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ABSTRACT

A generalization of the SU(2)—spin systems on a lattice and their continuum limit to
an arbitrary compact group G is discussed. The continuum limits are, in general, non-relativistic
og—model type field theories targeted on a homogencous space G/ H, where H contains the max-
imal torus of G. In the ferromagnetic case the equations of motion derived from our continuum
Lagrangian generalize the Landau-Lifshitz equations with quadratic dispersion relation for smail
wave vectors. In the antifesromagnetic case the dispersion law is always linear in the long wave-
length limit. The models become relativistic only when G/ H is a symmetric space. Also dis-
cussed are a generalization of the Holstein-Primakoff representation of the SU(N) algebra, the
topological term and the existence of the instanton type solutions in the continuum limit of the
antiferromagnetic systems.

MIRAMARE — TRIESTE
September 1992

1. INTRODUCTION

Spin systems have been studied for many years and continue to provide new insights
into the behaviour of quantum mechanical systems with many degrees of freedom P In this paper
the notion of spin is generalized to include the representations of groups larger than the three—
dimensional rotation group .

The usual spin system is a collection of SU(2) spin operators associated with the sites
of a lattice and coupled to their neighbours. The Hamiltonian is

_l {m) (n)
H-Egjms Sy (1.1

where lattice sites are labelled by se1s of integers, m, n. . ., and the spin operators satisfy the SU(2)
commutation rules,
[Sg,m); Séﬂ) ] =1 Emn Euﬁq SE,HJ

In (1.1) only quadratic terms are indicated but higher order terms could be added. Non-isotropic
versions of (1.1}, in which the SU(2) symmetry is broken, may also be considered.

If the lattice is one—dimensional and the spin operators are represented by Pauli matrices
then the problem can be solved exactly ¥. Otherwise, the rigorous results are only partial and
it becomes necessary to use approximate or numerical methods 1. Two regimes are particularly
suitable for approximation: large spins and long wavelengths V. In the large spin or correspondence
theory limit, the spin operators are represented by unit 3-vectors,

S sl ¢ g =1, s

and the system becomes classical. In the long wavelength limit the system approaches a continuum
field theory appropriate for the study of low energy excitations. When both approximations are used
in conjunction the system is described by a non—linear g-model ¥,

S™ s s gal )

1
L — (3¢ +...
77 (8¢q)
Corrections to the correspondence theory limit can be computed in the form of a loop expansion
in which the system is represented by a so—called “quantum” non-linear c—model. It is widely
believed that the quantum non-linear o—model provides an accurate description of the long wave-
length, low energy properties of the spin sysiem, even in the small spin regime @,

A primary goal in the investigation of spin systems is to find indications of phase transi-
tions and critical behaviour. Thus, at sufficiently low temperatures, it may be asked, is there long
range order? Does one find spontaneous magnetization in the ground state? In the classical regime
this is certainly true but, when quantum effects are taken into account the ground state may well be
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disordered. For example, it is known that for the ane—-dimensional ( D = 1) system there is no long
range order in the ground staie. On the other hand, for D = 3 there can be long range {antiferro-
magnetic} order. This order is destroyed at some finate critical temperature. For D = 2 the ground
state has been shown to exhibit long range antiferromagnetic order for s > 1 but the situation for
s = 1/2 is not clear, af least in the isoropic models. Although there cannot be any long range order
for D = 2 at finiie iemperature, it is ineresting 1o consider the behaviour of the correlation length
as the temperature goes to zero. Using renormalization group methods it is possible to distinguish
two regimes according fo the coupling strength ¥ If the coupling exceeds a certain critical value
then the correlation length remains finite for 77 — 0, indicating a disordered ground state, If the
coupling is less than the critical value then the correlation length diverges exponentially, indicating
long range order in the ground state 7.

Most of the work in this field is concerned with the SU(2) spin models since it is phys-
ically motivated. Our aim here is to extend some of these ideas to “spin” systems based on an
arbitrary Lie group. Instead of associating SU(2) generators with the sites of a lattice we shall
use the generators from any classical Lie algebra. We shall not attempt 10 generalize any of the
rigorous theorems from the SU(2) literature. Rather, our purpose at this stage is to develop gen-
eral formalism for treating the long wavelength and comespondence theory limits. Our view is that
while such models may not have any immediate physical application, they may eventually serve to
caste some light on general features of the SU( 2} models by placing them in a broader context.

From a mathemarical point of view the generalized models are interesting in themselves.
In going 10 groups of rank > 1 the structure becomes much richer. For instance, one may contem-
plate new varieties of long range order, beyond the familiar ferromagnetic and antiferromagnetic,
The SU(3) analogue of the s = 1/2, SU(2} system would employ the triplets 3 and 3*. In the
ground state one might expect to find an orderly arrangement of these states on the lattice. On
the other hand, the large quantum number or correspondence limit will lead to o-models on one
or other of the manifolds, SU(3) /SU(2)} x U(1),SU(3)/U(1) x T{1), etc. depending on the

ground state.

To generalize the well-known SU(2) spin wave formalism it is necessary first of all to
generalize the Holstein-Primakoff representation of spin matrices. The approach followed here
start, from the coherent state method used by Haldane ® which is easy to generalize. In this
method, the finite dimensional vector spaces on which the spin matrices act are provided with
an aver—complete basis labelled by coordinates on a coset space. Transition amplitudes in this ba-
sis are represented by path integrals whose meaning becomes unambiguous in the limit of large
quantum numbers, and which can be used 1o extract a correspondence limit Lagrangian. In prin-
ciple it would also be possible to use this Lagrangian in the sub—comespondence regime, applying
canonical quantization procedures to find corrections. However, the underlying path integral is
subject to ordering ambiguities which make the passage to quantum theory less straightforward.
This problem is solved, at least in the examples we have examined, by extrapolating directly from
the coherent basis expectation values of the generators to operator expressions whose correctness
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is then verified by using the canonical commutation rules. The procedure will be illustrated in
Sec.6 for the case of CPY¥ where a realization of the Holstein-Primakoff 1ype is obtained for the
generators of SU{N + 1),

At the classical level, where ordering problems are suppressed, it is possible to give an
explicit expression for the Lagrangian. The dynamical variables in terms of which it is expressed
can be interpreted as coordinates on a coset space, &/ H, where H includes the Cartan subgroup
or maximal torus of G. If H is precisely the Cartan subgroup then &/ H is a flag manifold. The
detailed structure of the Lagrangian depends on the coherent state basis from which one starts, This
basis is generated by applying finite transformations, L4, belonging to the group (7, 1o some chosen
reference state, [A >,

¢ >=Ly|A >, LyeG.
The stability group, H, is defined as the set of transformations which leave the reference state
invariant, up to a phase

RIA > = 1A > Wik he HCG.

