They explicitly calculated the full expansion of
the renormalized order parameters using the method of residues. By this method, they
worked out explicitly the perturbative corrections as well as the one and two instanton
contributions to the effective prepotential.

On the other hand, one may use the fact that the periods IT = (a;,al) satisfy the
Picard-Fuchs equations. Probably from the Picard-Fuchs equations one can obtain the
prepotential in an analytic way, which is for example, important in the instanton calculus.
Recently some of these equations have been obtained in [?] and[?]. Also in [?]| we obtained
a simple closed form of the Picard-Fuchs equations for Pure N = 2 SYM theories for
classical Lie gauge groups. The Picard-Fuchs equations can also be obtained from the
mirror symmetry in Calabi-Yau manifold|?].

In this article we extend the results of [?] to obtain a closed form for N = 2 SYM
theories with classical Lie gauge groups which have massless matter in fundamental rep-
resentation.

The hyperelliptic curves for classical gauge groups with any number of matter in the
fundamental representation are known [?],[?] and [?]. Although in some cases different
hyperelliptic curves have been proposed for the same gauge group and the same hyper-
multiplet contents, but it was shown in [?]| by explicit calculations up to two instanton

processes, that the corresponding effective prepotentials are the same for all these different



curves. This equivalence results from the fact that the effective prepotential is unchanged
under analytic reparametrizations of the classical order parameters|?].
The Seiberg-Witten data (E,,, Asw) for classical gauge groups with n; massless matter

in fundamental representation have been proposed as follows (see: [?],[?] and [?])

y? = px) - Gx),

G’ xdx

Asw = (—=p—p)i= 2
SW (2Gp P) Y ) ()

where -
p = l,ere _ Zui$m+€_i (3)

i=2

withm=r+1,i=2,3,..., ¢ =0 for A, series and m = 2r, i = 2,4, ..., ¢ = 0 for B, and
D, series, and m = 2r, 1 = 2,4, ..., e = 2 for () series, and u;’s, the Casimirs of the gauge

groups. Also
G = A" (1 — dgme1 )™ for A,

G — A2m—2—2nfx2+2nf fOT Br

(4)
G — A2m+4—2nfx2nf fOT Cr
G — A2m—4—2nfx4+2nf fOT Dr-

Note that the D, series has an exceptional Casimir, ¢, of degree r, but in our notation
we set o, = t2.

From the explicit form of Agw and the fact that the Agw is linearly dependent on the
Casimirs, setting (,%i = 0; one can see

mte—1

8,')\51/{/ = — Y dl’+d(*),

$2m+2e—z’—j
0;0; A sw = —Tp(x)derd(*). (5)

The procedure of derivation of the Picard-Fuchs equations is to find proper linear

combinations of ”“m;fi dx and m%;?fj p(x)dx which give total derivative, then by integration
from two sides and using (??) and (??), one can find second order differential equations
for the periods.

For example, from the second equation of (??) one can find the following identity for

the periods L; j.p I = 0 where

Li,j;p,q - aiaj - 8p8q, t+j7=p+tgq (6)



2 B, and D, Cases

From (?7) the proposed hyperelliptic curve for these gauge groups with ny, <m —k — 1

massless matter in the fundamental representation are

y2 _ p2 . A2m—2k—2nf$2k+2nf’ (7)

where k = 1 for B, and k = 2 for D,.

By direct calculation one can see that

d ZL’ l,n—l xm+n—1 m . l,qun—l—z'
() = k) e (mny K)o p Y = k=g T (8)
=2

Now from equation (?7), we can find the second order diffrential equations for the
periods (L,II = 0) as follows

m

L,=(k+ny—n)0np_pni1+(m—np—k)020m_pn_1—>_ (m—k—np— )w;0;:0n_ni1. (9)

=2
Here n = 2s — 1 and s = 1,...,r — 1. Note that for s = r equation (??) does not give
the second order differential equation with respect to u;. So by this method we can only

obtain r — 1 differential equations. Another equation can be obtained by following linear

combination
ZL’erl m . ZL’erl_i
Dy = (k+ny—m)d( )+Z(m—k—nf+z)uid( ; ) (10)
i=2
or
m m—1 ZL’2m i—j
Dy = dsw— O i(i — 2)u, + Z 1J U~
=2 ]z 2 y
_ (m —n, = k)2A2m—2nf—2k$2L+2k d 11
! /7 p)dx. (11)

Note that, for the case of ny = m — k — 1, one cannot write the last term in the

2 p(z)dz, so it only gives the second order differention

above equation as the form of

equation for the periods in the case of 1 <ny < m — k — 2, which is

=14+ (i — 2)u0; + Z ijus;0:0; — (m — nyp — k)?APm—2k=20r 52 (12)

