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ABSTRACT

A simple gauge theory discussed recently in the literature as a model of high temperature
superconductors is examined. The model contains a Maxwell field and a Chern—-Simons field cou-
pled to fermions in 2+1-dimensional spacetime. This model has been shown to exhibit a kind of
Meissner effect at zero temperature which originates in the 1-loop mixing between the two gauge
fields. We use a Euclidean effective action formulation to show that the effect persists at all finite
temperatures. Although a long range magnetic type interation arises at non-zero temperatures, in
competition with the finite range forces which dominate the zero temperature interaction, the effect
varies smoothly with temperature. In our perturbation treatment, we find no indication of a critcal
transition at which the Meissner effect is extinguished.
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1. INTRODUCTION

Gauge symmetries in 3+1-dimensional spacetime are normally associated with long range
forces such as electromagnetism. In the appropriate circumstances, however, the gauge symmetry
can be spontaneously broken, in which cases the associated force has a finite range. This mechanism
is invoked in the BCS theory of superconductivity where a weakly attractive force between elec-
trons gives rise to a condensate of Cooper pairs. The BCS ground state is not invariant with respect
to the electromagnetic gauge transformations and the photon, in effect, acquires a mass. Magnetic
fields are consequently expelled from the superconductor. This mechanism is non—perturbative in
the sense that the formation of quasi—bound states, the Cooper pairs, is an essential feature. On the
other hand, it has been known for some years that gauge symmetries in 2+1-dimensional space-
time are not necessarily associated with long range forces . Here it is consistent with unbroken
gauge symmetry to have massive gauge quanta. In the Lagrangian formulation the mass term is
represented by a Chern—-Simons density,

1
T 4e?
This density is invariant, up to a total derivative with respect to the /(1) gauge transformations,
A, — A,+0,A, provided the current is conserved, 0,7 = 0. The coupling parameter, e?, has the
dimensions of mass (in natural units) while the second coupling parameter, v, is dimensionless. It
is an elementary exercise to show that the effective current—current interaction, due to the exchange
of a gauge quantum, is given by

= Fy Fe — %s‘“PA;aﬂA, +jhA, (1.1)
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+§5-;s“**’j,,(-k>kup(k> (1.2)

This indicates that the force has both finite and long range components. Both of these forces have
a parity violating piece with sength #/v. (The long range component in fact describes an instan-
taneous interaction of the currents. See Eq.(2.24).)

The parameter v is arbitrary if the 2-dimensional space has Euclidean topology. How-
ever, if the space is compactified then it becomes possible to consider topologically non-trivial
gauge transformations under which the Chern—Simons term in (1.1) is not invaniant, Then, in or-
der to maintain invariance of the phase, exp (4 f L), it becomes necessary to restrict v to be an
integer 2,

The relevance of 2+1—dimensional gauge theory to the description of high temperature
superconductors ¥ is suggested by the possibillty that the layered structure of Copper oxide crys-
tals causes the electron motion to be effectively 2-dimensional. One could then consider (1.1) as
an effective Lagrangian in which the coupling parameter, e?, is obtained by averaging over the
thickness of the layers,
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where o ~ 1/137 is the usual fine sucture constant and § ~ 10~7 cm is a measure of thickness.
The parameter, v, is not so easy to interpret — it would have to be generated by some parity violating
effect in the underlying crystal structure. In this paper we shall examine a simple model which has
been considered recently by a number of authors ¥, It contains a fundamental Chern-Simons
field, a,, which couples to the “electrons” exactly like the electomagnetic A,,. This Chern Simons
field should be viewed as a kind of vector excitatdon of the underlying microscopic dynamics.
It can be shown that the introduction of a fundamental Chern—Simons gauge field coupled to 2-
diemnsional fermions is mathematically equivalent to modifying the statistics of these fermions » —
changing them into what are called “anyons” ®. It is known that such particles, although otherwise
free, can exhibit an effective interaction which is caused by their fractional statistics 7. This is
demonstrated by eliminating the Chern—Simons field as an independent dynamical variable ¥. Here
we shall adopt the point of view that it is more practical to keep the Chern—~Simons field among the
independent variables and treat it as a gauge field on the same footing as the electromagnetic field.
The electrons will therefore obey normal Fermi statistics. It is then possible to carry out perturbative
calculations by expanding in powers of 7 /v, which is to be regarded as a small parameter. Using
this approach, the authors of Refs.4 and 8 were able to show that, at the level of 1-loop quantum
corrections, an effective Chern—Simons type of term involving the electromagnetic potential, 4, is
induced along with the usual ground state polarization effects. In other words, the photon develops
a mass in the lowest order of perturbation theory. Specifically, the effective Lagrangian includes
the term
7

27
along with other bilinear terms involving the electric and magnetic field strengths. This phenom-
enon can be interpreted as a kind of 2—dimensional superconductivity with a Meisener effect #/%)
(finite penetration depth) and a supercurrent which is proportional to the Chern—-Simons electric
type field strength.

eMP( Ay + 0))0,(A, 4+ a,) (1.3)

In Sec. 2 we review the model and describe the 1-loop computation in terms of an ef-
fective action formulation. Although this simple model may be somewhat artificial, it is at least
arguable that it may be typical of a class of microscopic theories which incorporate P and T vi-
olation and which lead to an induced electromagnetic Chern—Simons term. We have studied the
effective interaction and shown that there are two independent short range forces, corresponding to
the exchange of massive quanta. In the static limit one of these ranges is identical to the penetration
depth found in Refs.4 and 8. The other is generally shorter.

To test this theory further, we have made a finite temperature computation which is de-
scribed in Sec.3 and Appendix C. The results are used in Sec.4 to obtain the effective current-
current interaction at finite temperature. We find that, generally there are three independent com-
ponents to the magnetic interaction, two of finite range, corresponding to the exchange of massive
quanta and, in addition a long range component which vanishes in the zero temperature limit. The
relative strengths of these interactions vary smoothly with temperature. In the low temperature
regime we obtain a formula for the temperature dependence of the parameter, ), identified as "pen-
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etration depth” in Refs.4 and 8§,

1 e*ne _ dmn,  _
= (1-dye™)+ ——ye™

where m and n, denote the electron mass and number density, respectively, andy = 7 n /2 vmT ~
10 K/vT > 1. Notice that 1/ grows with T. Further, we find that the long range component
dominates at high temperatures. The two finite penetration depths appear to vary smoothly with
temperature and, at least in the low and high regimes studied in Sec.4, cannot diverge to infinity.
There is no indication of critical behaviour.

The failure of the present model in perturbation theory to provide a realistic description
of high temperature superconductivity, notwithstanding, we believe that it may still be possible to
develop a more successful version based on the Chern Simons idea. We have therefore set out our
calcualtions in some detail in the Appendices.

2. EFFECTIVE ACTION

The mode] to be considered in 2+1 dimensions involves a gas of non-relativistic elec-
trons coupled to two independent gauge fields. The latter are represented by the electromagnetic
potential, A,, and the Chern-Simons potential, a,,. The Lagrangian for this system is

1
T 4e2

1
+ ¢ iVoy — mvk¢’+vk¢ (2.1)

L=

v
F“yF#y - 5-;8'\#9(1)‘6“0,,

where the electron field, ¢, is a two—component spinor whose covariant derivatives are given by
Vo= (0, — 1A, —ia,)y

V" = (8, + 1A, + ia,) 9"

The Lagrangian of Hosotani and Chakravarty ® includes a magnetic moment term ~ Fia¢* o34
but we shall ignore this for the present. The systemn described by (2.1) can be quantized in the
standard way and Feynman rules given for the perturbative development in powers of the coupling
parameters e? and 7/v. In principle one could construct an effective action functional to any given
order by evaluating irreducible graphs. However, since our main interest lies in finding effective
field equations for the two gauge fields which are accurate to 1-loop order, we shatl simply integrate
out the electron field to obtain

4¢?