The coordinates ¢#, 1 = 1,2, ., dim &/ H, may be chosen in any convenient way to parametrize
representatives, Ly, from the cosets G/ H. The Cartan components of the spin connection on G/ H
are defined by the 1-form

L' dLy=—AN) Hy+ ...

where the operators H; are generators of the Cartan algebra. These are among the generators of
the stability group, H, and their eigenvalues serve to label the reference staie,

HilA >=1A > Ay,
The coherent basis system is established at each site on the lattice and their direct products

define an over-—complete basis for the Hilbert space of the model. Tt wiil be shown in Sec.2 that the
correspondence limit Lagrangian takes the form

h
L= 37 Adn) Bt - H(9) (1.2)

where
Ayl da) = AL(dy) Ay

and
H{¢} =< g|H|$ >

1
=3 2 Jon Qa(dm) Qaldn) + ...
m.n
where the functions Q{ ¢) are defined as coherent state expeciation values of the generators of G,

Qaldm) = < S|V b >
4



Generalized spin waves are obuined by examining weak excitations of the system de-
scribed by (1.2). These are defined, at the classical level, when the coherent state at each site on
the lattice is close to its reference value. 1f the Lagrangian is translation invariant then the usual
Fourier techniques can be used to extract the spectrum. Some examples of this will be given in
Sec.3 where the question of classical stability is considered.

Still at the classical level, it is straightforward to make the restriction to long wavelength
conti surations, turning the lattice model into a continuum field theory. What emerges is a kind of
non-linear o-model with fields targeted on the coset space, G/H. The Lagrangian will be first
order in the time derivative but second (and higher) order in the space derivatives. However, if the
{classical) ground state is “antiferromagnetic” in the sense that the reference state weights, Ay,
alternate in sign across the lattice, then some of the dynamical variables are algebraic and can be
eliminated to give a Lagrangian which is second order in the time derivative. This Lagrangian is
generally non-relativistic, even when higher order space derivatives are neglected, unless 3/ H
happens to be a symmetric space. This will be discussed in Sec.4.

In passing from the lattice to the continuum description, a tlerm appears in the Lagrangian
density (for the antiferromagnetic case) which is a total derivative. Such a term has no relevance at
the classical level since it makes no contribution to the equations of motion. It is only an artefact of
the method and may be safely discarded. In the quantized continuum theory, on the other hand, such
a term may not be negligible. If it makes a finite contribution to the action functional then it will
affect the sum over configurations. Since our discussion, in Sec.4, of the passage to the continuum
theory is couched in classical terms — the factor ordering question is ignored — we cannot determine
whether such terms are actually needed for the long wavelength description of spin systems at the
quantum level. Haldane observed this term in his treatment of ST/(2) spin systems in one space
dimension { D = 1} and he noted that it has a topological interpretation, giving an alternating sign
factor in the sum over configurations when the spin is a half-integer ¥ Within the limits of our
discussion we have confined that this effect persists in the generalized antiferromagnetic D = 1
spin systems. (For D > 1 our total derivative term does not seem to have a topogical significance
and should therefore probably be suppressed in the quantum theory ' ) Topological aspects of the
D = 1 systems are discussed in Sec.5 where first order equations for generalized instantons are
derived.

The classical non-linear z-models obtained by this approach can be quantized in the
usual way. It is not at all obvious that such quantum non-linear g—models have much relevance to
the original spin problem but, as mentioned above, there is a common belief in the ST/ (2) case that
they are good for describing the long wavelength, low energy features of the spin problem. Some
support for this view may perhaps derive from the standard treatment of quantized o-models by
dimensional regularization. In such treatments it is prescribed that quantum corrections associated
with factor ordering should be discarded. Recall that it is precisely these ordering contributions —
defined by the Holstein—-Primakoff operator valued expressions for the generators Q4 (¢$,) — which
distinguish the sub-correspondence regime on the latrice. If they are indeed not relevant in the
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continuum limit then the quantum non-linear g-mode! should be appropriate for the long wave
behaviour of the lattice model.

Finally, it may be remarked that the loop expansions of the quantized theory comprise
quantum corrections to the classical spin wave amplitudes. Since both A,(¢) and {o(¢) in (1.2)
are linear in the weights, A;, it is clear that the loop expansions can be read as expunsions in powers
of 1/A if the couplings J . are redefined to absorb one power of A, Jmn = oo/ A With this
interpretation, the classical theory emerges when A — oo. This is what is meant by the expression,
large quantum number or correspondence limit.

2 THE SEMICLASSICAL REGIME

Our purpose is to discuss the large quantum number, or correspondence limit of gen-
eralized spin systems. Typically, the Hamiltenian is given as 4 sum of terms in which operators
associated with sites on a lattice are coupled,

1 o m {n)
. Hzig;fmﬁqglcgﬁ +... (2.0

where m, 7, ... label the sites and the coefficients J22 are coupling parameters. The matrices Q4™
are generators of some representation of a Lie group, G. They satisfy the commutation rules

[Qfxm) [ Q};n) j= 6mn Cap b ern) : (2 2)
The couplings are assumed to be G—invariant, i.e. proportional to the Killing metric,
J$€=Jmn9"ﬁ (2.3)

and also translation invariant,
Jmn=urm~n- (24)

Higher order and/or non—invariant coupling terms could be included in the Hamiltonian (2.1} but
we shall not consider such possibilities.

We are not looking for exact solutions. Following Affleck 2, our aim is to find a La-
gr. ngian description which can be used for semi—classical approximations, generalized spin waves,
and which leads to various o—model rype theories in the continuum limit. Our approach is to gen-
eralize the method used by Haldane ¥, As outlined in Sec.1 this involves the introduction of an
over—complete basis of coherent states in the finite dimensional vector space on which the Q4 act,
followed by the construction of a path integral representation for transition amplitudes in the co-
herent basis. In the ST (2) case the coherent states in question are associated with the points of the
manifold SU(2) /(1) and they describe the orientation of the spirt vector in the comespondence
theory limit. This picture generalizes easily to the cosets G/ H.
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Let G be a Lie group and H one of its subgroups. We are interested in those subgroups
which include at least the Cartan subgroup (maximal Abelian subgroup). If H is precisely the
Cartan subgroup then G/ H is a lag manifold, but we may consider larger, non-Abelian subgroups
50 that G/ H becomes a subspace of the flag manifold,

Suppose that G is decomposed into left cosets with respect to the subgroup, H. From
each coset one can choose a representive element Ly € & where ¢ = {#*} labels a point on the
manifold G/ H. This m=ans that, for arbitrary ¢ € &, there is a map

¢ ¢ =¢'(d,9)
defined by
QL¢ = L¢' h (2 5)
where h = h(¢,g) € H. The detailed form of the functions ¢'( ¢, ¢) and (¢, g) depends on the
choice of representative elements, L.

In the vector space that carries one of the ireducible representations of (7, choose one
vector, |[A >, that is invanant, up to a phase, under the action of H,

hA > =1A > ¥ (2.6)

This vectur will be referred 10 as the “reference state”. Now, corresponding to the points ¢ € G/H,
define the coherent states,

¢ >=LylA > . (2.7)
Under the action of G these states are transformed according 1o
gld > =1g' > WM (2.8
where ¢’ and A are determined by (2.5).

The coherent states can be expanded in an orthonormal basis,

I¢>=E X > < MLgiA > (2.9
X

and it i3 possible to project the orthonormal basis vectors from the coherent states by integrating
over the coset manifold,

|X>=jﬁm¢n¢><augwx> (2.10)

where dy is a suitably normalized G-invariant measure on G/ H. The coherent states therefore
constitute an over—complete basis.