=2 F,i=2
where for SO(m + 1)
82 = &n_nf_k@m_nf_k ny odd
(13)
O = Om—ny—2k0m—n; ny even
and for SO(m)
0% = Om—ny—kOm—n;—k ny even
(14)
* = 8m—nf—k—1am—nf—k+l ny odd
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For the case of ny = m — k — 1 we should add an extra term to D, to cancel the last

term, which is

m—1
DD0+A2d(xy ) (15)
so the last term of (?7?) changes to
A (i — 1Du0a0;. (16)
=2

Equations (??) and (?7?) give a complete set of the Picard-Fuchs equations for the
periods for gauge groups B, and D, with any number of massless matter so as to keep

the theory asymptoticlly free. (ny <m —k —1).

3 (), Case

1

First let us write the Picard-Fuchs equations for the pure gauge theory.” The proposed

curve for pure N = 2 SYM with gauge group SP(m) is [?|

x2y2 _ p2 _ A2m+4 (17)

where -
p=a™ =D ™ A =24, m (18)

=2

By direct calculation one can see that

d ik xn—l 1 0!

dx(z)in 2z 7})’

(19)

where z = xy. So from (7?) we have the following second order differential for the periods

Ln — —n@m_n+3 -+ (m -+ 2)826m_n+1 — Z (m +2— i)uiaiam_n+3. (20)

=2
here n =2s+ 1 and s = 1,...,r — 1. Just as for the B, and D, cases, there is a difficulty
for s = r, again, we have only r — 1 differential equations. One can see that, the last

equation can be obtained by the following linear combination

m+3 m+3—1

DOZ—(m+2

+§: m + 2+ )ud( ) — (m+2)2Am+2d(§) (21)

z

which gives a second order differential equation for the periods

= 14> it — 2)w0; + Z ijuiu;0:0; + (m + 2) 2Am+2z — DuiOnOire.  (22)

=2 7,4=2 =0

"Here our notation for C, gauge group is different from the one in[?].



here ug = —1.
Let us return to our task of obtaining the Picard-Fuchs equations for C. gauge group
with ny < m + 1 massless matter in the fundamental representation. From (??) the

proposed curve for this theory is

y2 _ p2 . A2<m+2_nf>l’2nf (23)
One can see that
d xn xn—l xm+n—1 m l,ern—l—z'
——(—) = (n—ny)———(m+2—-ny) pF_(m+2—ny—iju p (24)
dr "y 7y Py 2 y?
which gives the following differential equations
L= (ny —n)monys+ (Mm+2—np)020m i1 — Y (Mm+2—ny — )u0i0n_nys. (25)
=2

As in the previous cases from this method we obtain only r — 1 differential equations.

The last equation can be obtained from the following linear combination

3 m s
Dy = (ny —m — 2)d( ; )+Z(m+2—nf+i)uid( ) (26)
=2
or
m xm+2—z’ m $2m+4_i_j
Dy = Xsw —O_i(i — 2uy + > djuguy D
i—2 ji—2 Y
2 A 2mtd—2n x>
— (m+2—ng)°A pr)dx. (27)
Similar to B, and D, cases, for ny = 1 and ny = m + 1, the last term in the above

. . . 2mta—i—j
expression cannot be rewriten in the form of —=——p(x)dx, so we should add an extra
Yy Y

term to Dy. For the case of 2 < ny < m, the above equation gives a second order
differential equation
Lo=1+4> (i —2)u0 + > ijuu;0;0; — (m+ 2 — ny)2AZH2 52, (28)
i—2 =2
where 8% = Omio2—n;Omy2—n, for even ny and 0° = Jpy1n;Omysz—n, for odd ny. For

ny =m + 1 Dy should change to

l,qul
D = Dy + A2d(T—), (29)
Y
so the last term of equation (??) changes to A*Y" (i — 1)u;050;, and for ny = 1
1 2
D =Dy — MA%mH)d(f% (30)
U, Yy
and the last term of equation (??) changes to
A2mt2 m=2
(m+1)? > (m 41— )u0iy20m (31)
mo =0

where ug — —1.