where G(A + a) denotes the electron Green’s function in a specified background. The functional
determinant in (2.2) gives the complete 1-loop contribution to I'. Higher loop contributions would

I'(Aa) = —-LF“,,F“" — -zv—ﬂs)‘“paxa,‘ap + liEndct G(A+a) (2.2)
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require the evaluation of graphs involving internal A- and a-lines and so would be proportional to

positive powers of the small parameters e and 7 /. We shall therefore ignore them. Because of the
assumed minimal couplings, the 1-loop term is a functional of the sum, A, + a,. The introduction
of non—minimal terms in (2.1) would destroy this simplicity *

The next simplification that we shall make is to assume that the fields A, and o, =
a, — aﬂ are small and we shall evaluate I' up to second order in these small quantities. Here,
the “background” aﬂ represents the ground state expectation value and corresponds to a uniform
Chern—Simons magnetic field. We shall take
af=af=0, of=-7 (2.3)
where £2 is a constant to be determined. This background enters both the electron propagator
and the vertices. It causes the electron energy levels to be quantized in units of 1/m#? (Landau
levels) and the resulting electron propagator G(aP) is neither translation nor rotation invariant.
However, it should be recognized that the breaking of these continuous symmetries is only a gauge
artifact since the background field strength, ,?, = Bﬂag - a.,aﬂ, is invariant. Covariance with
respect to combined rotations, translations and suitable background gauge transformations will
be maintained (see Appendix A). Gauge invariant quantities such as the ground state polarization
tensors will turn out to have the correct spacetime covariance. On the other hand, with respect to
discrete symmetries, such as the reflection z; — -z, 22 — z2, the background magnetic field
is not invariant and these symmetries are broken.

The leading terms in the development of the 1-loop effective action can be expressed in
terms of ground state expectation values of the time ordered products of electron current operators,

Loy = /da:cl"“(z)(A,,(x) +a,(z))

+ %'/‘dszdg’z'l"‘"’(:r,z')(a%(:r) +a,(2)) (A7) + a,(2"))

+ ... (2.4)
where |
I'é(z) = — < j¥(z) >
C#(x,z") =i < T () j*(2") > — < j*¥(z,2') > (2.5)
with the current operators given by
Jo(z) = ¢f¢
i#(2) = 5—($* Vi = Vih™ )
Jou(z,2') =0
lz,2) = —bubs(z — 2)9* (2.6)

At the end of this section we include the contribution due to an electron magnetic moment, see Eq.
(2.21).




in which ¥V, indicates the covariant derivative with the background connection aﬂ. (We are using
the Minkowskian metric for which jo = —j°, ji = j*).

The electron Green's function,
Goo(z,2') =1 < T¥e(2)¢p(2’) > (2.7)
is obtained by solving the equation
1
(1% + ==Vi)G(z,7") = ~&(z — 2) (2.8)
2m
subject to appropriate boundary conditions. It can be expressed by the integral

G(z,z) = - / dw % dki ik, (1-2)—iw(e—t)
C

v 2T S 2T

1 vn( % + b1 Ova(Z + k1)
'EE (2.9

w_En

where the functions v,, n = 0,1,... are orthonormalized harmonic oscillator wave functions.
They satisfy the eigenvalue equations

1 2\?
o] [CRE-HIRL R

1.1
z-:,,-('n+ i-);;;ﬁ- (210)

The choice of contour Cy for the integration over frequencies is dictated by the boundary conditions
which define the ground state, viz.

—1£a{t—1") 1 t
Glz,aly ~ { Tmen €7 70 1<
Doy e T 1>

where N is an integer which counts the number of filled Landau levels. Hence the contour Cy
must pass below the polesatw = g, forn=0,1,... N — 1 and above all the rest, n > N. Using
this propagator it is straightforward to compute the quantities (2.5),

I'%(z2) = iT7G(z,2) |g=gr=ts0

1
I*(z) = 5 (Vi = VO TrG(%,8) [p=g=tro (2.11)
I'® =iTrG(z,2)G(z', ) ‘
% (z,z) = :—Z%Tr(va(m,z')G(:r’,a:) ~ G(z,2)ViG(a', 1))
TH(z,2') = ~——Tr(ViG(z,2") ViG(2, 1) — G(z,2) ViV,G(z', 1))

4m?
+ V,G(x2,2)ViG(2', 1) — Vi V,G(2,2)G(2'1))

— —8ubs(z = &) TTG(2, 2 gmgeuteo (2.12)
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The linear components (2.11) are given by

N
Fo(x) = W
T*(z) =0 (2.13)

The polarization components (2.12), being gauge independent, must have translation and rotation
symmetry. Further, because of current conservation their Fourier components can be expressed in
terms of three independent invariants *,

Too = K21,

Tjo = ~wk;Tly — iejekel]y

I:jg = w26,~gl'lo + 15wl + (kzﬁjg — kjke) I (2.14)
where w = k® = —kp. The general structure of the invariants Iy, T1; and IT; is considered in

Appendix B. They are functions of w? and k? but here we need only their threshold values,

2
no=£::-mez, n,=-‘¥, r12=_.-{v— (2.15)

These are zeroth order terms in expansions in powers of (k€)? and (wm#?)2.

The results (2.13) and (2.15) define the behaviour of the 1-loop effective action for small

fluctuations of the gauge potentials around the ground state values A, = 0, a, = aﬂ. For a

consistent determination of the ground state it is necessary to satisfy the effective equations of
motion,

T,

54, "o

i _, (2.16)
ba,

where 7, denotes an external uniform charge density representin g an average density of compensat-
ing positive charge. (Itis assumed that only the electromagnetic potential is coupled to this charge.)
The functional derivates in (2.16) are to be evaluated at A = 0, a = a® where the non—vanishing
components are,

=0 (2.17)

*) Where 12 = —gz; = 1. The three-dimensional permutation symbol is defined such that %12 =
1= —gp2,etc.



respectively. The first term in the latter equation represents the classical contribution 8S/8ag eval-
uated at the point (2.3). It follows that the ground state parameters, N and £? are fixed by the
consistency requirement,

N=v and &= (2.18)

TN

This means, in particular, that the coupling parameter, v, which was introduced in the classical
Lagrangian (2.1) must be an integer, positive or negative (In the above treatment we have assumed
that v is positive. Consistency for the case of negative v requires merely a change of sign in (2.3)

and subsequent formulae.)

Having dealt with the linear term in the effective action and its role in determining the
ground state parameters we can now combine the polarization terms (2.15) with the classical terms
to define an effective Lagrangian which is bilinear in the gauge potentials A, and a},.

= 1 2 2 V. up.t '
.C,ff = Ee—z(Ej - B ) - ?'r_rs a,\aﬂap
1 v 2m 2 1 v 2 2
+ —(=)"—(E;j+e) —=(=)"—(B+b
2(ﬂ) m( i+ €;) 2(7r) m(B )
v
+ 57—75**119(,«“ +a3)8,(A, + al) (2.19)
where the electric and magnetic field strengths are defined by

Ej = aoAj t Bjﬂo, B= 61A2 et azA]

I ?
ej = doa; — Bjag, b= diay — Baa)

In obtaining (2.19) we have discarded higher derivative terms. Hence this Lagrangian should be
used for the description of fields which are slowly varying in the sense

£0;E << E, me*QE<<E, (2 .20)

etc. At this point it may be remarked that the inclusion of an electron magnetic moment term
—u.By* o34 in the original Lagrangian would give rise to a higher derivative term in (2.19),

1 v.,m

F(2)? —=ul(9;B)° (2.21)
T on

With gy, = 5—’; this term would become significant at longer wavelengths than those which are

excluded by (2.20) but we shall nevertheless discard it along with all the other higher derivative

terms.