Of particular interest is the overlap between neighbouring staies,
<o+ dpld > = < AlLgly Lo lA >
AL =L dLy)|A >
1+ A A (2.11)

1]

7

where the 1—forms, A7 = dg* A7 (), are the Cartan components of the spin connection on G/ H.
To obtain this we have expanded the Maurer—Cartan form in a basis of the Lie algebra of G,

Ly dLy = €* Qa

—A Hiv e Qu+ e* Q4 (2.12)

1t

where the operators (0, satisfy the commutation rules

IQa-Qﬁ]=CaﬂTQ1‘ (2.13)

The generators of the Cartan algebra are denoted, H;. These operators are all in the algebra of
together (in general) with non—Abelian elements, (Jz. The remaining generators are denoted by
Qa- Their coefficient 1-forms, e, in the Maurer—Cartan form define the frames on G/ H. The
requirement (2.6) that |[A > be invariant, up 10 a phase, under the action of H means

HylA > = [A > A
QalA > =0 (2.14)

The operators (, belong o some representation of H. This representation is often reducible
but it cannot contain any components that are neutral with respect to the Cartan algebra. Hence
< A|Qa|A > =0 and the result (2.11) follows.

The infinitesimal formula (2.11) can be integrated 10 obtain a path integral representation
for the finite overlap. To do this one makes repeated use of the completeness condition (2,10) or

14[@A@@><M. (2.15)

Thus, ong writes firstly

<§l¢> =f<¢w!¢:v_1 > du(n-1) <dw-tldy-z > duCen-2) ...
cdu(d) < drlde >

where ¢y = ¢’ and ¢o = ¢. The intermediate points, ¢y_1,Pn_z,...,¢1 are integrated over
G/ H. In the limit N — oo this gives rise in the usual formal way to a path integral over configu-
rations ¢{t}. The factors in the integrand are given by (2.11),

< ¢+ ddld > =exp(A A
exp(dt ¢* AL(¢) A))

to i order in dt. Hence, the finite overlap is

<ww>=fwmmg[a&AMMm~ (2.16)
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Finally, the coherent state transition amplitudes are represented by the path integrals

< ¢'lexp (_%m) ¢ >= /(d,u,) exp (% [dt L) (2.17)

where the Lagrangian is given by

o
L=T¢“A;"(¢) Aj—- H(¢) . (2.18)
The classi.al Hamiltonian, H (4), is defined by the diagonal elements of # in the coherent basis,
H(g) =< ¢|H[p > . (2.19)

The Euler Lagrange equations deriving from (2.18) take the form

Ry oo BH
— o= ——
R (2.20)

where F7, = 8, A} — 8, AJ, are the Cartan components of the curvature tensor on G/ H.

The path integral representation (2.17) is of course only format. To give it a precise
meaning one must apply canonical quantization methods to the classical Lagrangian (2.18) and in-

vent a suitable prescription for interpreting the ambiguous factor ordering in H( ¢). The canonical
momenta are define by

3
Pt
~ AL(S) A, (221

=

Ty =

o

-]

To proceed further with this it will be necessary to choose some parametrization of G/ H and obtain
explicit formulae for the components A{;. Once the commutation rules have been determined for
the ¢*, it becomes possible (o consider the structure of H(¢). For the systems we are concerned
with, the Hamiltonian is given as a polynomial in the generators (). This means that the classical
Hamiltonian will be expressed in terms of the functions

Qald) = < @|Qulp > . (2.22)

These tunctions are unambiguous at the classical level but when the dynamical variables ¢* are
quantized it is necessary to determine the factor ordering such that the algebra is realized,

[Qal),Qa()] = cap ™ Qul¢) .

This is precisely the problem solved by Holstein and Primakoff 1 for the case of SU7¢2). In Sec.6
we shall give a generalizacnn for the case of SU{N + 1) with coordinates ¢* on CPV, There it
will be verified that the ¢g—commutators vanish like 1/A inthe limit A — oo (see Eq.(6.10)). But
first we shall continue with the classical approximation (i.e. the large quantum number limit).

9

3. WEAK EXCITATIONS AND CLASSICAL STABILITY

Suppose that the Hamiltonian for the generalized spin system on a lattice is given as a
sum over pairs of sites, etc., as described in Sec.1. In the classical approximation,

H(O) = 3 % Jna 6% Qu(bm) Qadu) + ... (3.1

where ¢*# is the Killing metric and the functions Q,(¢) are defined by (2.22}. It is convenient

to express these functions in terms of matrix elements of L in the adjoint representation. These
matrices, D, #, are defined by

"' Qug=Ds?(g) Qs g€C.

If follows from the definition (2.7} of the coherent states that

Quld) =< AL QuLglA >
= Do P(Lg) < AlQglA >
= D (L) A (3.2)

Hence (3.1) takes the form

H($) = = £ Jmn 9% Da?(Lg) D (Lg) Ams Aur + ...

I S AL Dy HLGE Ly ) A + (3.3
where the invariance of the metric has been used,

9 Do (L) = g™ Do (L)
=¢* DAL

The indices j, k refer to components in the Cartan algebra, and we take a basis such that the metric
tensor is block diagonal.

Since the coset manifold is homogeneous, no generality is lost by assuming that ¢,, be-
comes independent if nin tne ground state, ie.

<Lyl Ly >=1. (3.4
With this convention the ground state value of the Hamiltonian (3.3) reduces to
1
<H(¢)>=5§Jm!\m-/\n+... (3.5)

10
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Minimization of this expression must be our guide in choosing the weights A, that define the ground
state configuration. To be more specific, we shall suppose that the pattern of weights takes the form
of a finite number of translation invariant sublattices. Write the variables in the form

{¢n} = {dus} (3.6)
where n = (m,mz,...,np) is a D-vector with integer components and v = 1, ..., f indicates
the sublattice. The weights are independent of n,

Ag = Ay

The .ranslation invariamt coupling parameters Jy, », depend on m — n. The ground state energy
per cell is then given by

1

7 2 Jmer A A (3.7)

oy

To minimize the ground state energy density in, for example, a one-dimensional system
with nearest neighbour couplings one should choose A, - Any 10 be positive (negative) if Jonet
is negative (positive). In this way one is led to the most obvious generalizations of ferromagnetic
{antiferromagnetic) order. In more than one dimension there are new possibilities. For example, in
two dimensions with a triangular lattice each site has six nearest neighbours. If all nearest neigh-
bours are coupled with the same positive strength then one can make an ordered ground state with
three distinct sublattices such that the energy density is

TR = Aghs + AsAn) = 5 [CAr+ Az + AT — AT - AF —AZ]
Hence the configuration with Ay + Ay + A3 = 0 would be favoured. Such a generalized “antifer-

romagnet” becomes a possibility in the ST 3) models.