4 A, Case

Consider gauge group SU(m) with n; < 2m — 2 massless hypermultiplets? in the defining

representation of the gauge group. From (??) the hyperelliptic curve for this model is
y2 _ p2(x) o A2m_nf$nf (32)
where

= ™ (33)
=2

By direct calculation one can see that

n—1 m+n—1 m m+n—1—1

d a" TN TN

f ny .
—(—)=(n——= —(m—-—= - = YU 34
m(y) (n 2)y (m—=7) " p+z§(m 5~ DU R (34)
From (?7) we can find the second order differential equation for the periods (£,11 = 0)
as follow
n m n
zafpg—mmﬂﬁﬁwm—gwymn1—§xm—étﬁmﬁawwy (35)
=2

where n = s — 1 and s = 2,....,7 — 1. As before, for s = r (??) does not give the second
order differential equation. Moreover, here for s = 1 the same difficulty arises as well. So
by this method we can only find r — 2 equations. Two other equations can be obtaind by
considering a particular linear combination of d(%)

Consider the following linear combination

n m+ m l,erl—z'
Do = (=L —m)d(=——) +3_ (m DNusd(———) (36)
2 =2 y
or
m m—1 x2m i—7 Tf\ o s 9men
= Xsw — O_i(i — 2)u, +Zwuu]7p—(m— 2)A P )dx (37)
=2 7,4=2 y y

which gives the second order differential equation for the periods in the case of 0 < ny <

2m — 4 and take the following form

+> it — 2)u0; + Z ijuiu;0;0; — (m %)2A2m—nf82. (38)
=2 F,i=2
where 9% = 0p,0m—p, for ny < m —2 and 9* = 920p_1—2 and | = —1,0,...,m — 4 for

m—1<ny(=m+1) <2m— 4. For the cases of 2m — 3 < ny < 2m — 2, one should add

an extra term to Dy as follows

?For ny = 2m — 1, because of A dependent term ((z — ag/A)} where the coefficient aq
comes from instanton calculations), there is a difficulty, which also arises in the massive
case. So we postpone it to future study.



For ny = 2m —3

xm—2

Y

D= Dyt gASd( ) (39)

SO

— 1> z—2u,8+22yuu]88+ ASZ( 5

=2 F,i=2 =2

For ny = 2m — 2

m—1
D = Dy + A2d(Z—), (41)
Y
80 .
= Z i(1 — 2)u;0; + Z ijuiu;0;0; +AQZ (1 — Du;050;. (42)
=2 F,i=2 =2

Finally, the last differential equation for the periods can be obtained from the following

linear combination (which is analogous to d(i) in the pure case [?])

m m—2 m m—1
By = (m = “D)d(==) + Ly = 2m = Duad(——) + (m — 223 wid(Z (43)
Yy 4 Yy 27 =

which gives the second order differential equation for periods in the cases of 1 < ny <
2m — 3.

LO — C2(€ — 2)’&283 -+ Z (Z — m)e2ui8i+1 -+ Z cieuiﬁi_lﬁg -+ Z C2(6 - Z)Uguzagaz

=2 =3 =2

+ 3 (= m)etudind; +62%A2m_nf32. (44)
§,j=2
where 9% = 00— 41 for ny <m —1 and 9% = 828m -1, 1 =0,....,m—3form < ns(=
m+1) <2m —3 and also e = (m — L), ¢; = me + 2L Forthecaseofnff2m—20ne
should add an extra term as follows
o d ™2
E=FEy—(m— DA —(—) (45)
dr” vy
and then the last term in equation (??) changes to
=2

At the end, note that equation (??) is not valid for SU(2) with ny = 1 as it should be.
This inconsistency comes from the d(i) term in (?7). One can see that the Picard-Fuchs

equation for this case is obtained from the following combination

9 A*  x?— 3u
D =Dy+ ——d A7
and gives the well-known result
27 A°
L1=1+ (4u*+—=—)d.. 48
V=L (P 2 (15)



5 Conclusion

To compare our results for the groups of rank r < 3 with the results of [?] and [?], let

us, for example, consider SU(4) with one massless matter. From the equations (?7), (?7?)

and (??) we have

LO - 8’&263 -+ 49’66384 — 217’&3622 + (8’&3 — 224’&4)823 + 117’&2’&3824
49
-+ (49’&% + 128’&2’&3)634 + (49’663’&4 — ?A7)844,

L1 = 04— T0x + 3u024 + 3054 — 14044,

Lg = 1+ 3’&383 -+ 8’&484 -+ 4’&3822 -+ (9’&% -+ 16’&2’&4)833 + 16’&2844 + 12’&2’&3823
49
-+ (24’&3’&4 — ZA7)634, (49)

where 0;; = 0;0;. One can check that these equations are linear combinations of those
of[?].

To summarize, we have obtained a closed form for the Picard-Fuchs equations for
N = 2 SYM theories with classical Lie gauge groups which have massless matter in the
fundamental representation.

Note: After the completion of this work, I received the paper|?] which has considerable

overlap with our work.
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