From the effective Lagrangian (2.19) we can obtain expressions for the gauge field Green’s
functions. The procedure for doing this is straightforward in principle but the computations are
somewhat lengthy because of the mixing and they are not very illuminating. Some of the details

8
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are given in Appendix D. The main result is that the energy spectrum has two branches given by
the zeroes of the function

s 9= () [0 -~ enY - (2 (1 Imueon)s
+ k2 (Tp + TI,) {(wz—-&’)l'lo— (%)z'eﬁ(nezno)}] (2.22)

which is quadratic in w?. The roots are real and positive if eIy > 0. In the limit k — 0 they
define the rest energies,

vy2 1 " 2 2
pl = (.2._7;) 7 [(1 - -Li I, + ezl'lo) + \/(1 -2, - e2r10) + 4¢2T], ] (2.23)
(It may be remarked that in the special situation, Il = —Ilp, the Lagrangian {2.19) becomes
Lorentz invariant as does the function (2.22). In this case the rest energies (2.23) can be interpreted
as rest masses. In practice, as we shall see, [1; « Iy, and the system is far from relativistic.)

The static interaction, mediated by the exchange of zero frequency gauge quanta, is gov-
erned by the zeroes of the function A (0, E) which is quadratic in &2. There are two roots, k2,
which are both negative, corresponding to forces of finite range. In the relativistic case these ranges
are given by the compton wavelengths xJ', but in general they are given by quite complicated ex-
pressions. The finite ranges of the static interaction are a manifestation of the Meissner effect in this
system. They define two independent “penetration depths”. Since our main concern in this paper is
to study the temperature dependence of this effect, we postpone further discussion to Sec.4, where
the finite temperature version of the function A (0, k?) is obtained.

3. THERMODYNAMIC POTENTIAL

To obtain a description of the system at finite temperature we shall apply the methods of
Euclidean field theory and the grand canonical ensemble % . That is, we shall make the substitution
t — —i7 and regard the real parameter 7 as a coordinate on a circle of circumference 8 = 1/T'.
Bosonic fields are required to be single—valued (periodic) on this circle while fermions are double-
valued (antiperiodic). The time components of vectors such as A, and J,, are likewise redefined,

AO — iAr, JO — iJT

and the conjugate electron field * is replaced by 4. We obtain the Euclidean action,
A 1 v
SE =£ dT/dzz [Z‘e—z'prF“y + E”TFEA“pa).a“ap
- 1 - -
+YVip + mvk¢vk¢ - Mblb] (3.1
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where £,12 = 1, and the covariant derivatives are defined in the natural way,

Fo,=0,A, -0, A, pv=r1,2
Vg = (Oy — $A, —iay)y
Vi = (8, + 14, + ia,)9

It is important to keep in mind that the components A, and a, are imaginary and that % is not
the hermitian conjugate of 4. Note that the coefficient of the Chern—Simons term is now pure
imaginary.

The Euclidean action (3.1) contains a new parameter, u, the chemical potential. It will
be determined as a function of temperature and the other parameters in (3.1) by the conditions of
thermal equilibrium to be described.

A Euclidean effective action can be defined in close analogy to the Minkowskian case
discussed in Sec. 2. One proceeds by introducing external sources I, and J,, for the gauge potentials
A, and o, respectively. Define the functional W (I, J) by path integration over periodic boson and
antiperiodic fermion fields,

WD) o ./'(dAdadde,)e_ss_fd:;u,,A,,u,,a,,)

The averaged fields are defined by functional differentiation,

oW 6W

Av=35I % %7,

and are to be treated as independent variables. The Euclidean effective action, I Z, is then given
by the Legendre transform of W,

TE(A,0)=W(,]) - /d%(I,,A“ + Jua,)
It can be expressed as a loop expansion in which the zeroth term is the classical Euclidean action,
T'E(4,0) =SE(A4,0) +TH(4,0) +... (3.2)
The successive terms are represented by irreducible graphs. In the following we shall obtain the

leading 1-loop terms in a weak field expansion around the constant Chern—-Simons background
2.3),

rg = ]d%rf(z)(A,,(z) + ()

+ -;—fdszd%’f‘ﬁ(:c,z')(Au(:r) + 0l (2))(A(2) + a(z))
+... (3.3)

10




The coefficient functions in this case are expressed in terms of 7—ordered correlation functions,
TE(2) = — < ju(2) >
TE(z,2') = = < Tojp()u(2)) > = < julz,2) >, (3.4)

where the Euclidean current components are given by

Jr(z) = "Lﬂb
ji(2) = ~—(BVih = Vi)
j,—“(:r,:r') =0
l,2) = ——uabs(z — 2) Py (3.5)

To evaluate the correlators (3.4) we need the electron thermal Green’s function ¥,

G(z,2') = — < Tyy(z)P(z) > (3.6)
This Green’s function is obtained by solving the equation
1
(&—-—Vz —u) G(z,2') = —83(z — z') (3.7)
2m

subject to the requirement of antiperiodicity under the translation r — 7+ B. It can be expanded
in normal modes,

N1 dE1 ik (ot icrir—y 1 U0l F + R1D) V3 (% + ki 8)
== k= (=) 2 3.8
§(z.2) ﬁza:,/ 2 R G —ent p 38

where the funcdons v, are the same harmonic oscillator eigenfunctions that appeared in Sec. 2.
The discrete frequencies, ¢,, are half—integer multiples of 2 7/,

In terms of the thermal Green’s function (3.8) the correlators (3.4) are given by
IF(z) = —iTrG(2,2') |g=gr=rso
TE(2) = 5 (Vs ~ VOTrG(2,8) gms ereo (3.10)
IE(z,2) = -Tr(G(z,2)G(2', 7))
FE(s,2) = 5—Tr(Va(z,5)6(z',2) — 6(2,5) ViG(z, )

rE(z,2') =— Tr(ViG(z,2)ViG(2', 1) — ViVG(2z,2)G(2, z)
+ V,G(x,2)ViG(2'z) — G(2,2) Vi V,G(2', 2))

+ - Bubs(z = 2)TTG(2,2) lgmaierso (3.11)

4m?
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where all covariant derivatives refer to the background Chem~Simons field (2.3).

Some details of the computation are discussed in Appendix C. The result for the compo-
nents (3.10) is given by

B¢y b Blea—) , 1y-1
rH2) = — ;u ¥+ 1)
TE(z)=0 (3.12)

The polarization components (3.11) can be represented by Fourier expansions,
-~ ik (z2—2)~w,(r~7) T E
E(z,2) = E'[(zﬂ)z k()= FB (k) (3.13)

where, since the currents are periodic under  — 7+ S, the frequencies are integer multiples of

27n/8,
2
w,=—g£, seZ (3.14)
Again, because of current conservation and rotation symmetry, there are three independent invari-
ants,

I':TE = Ezn{)E
I:JE = k,-HOE + ejngI'IIB .
I‘f = 25121-10 + ejgw,l'll + (k2 Jg — k; kg)nz (3.15)

The invariants TIZ, T1F and Y17 are functions of w? and k? and we shall be interested in their
behaviour near w, = k = 0. It turns out that I1,¥, T1,® are regular there but I1f has a simple pole
at k? = 0 in the amplitude with w, = 0. The results, for w, = 0, are

1
g = Fﬁ%zsech? B e —p)

+ ——-—-E(eﬂ(""‘) + 17— —-E(zm 1) sech? E(E,, )

E_ Ceop) 4 131 _ 1 B 2B
ng= ;En:(eﬂe IR ) Rk E:(2n+ 1)sech? (e — )
1
E___ ﬁ(sn-ﬂ) -1
I, — Eﬂ:(zm 1)(e +1)
1 B § :(2n+ 1)‘zsech2é(£ —u) (3.16)
16 m m2 22 - 2" '

The results (3.12) and (3.16) define the behaviour of the 1-loop contribution to the Eu-
clidean effective action for weak long wave fluctuations of the gauge potentials around the equi-
librium values 4, = 0, a, = aj. For a consistent determination of the equilibrium configuration

12




it is necessary to satisfy the Euclidean equations of motion,
§TE " s
—— T _-:
T E

da,

=0 (3.17)

where, as before, n, represents an external uniform charge density. The functional derivatives are
to be evaluatedat A, = 0,q, = aﬂ. According to (3.15) the non~vanishing components are

1
— Y (e =,
n

vl

;E?_J?E(eﬁ(s.-u)_b 1)-1 =0 (3.18)

where the first term in the latter equation represents the O-loop contribution. The equilibrium value
of the magnetic length, £, is therefore given by

=2 (3.19)
e

independently of the temperature. On the other hand, the chemical potential, u, is determined by
the equation

y= Z(eﬂ(f--m + D! (3.20)

which indicates that the Chern—~Simons parameter v is to be identified with the thermal average of
the electron occupation numbers. (At zero temperature the right hand side of (3.20) reduces to the'
number of occupied Landau levels in the ground state.)