To test the stability of conjectured ground state configurations one can compute the energy
associated with weak perturbations and find the excitation spectrum. Write

$n=d+ Aoy (3.8)

where ¢ is a constant and A ¢, is small. Substitute into (3.3) and collect the bilinear terms. To
carry out this computation we need the formula

1
L3 Lovag=1+A¢* L7 3, L+ 7 A8 84" L7838, L+...

1
1+ 8¢ e, " Qo+ 3 48" 88" (Bp e “Qat e, e’ QuQp) + ...

which derives from (2.12). Hence,
Lyl Ly =1+ [(Adn* —Adm™) €, + ;—{Aqb,, “DAby Y —Ddm* Adm VO, e, “—
—%Arbm“d%"e,.ﬂep”'%“ o
1

+ (80" —Bdn ") (Adn” —Bdm*Ies " e’ QuQp+ ...

1t

and, in the adjoint representation,

! v
D)‘ k(L;: L‘.) = 6; + ’2‘(A¢n 4 Aﬁbm‘u)(Ad)n - A¢m u)ep: = Eu s C}ﬂ'? Cyp * t..
With this approximation the Hamiltonian (3.3) takes the form

H($) =

~

1
Z Jmn [Am A+ 7 (Ada® —Adm "I AGy " — Adnm ")k::‘,"(cﬁ) + J (3.9
where k,, is a symmeiric G-invariant tensor on G/ H defined by
KM =6, " ey P AL cra T yp Ak (3.10)

The ground state will be stable against weak classical perturbations if the matrix, Jon K7V, is
positive. To examine this question it is helpful to express the algebra of & in the Cartan-Weyl
basis with generators H; and E,,, where a denotes a root. The commutation rules include
IHJ'yEiﬂ] =4 3] Eia,
[Ean/a:] = Q'J H; -

Since we are dealing with unitary representations we can choose the basis such that
Hj+=Hj and Ea+=E_a,.

The root vectors are then real, However, itis important to remark that since L' 4L is antihermitian,
the frame components in ti Cartan—Weyl basis must satisfy

(AdHe,*)' = -Ad'e, ™.
The tensor (3.10} reduces in this basis 10 4 sum over roots,
Err =3 ea e " Ancaa-Ag (3.1)
ooty

Therefore,
AP AP KT == 1A e, O A Ay

yools

It follows that the conjectured ground state will be stable if the matrix, Jun Am; Aat, is negative
definite. This is a sufficient condition. It would be straightforward in principle to sharpen this
criterion for a specific modet but it would not be very useful to pursue the question in generality.

We conclude this discussion with brief remarks about the excitation spectrum. To sim-
plify the notation define the frame components of the weak fluctuations,

Adu¥e, =97 = (%", (3.12)

12



In terms of these variables the bilinear part of the Hamiltonian (2.31) becomes

] o
His=5 33 Jmo Am-aa-An gl — 931 (3.13)

a0 mmn

where the sum is restricted to positive roots. With the translation invariant background, described
above, comprising a finite number of sublattices, {n} = {n, ¥}, it is natural to use Fourier series.
Define the Fourier components,

go(k) =) gl enkn

D
:u=‘[(ﬁ) $2(k) k2 (3.14)
2 27

where the integration ranges over a cell of volume (2 ) ”. The Hamiltonian (3.13} then takes the
form

1l

dk\ P i .
E[(ﬂ 3 T HL D $5) . (3.15)

a>0
Stability requires that the matrix, H7,,(k), should be positive definite for each root.

To obtain the frequency spectrum it is necessary to extract the bilinear part of the La-
grangian {2.18),

h . :
L= 30 #hAle0A, —H$) .

n

Substituting (3.8) and discarding a tota! derivative gives
= h i v Ry
Ly = o= 3" AP AGL Fl($) Ay — H
n

= E % E a-A, w:’(bti 5')1’):4-

a0

! @ o2
+E ngnAm.aa.A“wn—¢m| ) (3.16)

To obtain this expression we have used the Maurer—Cartan expression for the curvature tensor,
F.! =e“‘"e.,’acc,,gJI .

13

In the Cartan—Weyl basis this gives

Fulfg =3 e,%e ™(a A} (3.17)

oot

The linearized equations of motion are easily obtained,
h o o
—a Ay = 8 UNE) = ) iR VK

The frequencies are therefore given by the zeroes of the determinant

det {a A, 8o hw — H2(H) . (3.18)

To illustrate, we consider the one—dimensional chain with nearest neighbx ur coupling
where there are two familiar cases, ferromagnetic and antiferromagnetic, for which the spectrum is
easily obtained.

(a) Ferromagnetic ground stare (J < )

In this case we have a simple lattice with A independent of n. The fluctuation Hamilto-
nian (3.13) takes the form

Hy==7 3 (alA) Y or —va,
a0 no
dk -
_ 2 ki Y- LR PRLT R T A
<= T Ga p0? [ G BT (e e )
o>
ie.
HOk) = —4J(a- A) sin? k/2 (3.19)
50 that
huw= 4]« A sin? k/2 (3.20y

The sign of w is not significant. If o - A < {) we can interpret 45* as the creation operator and =
as the annihilation operator for an excitation of energy A |w|-

{b) Antiferromagnetic ground state (J > Q)

In this case we have two sublattices with A} = A = —A;. The Hamiltonian (3.13) now
takes the form

Hy =7 ) (AP ST [lvs — vl + 183 — v 2]

a0 n
dk o o ¥ ] =1 -3
=J g(a-mzfﬂ (6500 = w50 + €% B2k — %% 43(R)[?]

- 14
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ie.
afpy o a2 1 —e~*2 cos k/2
He(k) =2J(a A) LE"‘” cos k/2 ] . (321)
The secular determinant (3.18) is
oA hw—2J{a-A)? 2J(a - A)? e~ *2cos k)2
det
2J(a-A)? e+ cos k/2 —a-A hw-2J(aA)?
=(a A (~h%w? + 47 (o AP sin? k/2)
50 that
hw= +£2J(a-A)sin £/2. (3.22)

In contrast 10 the ferromagnetic case (3.20), the spectrum is linear in & near &£ = 0. For symmetric
spaces like SU(N + M) /SU(N) x SU(M) x U(1), it can be shown that & - A is independent
of a and hence, so are the frequencies. The spectrum is relativistic for small k. In this case the
corresponding low energy field theory will turn out to be the well known relativistic non-linear
g-model targeted on the appropriate symmetric space.

4. THE CONTINUUM LIMIT

Ta extract a continuum description of the long wavelength behaviour of the system one
supposes that the dynamical variables are slowly varying across the lattice,

ém—¢n<¢n~

In the correspondence theory limis this means

Qalbm) Q*($u) > AL Dy F(L! Lo Am
=AM, At
$a)* (s

1
+ 5 (Um— bn)” kpt (da) + (4.1)

where k,,,, is the tensor introduced above,

knr(9) = 3 e, *(¢) &, "(¢) (Am- @) (a-Ay) .

Toots

The idea is to express quantities like () as functionals of smooth interpolating fields,

),
H($) =fdﬂzm¢<z>,a¢(x),...) (4.2)
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defining thereby a Hamiltonian density. Since the interpolating fields are supposed to be slowly
varying one aims to find the leading terms in an expansion in powers of 8¢, 8 ¢, e1c. The lattice
sums one meets are usually simple enough that this expansion can be found by inspection. How-
ever, it is probably worth peinting out that there is a systematic procedure that employs Fourier
expansions. The lattice variables, ¢, may be represented by Fourier integrals,

dk b 7 ikn
¢,,=f(ﬂ) Bk ekn (43

where the wave vectors are integrated over a cell of volume (2 7}2. The Fourier components &.
are periodic in & with period 2 7. The Hamiltonian may be regarded as a functional of ¢, e.g.

D
¢)—E N,f(dk’) (%“;”) Hu(ks k) 30k} 3Chw)  (4.9)

where the coefficient functions, Hy, are of course periodic in the wave vectors &y, k;,. .. ky. If
n is slowly varying then ¢( k) is non—vanishing only in the neighbourhood of £ = 0 (mod 2 ),
In this case it is therefore legitimate to expand the coefficient functions in powers of ki, ..., ky,
g

Hy(ky k) = 2P 620 (a) S k5 ke aP +.)

The periodicity in & is now irrelevant and one may substitute
(2mP 8(Lk) = /dDz etke

Define the interpolating fields ¢( z) by the continuum Fourier integral,

ak\? .
s = [(5) dwers (4.5)

One then obtains H () in the form (4.2) with

0 T
K = Ew["”‘“ W+ ( )h BV (39)7 +.
=V($) + Z(HIP* + ... . (4.6)
In the following we shalt discard terms containing more than two derivatives of the in-
terpolating fields. Since the expression (4.1} is bilinear in ¢, — ¢, it will be sufficient to keep only

the first derivative in this guantity. However, a minor complication arises from the need to keep
track of the various translation invariant sublattices. We write

b = ba + Eus (4.7)
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where n is a D—vector with integer—valued components and v = 1, ..., f labels the sublanice. The
variables £y, are constrained to satisfy

Y & =0 (4.8)
and they are small guantitie, of order, 4, — ¢m. Hence, to leading order,
bny — dgv = [(n— 0} FP(2) + Eu(@) ~ EnlD)] ., (4.9

which is to be substituted into the formula for the Hamiltonian,

1
H@® =3 20 Juww (Aot

oy

- %wﬂu — $uu) (b — B ) K (Ba) + }

Using the transiation invariance of J,, a1, one obtains the density,
1
= E- Z J‘_'{D,QU' Ay . Ayr+
1 ;
+o(n-0¢+ & — €)% B¢+ L — G k() + :' (4.10)

It is generally assumed that the coupling strengths fall off rapidly with distance between sites so
that the sum over n in this expression contains only a few terms. Defining the moments,

E Jg_u,gu’ = Jowwr=Jn
n
J — 7V = i
E W o = Ty = ~05,
n

DIELEMWES )} (4.11)

n

one obtains

H= 51- ZI:JW‘ Au‘Al/+

» 5 (75, B 8,67 + 200 086, - €17+

+ L€y = 6076 ~ €0° )i (8) + ] (4.12)
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Although this general result may look rather forbidding, it can simplify in specific applications.
For example, if the couplings are isotropic and J' = 0, J% ~ Y. In the ferromagnetic case there
are no sublattices so the variables £, disappear along with the label, ». In the antiferromagnetic
case there are usually only two sublattices and &3 = —£1,Ay = —A, and, moreover, one usually
assumes Jy; = Jaz = 0, ete.

To complete the discussion of the continuum limit, it is necessary o consider the kinetic
term,
A . )
T ; B4, AL bw) Az (4.13)

where A, is the spin connection on G/ H. Substituting the expression (4.7) for ¢, ,. and expanding
in powers of £, one obtains after discarding a total derivative,

(¢l+ éu)pAp(dJ"' Ev) =
= ¢F A () + £F (fjﬁ + 2153) F+ 21 ERET B, Fon + ... (4.14)

where A, = A2 A,; and F,, is the corresponding curvature tensor.
7 b Ovf [ g

In the ferromagnertic case there is nothing further to do. Only the first term in (4.14) is
present and the equations of motion will imply ¢/¢ ~ O k?) to the approximation used in (4.12).
In other cases, if we impaose the condition,

S A,=0, (4.15)
then the first erm in (4.14) is absent and the most important term becomes
Y @P A, (4.16)

Here the equations of motion imply that both ¢/ and £, are O(k). It is therefore consistent in this
approximation to discard all other terms in (4,14). Notice, in particular, that £, disappears from
the Lagrangian. This means that £, becomes an algebraic variable and can be eliminated from the
dynamics .

To conclude, the Lagrangian for the ferromagnetic spin waves is given by
s Ik 1,
L=Jd% Ta,w A#(oS)fZJ" 8 ¢* ;9" k() (4.17)
where A, = A7 A; and

kalg) =3 ey e, “(ah)?.

routs

If the condition (4.15) is not imposed then £, becomes a true dynamical variable associated with
optical branches in the spectrum, i.e. § /¢ remains finite in the limit & — 0.
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‘The tensor J is assumed 10 be negitive definite.

The equations of motion derived from (4.17) are generalizations of the well known Landau—
Lifshitz ™ equations for ferromagnetic spin waves, They are

h . J .
TFuva:‘b ='2—'ku,,Atf)

where we have assumed an isotropic coupling, i.c.
JU=18 J<o0
and where the “Laplacian” is given by
.1
A ¢’y=3"2¢ +5k"'°(6;kw+3ukp;\ﬁ5pk;“) 8.‘¢A6,-¢v“.

[t is not difficult to verify that for G/f = SU(2)/U(1) these equations assume their familiar
form '¥

ha,a:%sﬁxvﬂﬁ
where s is the spin and @ is a unit vector describing the target space $72,
For the antiferromagentic case (with two sublattices),
A=A =_A
§1=0= -8

the Lagrangian is given by
L= /d’gz{g 268 By, B —
—(J7 8ig* 89" + 4T Bt v + 47 £€Y) kuu(d) (4.18)
where, for simplicity, we have taken J}} = J = 0 and we have suppressed the sublattice indices,

writing
Ty =J3 =09, T =—J4y =7

Jiz=Jn=17
and
ki =k =k == e, %e, "(ah)? . (4.19)
roats

The tensor J¥ is assumed to be positive definite. The auxiliary variable £# can be eliminated from
(4.18) by solving the Euler Lagrange equation 8L/6E* =0,

h : :
7 Fuw @ = 2k, (T 0" + 2769 =0 .
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This gives

h? hJ
L= [dDI [ﬁ gw, até,u 8:45“ - TT a|¢'u Fpu a‘¢u

_ (Ju‘ ~ Lf{_’) 8.8 8,0" k,,,] (4.20)

where the tensor g, (@) is defined by

—F, F, (ke

Quw =
K_Z e, e, (4.21)
roots

( Ihe formulae (4.19) and (3.17) have been used.) The tensor Guw 1s G—invariant and positive defi-
nite.

For symmetric siaces there is a unique G-invariant second rank symmetric tensor on
G/ H implying that
ki (8) = v* gu($)

when v is independent of ¢. If in addition we also have invariance under space rotations, then

JY — E ~ &Y

and the theory becomes fully relativistic. This obtains automatically for D = 1 for which we
recover the well known two—dimensional o-models targeted on symmetric spaces.