The coefficients (3.16) determine the bilinear part of the Euclidean effective action for
slowly varying fields,
B

1
lk] << =, 2m|s| << ) (3.21)

If we restrict our considerations to fields which are independent of T then the Euclidean action can
be interpreted as a thermodynamic potenital,

T'f=p8Q (3.22)
with
. .
Q= jd%[ﬁ(E} +B%) + =a;b

1 1
+ 5B+ e )[IF(E; + ¢;) + EI'I;F(B + b)?
—iTIF (A, + a,) (B + b)] (3.23)
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where, because of its pole at k2 = 0, TIF is to be understood as an integral operator. The func-
tional (3.23) can be used to evaluate the thermal averages of interaction energies associated with
static current distributions. For example, the thermal averaged fields 4, and a, associated with an
external electromagnetic current distribution, I,( z), are obtained by solving the equations,

5Q 5Q
A -

=0

The value of the thermodynamic potential is then given by the integral,

Q=3 / Pzl,A, (3.24)

which is a bilinear functional of the currents. Some aspects of this computation will be examined
in Sec. 4.

Next we give the leading terms in the low temperature expansions of the expressions
(3.12) and (3.16). The characterization “low” is taken here to mean that the tempeature is small in
comparison with the level spacing, or

Bo>met=LT (3.25)
e

The first step is to obtain an approximate expression for the chemical potential by solving (3.20).
To this end, write
eBen—u) = o yp—1-n (3.26)

where

,B/m.e’, p=pm€2 (327)

w=e
For small w it is possible to expand the right hand side of (3.21) in fractional powers of w,

— 18 wr(p-i-%—)

(14w =) = [p+ 11+§:< e (3.28)
zn: v I 2 r>l - 1 —wr '
where [p + %] denotes the positive integer defined by
1 1 '
p+—2—=[p+5]+6, 0<éxl (3.29

If w is sufficiently small then (3.20) takes the form
1 & 1-§ [p+1]+8
u=[p+-2—]—w +w Pttty

and 1s solved in leading order by

1
[p+ E]=V
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1 wV

b=+
2 2w
The chemical potential is therefore given by
v 1 -2
“—mZZ_ZBe +... (3.30)
On substituting this result into (3.26) we obtain
Blea—p) — ...P_._ l_ l S sab 2
e (t“;xp[me2 (n+2 v)])(1+2e we +.,..) (3.31)
It is now a simple exercise to find the leading terms in the expressions (3.16),
1 28 _ v 28 _
HOE = &-—2—}—?[73 2_'55' + mez;-r-(l - ;‘ﬁe 2—15'!:)
ne =21~ ﬁ%e“rﬁﬁ)
2
E_V 2 _ 28 1 .
1'12 —-E[l-{-y—ze 2 —W(l'i'm)e 1_5!-] (332)

These results will be applied in Sec. 4 to find the tempeature dependence of the penetration depth.

For completeness we now give the high temperature approximations for these amplitudes.
When the temperature is large in comparison with the level splitting, § << m#2, it is possible to
approximate the sums (3.16) by integrals and so to evaluate the leading terms in expansions in
powers of 8/m{¢?. The details of this computation are given in Appendix C. The results are,

2
E__M 1 1 B ‘ E_E \ B
o = ﬂjc_?' (1+e—f"# + 96 (m£2_> Smflz sech > + ...
: a1 (BN 2B 3 e Be
- 8= sech > T 130 \mi sech > -—zsech G

1 B Bu 7 B \? Bu 3 Bu
I = yTpeey (sech > 120 ( 7 sech > 2sech 3 +...

1 1 7 (BN . Bu. 3B
F= “sech® == + ... 3.33
= 12nm (1 TP 160 (mfz) sinh 7 ey (3.33)
where the chemical potential 4 is determined by the formula
mé? 1 (8 B g Y
= gl -Buy _ 2 3.34
v=milpu+ 3 n(l + e™F¥) 96 (m@)se‘:h > +0 > ( )

The approximations are valid if 8/m#? << Bu. If we impose the stronger condition that Su >> 1
then equation (3.34) can be solved by iteration to give

_v %e-ﬂv/mf ‘... (3.35)

This expression can be used to eliminate » from (3.33), leading to series expansions in powers of
the small quantity exp(—p8v/m#€%). The steps are justified if v >> 1, in which case the high
temperature approximations (3.33) can be looked upon as expansions in powers of 1 /v.
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4. STATIC COUPLINGS OF ELECTROMAGNETIC CURRENTS

The Euclidean action functional obtained in the last section can be used to evaluate the
thermal averages of interaction energies associated with static current distributions. Here we shall
consider only the simplest case, computation of the functional W (I, J) with J, = 0 and I, small.
With the understanding that the background equations which determine the equilibrium are sat-

isfied, we can treat I, as a weak perturbation and determine the response by solving the linear

equations,

§TE §TE
o __ o 4.1
54, = b wmd =0 (4-D

where I' £ comprises the bilinear parts of the classical and 1-loop terms,

jd3 PTE(z - )(Au(2) + al(2)(A(2) + al(2)) (4.2)

On substituting the solution of the inhomogeneous equdtions (4.1) into (4.2) and taking the Legen-
dre transform as discussed in Sec. 3 we obtain the functional

W(I,0)=TE(A,o) + fd%IyA,,

1
= -z—deZ'I“A#,

an expression which is bilinear in the external current distribution, I,
1
W(I,0) = —fd%d%’f () Dz — 2 L(2))
Zf T =t B, ) T, (4.3)

Since we are interested here only in static current distributions we shall take

T(wa, k) = 8,081, (k)

in which case (4.3) reduces to the form

W(I,0) = Bf(z =7 1(-b D0, D LD
= BF(I) (4 .4)

where F(I) represents the free energy of the given current distribution. The matrix D, (z — z')
can of course be interpreted as the thermal Green’s function for the electromagnetic field, and the
functional F{ I) represents the interaction energy due to 1-photon exchange, including the effects
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due to mixing between electromagnetic and Chern—Simons fields. We shall show that this mixture
simulates the exchange of two distinct massive states. One of these states may be interpreted as
a massive “photon” and its presence is indicative of a kind of Meissner effect. The other state,
which is generally much heavier, probably plays the role of the Higgs state, familiar in Landau
Gizburg theory, although here it is a vector rather than a scalar. In addition, the functional F'(I)

will be found to contain a long range static magnetic interaction ~ —T}E /k? which vanishes at
ZCT0 temperature.

The equations of motion (4.1) take the form,
1 2% r ~E re -t T
e_f(k Ay — kuk Ay) + I'“,,(k)(A,, +3,)=-1,

v ~  TE A+ =
_;T-E“Apk)‘a;+r“y(k)(A,+ aL =0 | (4.5

where the components of I‘:ﬁ are given by (3.15) and (3.16). In addition to the static condition,
kr = 0, we shall impose the gauge conditions k, A, = k,a), = 0. It is then a simple algebraic
exercise to construct the solution,

A,=D,I,.