The Lagrangian (4.20) gives a sensible description of antiferromagnetic spin waves if

. iy
J >0, J"fj—‘jj—>0 (4.22)
The middle term in (4.20), ‘
hJ
17 di¢* Fy, Grd” (4.23)

is uf 4 topological nature. It makes no contribution to the classical equations of motion. Indeed,
it can be expressed as a total derivative. The integral of this quantity over a spacetime region, M,
reduces to a boundary integral,

- ﬁ L aans it Bd” F, =
1 J M
- “’7 dt P [B,( B A,) — (84" A)] | (4.24)
M

If M is a compact two—dimensional manifold this integral is a topological invariant — an integer
maltiple of 2.7 for the 2-sphere as will be shown in the following section. In general the integral
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(4.24) has no topological significance. For compact manifolds of higher dimension it has been
argued that this term should vanish 1.

It was shown by Haldane, who discovered the term in the case of a one—dimensional
antiferromagnetic spin system with nearest neighbour couplings, that the topological contribution
gives an altlemnating sign in the sum over configurations for half-integer spin systems %, In the
following we consider some classical aspects of the ong—dimensional case.

5. INSTANTONS

The continuum theory that emerges from the one~dimensional antiferromagnetic chain
is described by a Lagrangian of the type (4.20). Consider now the Euclidean version of this theory.
The Lagrangian density is

'C guv atd"u alQSv + J’ k,,w az¢'u aquv (51)

_ 1
T4
where we take A = 1 and discard the topological term. The tensors guv and k., given by (4.21)

and (4.19), respectively, are positive definite and we shall assume that J and J' are positive.

There is a simple argument that suggests the possible existence of finite action solutions
of the equations of motion, i.e. the instantons. Consider the expressions

1
37 e (Bzd#‘ + 24V I FE azeﬁ‘) (ngﬁ" + 20VIF P, a,,¢ﬂ)
] i . J’ [
= Z’}' Juw ¥ at(;b +1 w 7 Fo 6::¢A Ord
—J' g F¥ 3 F* , 8,0 0:¢°

1 YR
= 77 9w 9" 86" 4 :1/7 Fyy 058" 16" + J'ky 8:0" 0,0 (5.2)
where
g F¥ 5= Fyp
=Y e ta A (5.3)

rocts

lnt & busis of real coordinates the components F,, are pure imaginary. Hence the expresssions (5.2)
are real and positive, i.c.

L= # Quv d* G + T kuy Byd* Frp”

J! v
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This means that the Euclidean action has a lower bound,

fdzl‘ [4_]3 Quo 6!‘#1 atd)u + Jr k,uu az(ib“ azd’y}

\/; f &’z F,, 06" Oio”

It remains to determine whether there are configurations for which the integral on the right-hand
side is finite.

> ‘ (5.4)

Suppose that the two—dimensional Euclidean spacetime has the wopology of a sphere.
The coordinate functions, ¢#(x), define the image of this sphere in the manifold, G/H. It is not
difficult to see that such maps have a topological ciassification, The manifold is generally covered

by more than one coordinate patch. If the coordinates in two patches that intersect are associated

with the group elements L;” and Lf), as described above in Sec.2, then at points in the overlap

there is a relation,
L =1 A0 (@ (5.5)

where h4® ¢ H, Only the Abekian pant of A1 is of interest because this is what determines the
relation between A7(¢$) in the two patches. With

AU () = gV (DH ' (5.6)
it follnws from the definition (2.12) that
Aly =4l —idy . (5.7

If the overlap between the two patches is not simply connected then the angles /() can be mul-
tiple valued, i.e.

AW’:f dy’ #0

where the integral is taken around a closed path in the overlap. However, it is essential that the
group element k12 be single valued and this implies

AW Ay €27 (5.8

On the other hand, the flux of F’ A, associated with a compact 2-space must reduce 10 a sum of
such terms. With the 2-sphere suppose that the northern hemisphere maps into patch 1 while the
southern maps into patch 2. Then the flux is given by

fFf A,=f¢AfA,-
= f(A{n — Al Ay
PAY A (5.9
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where the contour tuns around the image of the equator. The flux is an integer multiple of 2 7. This
integer, N, serves 1o classify the configurations and, in each class the Euclidean action is bounded

below by 12aN/J'/T .

To sawrate the bound one needs to solve the first order differential equations,
Quo Oi” + 20VI T Fyy, 89" = 0

or, more explicidy,

(Gg* — 20V - A 3:4%)e, " =0 . (5.10)

The solutions of these equations comprise the instantons. If &/ H is a complex symmetric space it
can be shown that Eq.(5.10) reduces to the well studied case 12

8:¢'=0

where z is a complex coordinate in the 2-~dimensional Euclidean spacetime and (¢*, {') is a set of
complex coordinates on the warget space G/ H.

Returning to Haldane’s observation, it will be seen that our result (4.20) appears to differ
in some respects. The Euclidean version of (4.20) with wopological term included is
! “ g s B O b
£=ﬂgpvat¢' 29" + Tva6:¢ "+
. JIJJ.’
+ (J - _T_) kyw Or® Oz (5.11)

where we have again set A = 1. The coefficiems J, J* and J** are given in terms of the spin
couplings, Juamo , by the lattice surms (4.11). In particular,

J = E Iﬂ,l;o,2 and J* = Z nJr\];a,Z . (5.12)

n

Due to the presence of the topological term the Euclidean action contains the imaginary contribution
2ai N JEST

where N is the instanton number. Haldane’s result, obtained for SU/(2) spin models with nearest
neighbour couplings, is simply i7 V. In fact, this resulr does agree with ours since it can be shown
quite generally that J* = J/2. The relevant coupling parameters are

Jnﬂ;n,l =Jaigm = Ky,
Joigm = Jaz w2 = K3,
o2 = Jwim = Ks, (5.13)
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etc., comesponding 1o nearest, third nearest, ifth nearest, . . . neighbours onthe taitice. Substituting
inta (5,12) gives

J=2K)+2RK;+2Ks+ ...
JE=Ki+ K3+ Ks+... (5.14)

which confirms Haldane’s result in the more general context.

To summarize, the Euclidean path integral for the generalized antiferromagnetic spin
chains includes the sign factor, e™¥, where NV is an integer defined by the flux integral,

1 .
=2 AL
N hfF A

1 ‘
T i A
271',/'F)

= Nj AT (5.15)

The weights A’ = g/* A, are integers for any finite dimensional unitary representation of G. The
coefficients, N; are integers that characterize the configuration, ¢#(z). Modelsin which the A7 are
all even will not be sensitive to the classes of configurations — like the integer spin SU(2) models.
Other models, in which one or more of the A7 are odd, will be sensitive - they must generalize, in
various ways, the half-integer spin SU(2) models.

6. OPERATOR REALIZATION FOR SU(N + 1}

To resolve the factor ordering ambiguities in the quantized theory it is necessary to con-
struct a realization of the generators Q,{ ¢) in terms of the dynamical variables ¢,. The details of
such a realization will depend on the nature of the target manifold G/ A and the quantum numbers
of the reference state, [A >. We are not able 10 give a general solution but we can illustrate a
method which works in at least some cases. Here we discuss the realization of SU(N + 1) in terms
of operators associated with the coordinates of CPV.