The components of the propagator can be expressed in terms of three independent invariants,

D =Dy
D-,-j = —Dj-r = Ejzkz-Dl
kik
Dje = (850 — ?{)Dz (4.6)

The expressions for Dy, D and D, are not very transparent and we shall simplify their appearance

by introducing a number of parameters to characterize the low momentum behaviour of the tensor
TE defined in (3.15),

a
e = F+b
].-I]E=C
IF = d (4.7)

These temperature dependent parameters are defined by the sums (3.16). A lengthy but straight-
forward computation gives

Do = —-;- el2 (1- %c)z +d (1 + ei2 (%)2 (a+ kzb))]
b= "21:2/_\ [c(1-7e) = Jtex#nd
e H[L0-39 (o) (0 5ER)] e
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where A is quadratic in k2,

2
A=+t +ad+ %[(1 - %c)2 +e*b+etd+ e4bd+(%)20d]
€

2
(5 )2(Zy2p (4.9)
€ v

To gain some understanding of these quantities it is essential to make approximations.
We shall therefore assume firstly, that we are in the low temperature regime, 8 >> mé?, and,
secondly, that the Chern-Simons parameter is large, ¥ >> 1. The formulae (3.32) then give

4m

= -y
¢=——ye
m fuvN\2
= —_— | = — -y
b= = (ﬂ) (1 —4ye?)
c=2(1—4ye?)
ks
U2
d=—(1—-4ye™?) (4.10)
wm

where y = 8/2m#?. Higher powers of e~¥ and /v are neglected in (4.10) *). Among the dimen-
sionful parameters e?, n, and m there are two dimensionless ratios for which we shall adopt the
estimates used by Hosotani and Chakravarty ¥ . There authors regard the Maxwell Lagrangian as
a 3-dimensional remnant of the standard 4-dimensional theory, obtained by integrating over the
thickness, § ~ 107 cm, of some crystal layer. This suggests the value

2 € 5 1
e~ —=~(10"7em)”
]
They also assume that the density of charge carriers is similar to the density of ions in the lattice,
ne ~ (10~ em) 2

Finally, they assume that the “electron” mass is the usual one,

m~ 100 em™!

with these estimates we have

2
2 ~107% and 5~ 1070 (4.11)
m m

and it becomes feasible to make significant simplifications.

*} At zero temperature, y — oo, we have a = 0 while the coefficients b, ¢ and d reduce to Iy, I
and —~TI1,, respectively, given by (2.15). Also in this limit the expression (4.9) reduces to (2.22}
evaluated atw = 0.

18

— . e

© e EGE R TEET W TIEREIRS T R T
e el EBE LD A wrw




Firstly, in order to justify the low temperature expansions, we should require y > 5 (say).
This implies

1 1 e 7l w
E=2mﬂzy=2m;;S-V-XI03K (4.12)
Secondly, the dominant parts of A are given by
e 2, 52,2 ™k
A ze—z-l-c + k%e b+(;e—2-) bd
={;%)2bd(k2+Mf)(k2+Mf) (4.13)

where the masses are given approximately by

2

2_¢ 6 2
M+"T(;2_+C)
2
4
=& (1 —dyev) + ﬂ:"ye‘”
m v
2
2 _V.2€
M__(':r) d
2
= %”;(1 +4yeY) (4.14)

Here we have discarded terms of order
T..d, G '
(225G + )~ 5 ~ 1078
v’ be m
is comparison with unity. The value of M2 at zero temperature coincides with the formulae for

penetration depth given by others 9+,
see that M2 increases with temperature.

Our result gives the low temperature corrections and we

Although, regrettably, this model does not appear to undergo a phase transition at finite
temperature*, we can define a pseudo—critical temperature at which the thermal contribution to the
Meissner effect overtakes the zero temperature contribution. The two contibutions to M2, accord-
ing to the approximate formula (4.14) become comparable at a temperature dependent coupling,

v(y) given by
s _4mm
v, = 82

ye ¥(1+4ye™) (4.15)
The expression for M2 then takes the form

2 2

2 €7 Ne v —
M. = ™ (l+;52->(1—4ye Y3 (4.16)

*} One should bear in mind that this is a perturbative result. It is conceivable that non—perturbative
effects might lead to a qualitatively different conclusion particularly in the case of small v where
our methods cannot be applied.
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and we see that the thermal contribution dominates for v < v,. The pseudocritical coupling v, is
plotted in Fig.2 for a range of temeperatures.

The invariant components (4.8) reduce, in the low temperature regime and with the ne-
glect of higher powers of the ratios (4.11), to the following form.

e? ez  87n,
_...D - + -y
TErME FeMEm
1 vetn, m
— = — — Qe ¥ -
D K+ M2 2MZm? [1 e (2 uzez)]

1 ve? ™2 n
—y (T\? T
+&2+ME 2nM? [1+4ye (v) mez]

2 -1
e 41r dam
-Dy = m'—f' [1 -— o2 ye""( 1+ Sye“’) ( el ye U) :l

-1
4
+ :: (47[) ve V(1 + 8ye™) ( ;r:?ye'”) (4.17)

In order to have a rough idea of the relative strengths of the various forces involved here,
we give the energy functional at zero temperature with the Chern—Simons parameter assigned to
an intermediate range such that

v
2o (D)< T (4.18)
me it €

which means 1 << v << 103. At the same time we restore the real charge density Iy = iI,. The
result is

1 k[« e?
E(I) = 7] anz {Io( _) gy Io(_.)
- 1 1 ver | =
+ Ip(—%) ST “ErEl m ;¢ tke I; (k)
e2
I,( __) 3 I,(_)} (4.19)

This indicates that the static force betwcen currents is of intermediate range and attractive. There
is a two component force, one of which is longer ranged, between charge and current.

To complete the discussion, we now consider the high temperature regime, 8 << mf?
If v >> 1 then we have, according to (3.35)

~ -‘;Y_'IZ:'T = ﬂ_TT_l (4 20)
and the limiting forms of the expressions (3.33) give
m
aq =~ —
m
b~0~c
1
~ (4.21)

o e T Y e T——— T £ o T e




which can be substituted into (4.8) and (4.9). We obtain

82
Do ~
0 & +me?/n

1 ¢ 1 i

Dy ——2_4;11' (.&2 &2+me2/1r)
e2

Dy~ —— 422
I ( )

The pole at k> = 0 in D, indicates the presence of a long range magnetic interaction.
This does not imply a phase transition, however. Indeed, the long range effect, which derives from
the pole in I1F, is present at any finite temperature. Its coupling strength depends on the tempera-
ture and, as can be seen from the low temperature expression for 2, given by (4.17), this coupling
goes smoothly to zero at zero temperature. The pure Meissner effect which is observed at zero
temperature, for example in the formula (4.19) is certainly compromised by the apppearance of
this pole in the finite temperature amplitude. We must conclude that the magnetic field does in fact
develop a long range component along with the finite range (~ M 1) component which dominates
at low temperature. What we have found is that the relative strengths of these components varies
smoothly with temperature and that the long range part comes to dominate at very high tempera-
tures. We have also found that one of the ranges drops to zero ( M, — 00) as the temperature goes
to infinity.

5. CONCLUSIONS

In this paper we have applied standard field theoretic perturbation theory to calculate
thermal corrections to the Messner effect recently demonstrated in a simple mode] of Chern-Simons
superconductivity ¥, The calculation is expressed in the language of effective action functionals,
Minkowskian for the zero temperature case and Euclidean for the finite temperature case. Our main
approximations are the restriction to weak and slowly varying fields, and the neglect of 2-loop
contributions. The model involves two coupling parameters, e?, with the dimensions of mass, and
= /v, which is dimensionless. Both of these parameters must be small in order to justify the 1-loop
approximation. It may eventually become possible to improve on this, extending the range to small
values of the Chern—-Simons parameter, v, by applying the methods of fractional statistics, but we
have not attempted such a calculation. In this paper the (2+1)-dimensional “electrons” are treated
as ordinary fermions.

The mechanism which gives rise to a kind of Meissner effect in this model is the in-
duction, at 1-loop level, of a Chern—Simons term for the electromagnetic potential. As we have
pointed out in Sec. 1, the presence of such a term along with the standard Maxwell kinetic term
leads to a massive photon. Since there are two independent gauge fields in this model it is necessary

21




*)

to take account of their mixing, which is substantial. There are in fact two massive states repre-
senting the independent mixtures. Because of the assumed values of the parameters, n., m and
e?, one of the states is considerably lighter than the other and it is reasonable to consider it as the
massive “photon”. However, it should be kept in mind that there are two independent states which
mediate the interaction between currents. The Meissner effect in this model is kinematically more
complicated than in the classic Ginzburg-Landau description. At finite temperatures, the situation
is further complicated by the appearance of a long range component in the static interactions. We
have shown that the relative strengths of the long and finite range components varies continuously
with temperature and that, in the limit of very high temperatures, only the long-range component
persists.

Itis a great virtue of this model that the electon energies are quantized. The level splitting
is inversely proportional to the Chern—Simons parameter, v. Relative to this splitting it is possible
to define low and high temperature regimes where the sums which define the thermal averages
can be evaluated approximately. For the values assumed in this paper, the level splitting is given
by (m£2)~! = wn./mv ~ 104 K/v and this means that the physically interesting temperatures,
~ 10% K, may lie in either the low or high regime, depending on the value of v. If v is very large
then we can view the high temperature approximation as an expansion in powers of 1/v.

It was of course a disappointment to find no indication of a phase transition in the tem-
perature dependence of the penetration depth. However, this conclusion seems to be inescapable.
The general criterion for the existence of a critical temperature, manifested as a divergence in the
penetration depth, would be the vanishing at k2 = 0 of the determinant, A (k?), given by (4.9).
But the value,

A(0) = =+ +ad
€

where g, ¢ and d are defined by (4.7) and (3.16), seems to be inevitably positive. The coefficient
a is given as a sum of positive terms and e?d is relatively small. In the high and low temperature
approximations we have shown that e? d is in fact positive, Although we have not been able to show
that this is always the case it is hard too see how it could become sufficiently large and negative to
make A (0) vanish. However, our conclusion is based on the 1-loop approximation which makes
sense only if /v is small.A more sophisticated approach would be necessary if v is small, and the
result could well be different*).

The Chern Simons parameter must be an integer. This restriction on the allowed values
of v is based on two independent considerations. Firstly, as discussed in Sec. 2, the consistency
of the assumed ground state configuration, with a uniform Chem-Simons magnetic background,
requires that v should equal the number of filled Landau levels and therefore be a positive integer
4.8 Secondly, the Lagrangian density (2.1) is invariant with respect to gauge transformation only

For example, such a difference might come about because of higher order effects. These could be
estimated by a renormalization group approach which would make the coupling parameters, > and
v into functions of the temperature.
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up to a total derivative. If the theory is formulated on a compact space then it becomes possible to

consider gauge transformations which are topologically non-trivial and for which the integral of the
total derivative does not vanish. Invariance of the phase, 'S, with respect to such transformations
is ensured only if v is an integer ¥+2, On the other hand, we should point out that the temperture
dependent radiative correction to v, represented by the coefficient ¢, are not integral. This seems
to indicate a breakdown of the topologically non—trivial parts of the gauge symmetry.

It would be interesting to see if any modifications of the present simple model are able
to exhibit critical behaviour at finite temperature. Even more interesting would be the discovery

of some explanation, in terms of a more fundamental microscopic theory, for the appearance of a
Chern—Simons field and its associated parameter, v.
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APPENDIX A

Kinematics of Landau states

Because of the presence of a uniform magnetic field, the 1-electron Hamiltonian is not
invariant with respect to rotations and translations. However, because the field is uniform it should
be possible to compensate for the action of these space transformations by means of gauge trans-
formations. In this appendix we shall construct the appropriate gauge action and show that the
Hamiltonian is indeed invariant with respect to the combined group.

The background Chern-Simons field, used in Sec. 2, is given by
a1(z) = ~z2, a2(x)=0 (A1)

Here, in order to streamline the notation we shall adopt a system of units in which the magnetic
length, £, is equal to vnity. The action on the Chern-Simons vector of an arbitrary space transfor-
mation,

T1 — Ty = 2108 6+ z28in 6 + &
’ .
T3 =Ty =—I15inf+ 130080+ ¢

followed by a gauge transformation, is given by
a1(x) — ai{z) = a1(x)cosf +a2(z)sinf+ A
az(z) = a5(x’) = —a1(z) sin 8 + az(x) cos § + 2 A (A.2)
In order to have a;(z) = a;(z) or, more specifically,
a1(z') = —z5, a3(z') =0

for arbitrary 8 and ¢;, it is necessary to choose

1
A(z) = E(zf—zg)sine—xlsz (A.3)

This is the compensating gauge transformation. The action of the combined transformation on the
electron field is given by *

P(x) — P'(z)) = P y(a) (A4
We can define the generators of infinitesimal transformations in the 1-electron Hilbert space by
expanding (A .4),
bp(z) = ¢'(2) — ¥(a)
= —ig; Pj(a) + 167 9(x)

*) We treat the electron field as a space scalar.
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This gives

Piy=—ioy
Py =(~i6 + z1)¢
J¢=—f(zlaz—zzal)¢f%(z?—z%w (A5

It is of course true that the space group does not commute with the gauge group and, in deriving
(A.5) we have required the compensating gauge transformation to follow the space transformation.
The non commutativity of these groups gives rise to a modification of the Lie algebra of the effective

invariance group in comparison with that of the pure space group. Indeed, from (A.5) it follows
that

[PI:J] = _"PZ
[P, ]] =1~
[P,P]=—% (A.6)

Notice that the *“translation” generators do not commute. Instead, they behave like canonically
conjugate variables.

It is instructive and useful to replace the original canonical variables z; and 7; = —i0;
by the linear combinations,

Q=m+z2, g=m+1
P =m, p=m (A7)

which define two independent canonical pairs (q,p) and (Q,P). It is a simple exercise to express the
generators (A.5) in terms of the new variables,

Pr=p
P,=gq
1 1
T=5(¢" +p") = 5(Q + PY) (A48)

Moreover, the 1—electron Hamiltonian becomes
1 2 2
= e— + _9
H 3 (Q P%) (A9)
which clearly commutes with the generators (A.8).

Since the angular momentum is now expressed as the difference of two independent
oscillator Hamiltonians (one the true Hamiltonian and the other a kind of shadow Hamiltonian
that makes no contribution to the energy) it will be relatively easy to perform rotation invariant
computations by using a basis of oscillator eigenstates,

L@y L (1Y 0
m‘ﬂ’m(ﬁ 0> (4.1

In,r >=

25



where the ground state is defined by
(Q+iP)0 >=(g+ip)|0 >=0 (A.11)
With respect to the coordiante basis }Q, ¢ > the wave functions factorize
<Q.qln 1 >= va(Q)ve(g) (A12)
where the v's are expressed in the familiar way in terms of Hermite polynomials,
< QIn>= va(Q) = (VA2"a) T2 Hy(Q)e @/ (A13)

‘We shall have occasion to employ a momentum basis |P > as well. These states are normalized
according to the convention,

<QlQ' >=860Q-Q"H
< P|P' >=2n8(P - P") (A.14)

and the transition amplitudes are given by

< Q|P >= €@F (A.15)
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APPENDIX B

The zero temperature loop integral

The 1-electron Green’s function of Sec. 2 satisfies the differential equation,
(100 — H)G(z,2) = -6(z — 1)

and it can be expressed in the form of an integral over frequencies,

G(z,2') = B ittty zlG(w) |z’ > (B.1)
Cn 2'"
where the operator G(w) is defined by
Gw) = (H —w)™! (B2)

provided w does not coincide with any of the eigenvalues of H. The arrangement of the integration
contour Cy is described in Sec. 2. Here we shall be concerned mainly with the matrix elements
of G(w). We shall also need expressions for the derivatives V,G(z,z'), V;G(z,z'), etc. In the
notation of Appendix A we have

Vi=0+1iz2 =i(m + 132) =1Q
Va2 =0; =im =iP (B3)
and it is useful to define the 2—vector I1; according to
I=Q, Th=P (B4
In terms of this operator the covariant derivatives of 1 and ¢* are expressed by
Viy=illiy and Vip* = —iy*IL (B.5)

It follows that the covariant derivatives V,G(z, z') and V;G(z, ') can be represented by contour
integrals like (B.1) with the operator G(w) replaced by iI1;G(w) and —iG(w)IL, respectively.
Higher order covariant derivatives of G(z,x’) are given by obvious generalizations of this rule.