The algebra of SU{N + 1) is spanned by the N(N + 2) generators, Q4 8 AB =

1,2,...,N + 1, which satisfy the commutation rules

[QaB.Qc”1=85Qc"-68Qa" (6.1)

and the constraint, Q4 * = 0. The fundamental representation of this algebra is generated by the
(¥ + I)—dimensional traceless hermitian matrices,

|
(QAB)CD=5£587N—35£53. (6.2)
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We shall consider cosets of SU{N + 1) with respect to the subgroup SU(N) x U(1)

generated by the N*® operators, Qi ?,1,7 = 1,..., N. The finite transformations, L, that represent
the cosets can be chosen such that, in the fundamental representation,

T— 34" &
(Lgdg P = ] (6.3)
-9 VI— ¢

where ¢ is an N—component column vector. The coordinates, ¢y, on the manifold, CPV, belong to

the fundamental representation of SU(N). It is not difficult to verify that the matrix {(6.3) is both
unitary and unimodular.

According to the general discussion of Sec.2, the reference state, [A >, from which the
coherent states are generated, must be invariant up to a phase under the action of the stability group,
SU(N) x U(1). In particular, it must be a singlet of SU(N). We are therefore restricted 1o those
representations of SU(N + 1) which contain such a singlet. In terms of Young tableaux these
representations {(ny, m ) are characterized by ny columns with N boxes and n, columns with |

box. Each of these representations contains just one singlet of SU(N). We shall find that the
realizations to be obtained depend on ny — mg, only.

The Cartan subalgebra of SI/( N+ 1) is spanned by the N elements, Q1 ', Q2 %,...,Qu ¥,
whose eigenvalues define the components of the weight vectors

QiTIA>=1A> A, j=1..,N.
Since the reference state is a singlet of SU({N) these components are all equal
AM=MA=...=A (6.4)

It is convenient to define the hypercharge operator

N
Y= Qua M= —-E Q' (6.5)
1

to stand for the SU(N) singlet generator. In the fundamental representation it is a diagonal matrix,
—1/(N+1)
Yo P = ‘ (6.6)

~1/(N+1)
N/(N + 1)

The value of the hypercl..rge in the reference state is given by

YIA>=-3 Q7 |A>=-NAJA>
-
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On the other hand, since ‘kis state is the singlet component of a representation contained in the
direct product of n, fundamental representations and m conjugates, it follows that

N
Y=(ﬂz—ﬂ1)‘,-\,"+—f

nm—m
= — 6.7
A N+1 (6.7

The U( 1)—component of the spin connection on CP¥ is defined by
Ly'dLe=iAY + ...
With the paramerrization chosen in (6.3) this gives

1 N+1
A= TN

(¢" dp—dg™¢) (6.8)
The overlap between neigithouring coherent states is therefore,

<G+ dple > =< A|LGigy Lo A >
l-id <AY([A >

1+ % (N + DA db — dd*$)

where A is given by (6.7). Hence the Lagrangian (2.18) in this case takes the form

L= 3= (N + DA 8d = 86" = B(8,67) (6.9)

Canonical quantization gives the commutation rules

(i d;1=0
l¢id;] = “INETDA Bij
i¢;,¢;1=0 (6.10)

where (N + 1) A is an integer.

To construct the generators out of these operators it is helpful to consider firstly their
coherent state expectation values,

<$lQafle> =< AL Qa® LglA >
=(Lp)a® <AlQePiA > (L'
=—(N+ DA (Lyy L7, ?
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where ¥ is the hypercharge matrix in the fundamenial representation (6.6). With the matrices
{ Lg)a 7 given by (6.3) one obtains,

A-(N+DAgs* —(N+DAVT—478¢
<l Qatld> = (6.11)
~(N+DAVT—¢5¢d* —NA+(N+ DA ¢*¢

using the elementary identities

V1I-9¢* 6= /1 —¢%¢
and
o* V1 bt =T— ¢ 6 ¢* .

The classical expressions on the right-hand side of (6.11) suggest the following operator realization
forA <0,

Q) = A & — (N + DA ¢} &
= (A~ 18 —(N+ DA ¢, ¢;

QM) = —(N+ DA /T ¢ ¢

1
—“(N+I)A¢.'\ﬁ—m—¢¢

Quar /($) = (N + DA ¢} /T -4
- 1 o e
ST DA N TR Y
Quna1 ¥ (p) = —NA + (N +1)A ¢*9 . (6.12)

It is easy to verify, using the commutation rules (6.10) that these operators satisfy the algebra of
SU(N + 1). The reference siate is annihilated by ¢,. The basis for a finite dimensional unitary
representation of SU(N + 1} is given by

A > S01A >, oL 1A >, 0040 A > (6.13)
where p = —(N + 1)A = m — m is a positive integer. The rest of the Fock space, spanned
by vectors with p + 1,p + 2,... creation operators, carries a non—unitary infinite dimensional

representation of SU(N + 1).

Similarly, for A > 0 the operator realization is given by

Qi’($) = A 8 —(N+ DA ¢: 9}
(A+1)E —(N+ 1A ¢ ¢

N
_(N+1)A¢.-\ﬂ+m_¢¢
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Qi N+1 (QS)

i

f 1
—(N+ DA 1+K——¢¢¢,

. Y .
QN+1)(¢)=—(N+])A \/l+m-¢ ¢¢,
T
= —(N+ DA ¢ 1+K_¢¢
Quor (@) = (A + DN+ (N+ DA ¢*¢ (6.14)

Here the reference state is annihilated by ¢ and the basis for a finite dimensional unitary repre-
sentation is given by

[A > ¢dA > dudn [A > .. i b A > (6.15)

wherep=(N+ NA =n —na.

It appears from the structure of the basis sets, (6.13) and (6.15) that the operators (6.12)
and (6.14) realize, respectively, the unitary representations {0,nz —m;) and (m — n— 2,0) but
not the general case (m, mp }. Our approach clearly leaves something to be desired. This should
not be a surprise since we began with the assumption that commutators should be ignored in the
first approximation — an assumption that is appropriate 10 the correspondence theory limit. The
resulting formula should therefore be read as corrections to this limiting case valid, we expect, for
large my and n; such that

[ — | € +m2 .

We believe that it should be possible to construct exact expressions from ¢ and ¢* that realize
the general case (n,m;) and which reduce 1o the forms (6.12), (6.14) when higher powers of
[m —n2|/(m + mp) are neglected. Probably these expressions will have branch point singularities
at¢ = 0. In support of the conjecture we have examined a Holstein—Primakoff type realization for
the SU(2) case which depends explicitly on the spin, s, and helicity, ), and which reduces to the
standard Holstein—Primakoff form when & = £+ s. This realization is discussed in the appendix.

Finally, in applying these formulae to an SU(N + 1) lattice mode! one must construct
the Hamiltonian operator, H( ¢, ¢*) and set up the Feynman rules. Typically, the free propagator,
< T ¢y ¢}, >, will have the Fourier representation

1
(ni —m)hw — H(K)

Glw, k) =

and the higher order contributions will be suppressed by powers of (ny — ny)~'. Corrections to
the classical theory are obtzired in the usual way as a loop expansion, Of course, at any finite order
the approximate charge operators will give rise to transitions into the unphysical (non—unitary) part
of the representation. This defect is endemic 1o the semiclassical treaiment of spin waves.
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7. QUTLOOK

In this paper we have begun the investigation of a class of spin systems based on an
arbitrary Lie group. The purpose of this study is to develop a better understanding of the role of
symmetry in the behaviour of spin systems in general. We believe that it may eventually be possible
1o generalize some of the rigorous work that has traditionally been concentrated on the SU(2)
systems, particularly that which concerns the nature of the ground state: the question of long range
order nnd its dependence on parameters such as spin, coupling strength and the dimensionality of
space. At this point we have not addressed such questions. The work described in this paper is
of a preliminary nature, being concerned with kinematics and only the simplest approximations:
the correspondence theory limit and the naive long wavelength limit. Even so, we believe that the
results have some interest,

Firstly, we have shown that the classical theory which emerges in the correspondence
theory limit is associated with a flag manifold or one of its submanifolds. These manifolds are
not, in general, symmetric spaces although they are homogeneous and can be analyzed by group
theoretic methods. At least the preliminary features of the semi—classical theory can be discemed
in that it is possible to identify dynamical variables and formulate a canonical quantization pro-
gramme. The problem of factor ordering, however, has been only partially resolved. To express
interesting Hamiltonians as well defined self-adjoint and group invariant operators it will probably
be necessary to obtain more general versions of the Holstein—Primakoff realization than we have
found. Our version, discussed in Sec.6, is able to realize only a limited class of representations,
those for which the weights are not degenerate. These representations are characterized by a single
quantum number, m — m in the case of SU{N + 1}. One of our motivations for going beyond
SU(2) was to have a richer variety of quantum numbers on which interesting physical quantities
might depend. This remains to be achieved.

Secondly, we have shown that the long wavelength properties of the classical theory are
described by generalized non-telativistic o—models in which the fields take their values on a coset
space G/ H in which H includes the maximal torus. The Lagrangian is of first order in the time
derivative but, depending on the nature of the ground state ordering, it may be equivalent to a
second order theory. Such second order systems resemble the relativistic o-models except that the
space ad tit1z derivatives are coupled to independent tensors, &, and g,,,., respectively. The flag
manifeld generally admits more than one invariant tensor of rank 2. This is to be contrasted with
the homogeneous symmetric spaces which admit only one: o-models on symmetric spaces such
as CP¥ are inevitably relativistic.

A question that calls for investigation is the long wavelength behaviour of the quantized
theory. At present it is not clear whether the factor ordering ambiguities are significant in the
continuum limit. If they are not, then it should be possible to set up renormalization group equations
and search for fixed points. In particular, it would be interesting, in the case of second order o—
models to see whether the tensors k., and g,,, evolve towards the relativistic form, &, = ¢?g,,,. at
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the fixed point. This idea is pursued in a separate paper.

Finally, for generalized spin systems in one space dimension we have shown that the
Haldane topological term emerges in the continuum limit of the antiferromagnetic chain, As in the
SU(2) case it appears that representations for which the contravariant weight components, A/, are

odd integers are distinguished. They contribute an alternating sign to the path integrals.
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APPENDIX THE REALIZATION QF SU(2)

A generalization of the Holstein-Primakoff realization can be obtained by applying the
method discussed in Sec.2. The structures here are sufficiently simple that all formulae can be
exhibited in detail and so provide a useful illustration of the method. In particular, we shall be able
10 see how the Holstein-Primakoff formulae emerge as a special case.

Consider the {2 s + 1)—dimensional representation of SU(2) defined by
Jilm> =|m>m

Jolm> =lm+ 1> J(s—mis+m+ 1)
Jolm> =lm—1> V{s+mi{s—m+1) (A

wherem = —s, —s+ 1,...,sand < m!m' > = Smm. The coherent stales are defined by

[Bp > = Lap |2 >
Y P L x> (A2)

where ) < 6 < 7,0 < o < 2nand [ > is one of the eigenstates of J3. The expectation value of
J is a 3-vector of length |X],

< Bp)Jg|fp > = hsin et

< Bp|Ja|fp > = Acos 8. (A3)

Applying the methods of Sec.2, computing the infinitesimal everlap of coherent states and
expressing the transition amplitudes in path integral notation one arrives at the classical Lagrangian

L=hXicos8 — )G~ H(8,p) (A4)

where (cos § — 1)dy is the spin connection on the 2—sphere in polar coordinates. The canonical
variables are
¢ and w=hXcosf—1).

In the quantized theory they are represented by operators subject to the commutation rule
A
(mp] ==
i
or, more precisely, since states should be represented by periadic functions of o,
, ‘ 1
€Y cosfe " =cosf— T (A35)
In the basis which diagonalizes  the eigenstates of J3 are represented by
<plm>=¢m. (A6
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The canonical momemtum can be represenied by the differential operator
= —A(i8, + X) (A7)

which gives ) cos 8 = —i3,,. With this choice one finds, using (A.1) and (A.6),

J3 = hcosf
Jo=e?fs—hcosB)(s+ hcos @+ 1}
=/(s—Xcos@+ 1)(s+hcosh) e (A8

It is straightforward to verify that the operators (A.8) satisfy the commutation rules of SU(2) as
well as the constraing

1
5(J+J_+J_J+)+J§=s(s+1)- (A9)

It is clear form (A.5) that the operators ¢ and # become commutative in the limit {A| —
co. Also the large gquantum number behaviour of the operators (A.8) approximates the classical
formulae (A.3). For example, under the assumprions

s AP SO and  Msin?6> 1 (A.10)

as g and |A| become large, one finds the expansion

s(s+ 1) =22 — deosd _1_(s(s+l)—>\2-—,\cosﬂ)2+
]

Jo=he®sing |1+
pEaeT [ 257 5in2 6 32 5in2 6

(A1)

To recaver the usual form of the Holstein—Primakoff realization define the operator

) I —cosf
= e'? —_—
Y 5
/ 1
N a .
= —————1 "2 cos e’ (A1)

and its hermitian conjugate, ¢*. The commutation rule becomes

1

[é,6"]1= 3% (A13)

which is the SU{2) version of {6.10). The definition (A.12) can be inverted 1o give

1 1
6=1-2¢" d e = = . Al4
cos ¢'¢ and e ¢ 3 v ] ( )
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Hence, substituting into (A.8),

Jy=h=20"4
g \[@+x-2x¢¢+)(svx+2x¢+¢)
' ¢t
=’\[(s+]}\+2l¢o*d>)(s+)\—~2)x¢+¢) -
¢t
=17 (A.15)

The singularity at ¢ = 0 in these formulae is eliminated by choosing s = + . For example, with
X = —s, (A.15) reduces to the familiar form

Jy=~s+2s¢"¢

Ji=2s¢" 1 —¢*¢

=2sqfle o pre st (A.16)
2s

with [ ¢, ¢*] = 1/2s. This is the SU(2) version of the realization (6.12). On the basis of this
simple example we are encouraged to believe that it may be possible to generalize the operators
(6.12) and (6.14) to yield the representation (ny, np) of SU(N + 1).
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