Let us now consider the structure of the 1-loop ground state polarization tensor. In the
typical 1-loop computation we arrive at the integral

f d*zd’r'e~ k2T < Z1G(w) |z >< &|G(w2)|z >

= Tr(e~ " 2G(w)) e ¥ 2G(w;)) (B.6)
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However, because the operator G(w) involves only the canonical pair (Q,P) and not the pair (q,p)
we can affect an immediate simplification. Substituting from (A.7),

kE-z=ki(g—P)+k(Q-p
=kig—kap—kiP + k2Q
=kig—kp+k-11 (B.7)
where I1; denotes the dual of I, defined above,
m=-1m, ML= (B.8)
The trace (B.6) factorizes,
Tr(e % 2G(w1) et 2G(w,)) =
= T e~k q+ikzpe¢k;q—ik;p) Tr( e"-’i'ﬁ-G(wl ) ei’&’-ﬁ_g( w2))
The first factor can be evaluated explicitly,
Tr( e-—iquﬁkgpeikiq-l’kip) =
=Ty (e-«kl-x;)qe«xz—mp) itk b=k 1) /2
- f dge—"ki=k)e « glih—RIp|g 5 eithiki=kK)/2
=278 (k— k') (B.9)
Thus, the integral (B.6) reduces to the form,
Tr(e"E'EG(w1)e*-&"EG(wz)) =
=276 (k — K)Tr(e ™ 0G(w)) e %0 G(w2))

-ik {1 ikl
=211'52(_lg___}£')2<n’e Im >< mlef=|n>
nm

(Em —w1) (&g —w2) (8.10)

Generalization to integrals which involve covariant derivatives of the Green’s function is immedi-
ate. One has only to make the appropriate modifications, G(uw) — $ILG(w1), etc. The rotation
and translation invariance of the polarization tensor is manifest in these expressions.

The oscillator matrix elements in (B.10) can be evaluated to any desired accuracy by
employing the wave functions (A.13). In this paper we are interested only in the leading terms in
an expansion in powers of k. For this it is sufficient to use algebraic methods. To illustrate, define
the irreducible components,

1
ke = "_i‘(kl + tk2) (B.11)

and write

ik -1l = —ik) P+ ik2Q
= k.ot — k_a (B.12)
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where ¢* and g are the raising and lowenng operators,

1 . . 1 ,
G=E(Q+ip), a =ﬁ(Q—1P) (B.13)
The oscillator eigenstates are defined by
1
|n>= ﬁ(a+)“|0 > (Bl4)

and it is straightforward to evaluate the first few terms of the expansion
s 1
eklipn > = E F( kia® —k_a)|n>
r

=|n>+kVn+lin+ 1 > —k/an—1>+
1
+ -z—kf\/(n-b D(n+2) |n+2 >—kik_(n+ %)]n> +%ki\/n(n~—- Dn=-2>+...

(B.15)
etc. It is clear that the matrix element < mle*T|n > has the threshold behaviour k™" and
it follows that, in evaluating the sum (B.10) to order k?* we need to keep only the terms with
fm—nl <5

It remains to consider the integration over frequencies. The most direct way to deal with

these integrals is to displace the eigenvalues of H by infinitesimal imaginary parts and then take
the contour Cy along the real axis. Specifically, we make the displacements

En m En+i8, 0<n< N
Ep — Eq—138, n2>N (B.16)

where § is real and positive. The computation then proceeds in a straightforward way. To illus-
trate, we consider the polarization component I'gg defined in (2.12). The 3—dimensional Fourier
transform is given by

Too (k. k) = / Prdz'e- K Tr Gz 1) G(a, 2)

2w
/'de +|m(t—f)TT(e—‘k’G(w1)e'k EG(w2))

2 [t [ 8

2w
=21.2m6(w - u')f-—T (e""‘G‘(t.\n)e"'c G (w — w))
= 278(w — w)(2m)28(k — k) Too (w, &)

In the first line of this development there is a trace over the spin degree of freedom which yields
the factor 2 in the succeeding lines. Substitute the expression (B.10) and extract the momentum
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conservation delta functions to obtain,

P,k = = [ 2 e 860w) et Eeu - w)

== E < nIe"'Enlm >< m|e"‘“|n>

f——(sm—wl) Wen — w1 + w)~" (B.17)

With the energies displaced off the real axis according to the rule (B.16) the integral over w; is
well defined and easy to evaluate. It is non—vanishing only if the two poles are situated on opposite
sides of the real axis. Using Cauchy’s theorem,

(En—Em+w)™!, mM2N,n<N
(sm—wl) (En"w1+W) 1= {-(E,.-—Em+w)"1,m<N,n2N (B.18)
0, otherwise

dwy
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Hence the result,

kT |1:l'l
roo(wg--[ 3 zz}“*e L L R

m>2N <N m<NnazN

The other components of the polarization tensor are obtained in the same way

~ikT 7. ik 11
;a(w k) = 5 [ Z E E E] < nl{e k ,Enn]il:nmi,(wmlekn[n)

m2N <N maNa>N

(B.20)

—s‘k-ﬁ’n, ik-ﬁ’n N
o pp gt

m>Nn<N m<N 2N

(B.21)
where the symbol { , } denotes the anticommutator. On expanding in powers of k; and w, using
the formula (B.15) for the oscillator matrix elements, the results (2.15) are obtained.
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APPENDIX C

Finite temperature computations

The 1—electron thermal Green function of Sec. 3 satisfies the differential equation
(0r+ H—p)G(z,2') = =8(z — 2)

and it can be expanded in the form of a sum over discrete frequencies,
1 .
Gz, z') = — Y el < g|G(i¢, + w) |z > (C.1
A4

where G(w) is the operator (B.2) defined in Appendix B and

1 27w
<8=(S+5)7| SEZ
The chemical potential, 4, is determined by the equilibrium conditions (3.17) as discussed in the
main text. This determination depends on the formula (3.12) for the tadpole amplitude I',,E ()
which we now derive.

The component I'.F(z) is defined by the first of equations (3.10).

TP(x) = iTrG(z,2') |p=g rarss
2% . .
= _7; D e < gGliG+ wz > (C2)

where § is an infinitesimal positive quantity. For fixed z = Z, the diagonal matrix element in (C.2)
can be expressed as a trace in the 1—electron Hilbert space,

< B|GUG + w)|& > = Tr(6(z — DG + p)) =
&k

(2m)?

[ %

S ) @2m?

e~ EETr (e R2G(i¢, + 1))

ki (ge-hary (=L Goie, 4 1))

where we have used (B.7) to separate the trace into indpendent factors. The first factor is purely
kinematical,

Tr(ef19-:P) = 28, (k)
according to (B.9). Hence we have
1
< EZ|G(G, + p)|z > = ﬂTT( G(iCs + 1))

L -
= ™ Z(En - ‘Cs IJ) (03)

n
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and, on substituting into (C.2),
. 1 .
TR = 2305 5 (6 =g+ )71 (C4)
n a

The sum over s does not converge very well but it can be defined in a plausible way. Thus, by taking
a derivative with respect to u the convergence is improved and we can set § = 0. The resulting
sum can be evaluated by contour methods,

1 Z ) _2 1 dz 2w 32
—— . — + = am ——— — ﬂ+
ﬁ 3 (tc En #) 26 ¢ cot 'nz( 5 € IJ)

where the contour C encircles all the zeroes of cot nz,ie. 2z = s+ ;-—, s € Z ,in the positive sense.
This contour can be replaced by a pair of straight lines, one running to the right just below the real
axis and one running to the left just above the real axis. These two segments can be closed by means
of large semicircles in the lower and upper half planes, respectively (see Fig.3). Their evaluation
is then trivial since one or other of these contours will contain the dipole at z = (8/2 1) (&, — ),
depending on whether £,, — p is positive or negative. The result is

1
_E E(i(, —E,+ u)“2 = gsechzg(an —u) (C5

This can be integrated to give, up to a constant,

1 1
EZ(;{, — g+ ) = -2—(1 —t:‘:-zﬁ-(s:,l ~ 1))

= (eflea—1) 4 1)1 (C.6)

The constant of integration is fixed by requiring appropriate behaviour in the zero temperature limit,
B8 — oo. Thus, we obtain the formula,

TE(z) = -:';}:(eﬁ“--“) + 1! (C.7)

It is easy to see that the space components 1",-E must vanish since, according to (3.10), they must
contain the factor T'r(I1;&) which clearly vanishes.

Now consider the components of the polarization tensor,

ITE(z,2') = -TrG(z,2)G(2', 1)
2 .
- T emilla =G )7=7)

81,82

- < 2lG(i,, + Wiz >< Z'|G(iGs, + p))z >
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where we have substituted the expansion (C.1) and taken the trace over the spin degree of freedom.

As in Appendix B we take the Fourier transform and remove the delta functions associated with
energy and momentum conservation to obtain

FE(w, k) = —ﬂl—ﬁ ;Tr[e-"““cuc,l rwerigic, —iw+ @l (C8)

where w, = 27s/8, s € Z. The trace refers to the Hilbert space of the oscillator variables P and
Q. (This formula could have been obtained directly from the zero temperature expression (B.17)
by making the replacements w — fw,, w; — $¢; + pu and

dun % )
——— _’ —
m B ;
On expressing the trace in (C.8) in terms of oscillator matrix elements we arrive at the sum
1 . _ . s e
—-ﬁ—Ecsm—zc.,l—u) (en —iCs, — p+ iw,) ! (C9

which can be evaluated by the contour method discussed above. For the case m = nand s = 0 the
result is given by (C.5). Otherwise, the sum (C.9) reduces to

(Eq — Em + tw,) ' [(eFEm ) 4+ 1)1 — (Ple-®) 4 1)1] (C.10)

On substituting into (C.8) we obtain firstly for s # 0,

~ 1 < nle‘““ﬁlm >< mle‘k'ﬁln > 1 1
E -2 —
rn(wa,.@ = = n,Em En — Ep + iwa eﬂ(zm—p) +1 eﬂ(s..-,u) +1
and, fors =0,
FEO k) = 1 E < nle~* m >< mfeM|n > 1 _ 1
™ 1= T En — Em eﬂ(ﬁn"#) +1 eflea-u) 4 1
+l E < n|e“""ﬁ|n >< nle“‘ﬁln > é'-sechz é(e,, — i) (C.11)
w 4 2

Expressions for the other components, 1—}1;; and I‘ are obtained by making the replacements

3 N 2_"_{ —ik01 , 1)
m

S R E‘Tn_{eik.ﬁ’ I} (C.12)

as in the zero temperature case.
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The leading terms in the expansion around & = O are obtained by restricting the sum
over m to the values m = n,n+ 1, etc. and using the formula (B.15). The results are expressed
through the formulae (3.16).

The low temperature approximation is discussed in Sec.3. Here we give some of the
background for computations in the high temperature regime 8 << m¢2. When the temperature
is large in comparison with the level spacing it becomes feasible to approximate the sums over
discrete energy levels by integrals. For the sums appearing in (3.15) it is possible to evaluate the
resulting integrals in terms of elementary functions and so obtain the leading terms in expansions
in powers of the small quantity 8/m¢2. The coefficients in these expansions will tumn out to be
functions of Bu, where y is the chemical potential, and we need not assume that this quantity is
small,

To begin with the general problem, suppose we are to approximate the sum, 3, fn, where
the quantities f,, are interpolated by a smooth function,

fo = F(Ben)
SR
o= -152- (C.14)

Let us further suppose that the function ¢(z2) is slowly varing on the scale of & ,

o?¢"(2) << ¢(2) ,

etc. In order to convert the sum into an integral, it is necessary to construct a function F'( z, &) such

that ()
¢ <<n+ —;—-) a) =f dzF(z,a) (C.15)

With such a function we can write

o0
S tu= [ aPz0 (C.16)
- 0
It is a simple exercise to find the first few terms in the expansion of F(z, «) in powers of o,
F(2,0) = ~9(2) = 4"(2) + rma?¢"(2) + (.17
’ o 24 5760 o '

One can easily verify that this function satisfies (C.15) by expanding in powers of z — (n+ %») o.
On substituting (C.17) into (C.16) we obtain the formula

7

__1 *® O e 3
;fﬂ—-;/o‘ dz¢(z)+-2-4—q$(0)-—-5—7-66—a (0 + ... (C.18)
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which is valid under the assumptions that the integral converges and that the interpolating function

vanishes with sufficient rapidity at z — oo. These assumptions are justified in the cases to be
considered.

Now, to treat the sum (3.20) which defines the chemical potential,

v= Z( eﬁ(sn—ﬂ) + 1)—1
n

we must choose the interpolating function
$(2) = (e Ph + 1)~

and evaluate the quantities

fmdz¢(z)=en(1+eﬁﬂ)'
0

$'(0) = ~--—.sec:h2 52“
e l_ 2 ﬂf—" 4 ABru
¢ (0) = —4sech 5 8 ech >

which are to be substituted into (C.18). This gives

(ﬁ,u. +en(1+ e PH)) — 56 = sech? ‘i“

— 3sech’ 511) +. (C.19)

1
o

46080

where o = 8/m#g2. If we make the further assumption that Bu is large, then (C.19) can be solved
by iteration to give

pe o Leame ({1 _ﬂ_>’ 7 (_é__“
Y R (1‘24 <m22 560 \mez) T 7

+0( e—Z)Su/mE2 )

The assumption that Su is large while 8/m#? is small requires that v is large . We are, in effect,
obtaining an expansion in powers of 1/v. On substituting for £2 from the formula (3.19) we obtain

= E____:_l_-ﬁwﬂ,/m _L ﬂ'n'ne 2
p=m— Be (1 27\ om +.o. )+ (C.20)

The convergence of the expansion (C.17) necessitates that ¢( z) should vary slowly on the scale of
a. This implies 8/m#? << Bu which is consistent with v >> 1.
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Turning next to the sums which define the low momentum behaviour of the polarization
tensor, consider firstly the quantity

ezzsechz (&n — ) (C21)

Here we choose

#2) = sech’f’—‘zﬁ‘i

= 4Lty 1y
dz

To obtain the first correction term we need
$'(0) = smhﬁ sech? %H-'—

On substituting into {C.18) we obtain

_mi_1 L 1/(F Bl ocn? BE
Q_Ttr_[l+e‘9ﬂ 5% (mﬁ) smhzsech > +] (C22)

Next, for the quantity

v 1 2 B
c - 87rm€2 Z( n+ 1) sech? (en 1)
1 B
=L Blen—p) -1 _ 2 2P0 _
~ Eﬂ [(e + 1) 4ﬁ£n sech 2(5,l u)] (C.23)
choose . . |
- _ z—Bu -1 _ = 20 _
¢(2) p. {(e +1) 4zsech 2(2 ,Bp)]
1d
- 12 e ]
' _ —1 2 Bu " -1 2 6»“‘ 4 5#
¢'(0) = 2ﬂsech 5 ¢ (0) = sech 5 27Tsech >
In this case the integral of ¢( z) vanishes and we are left with the correction term,
LB aBu T (BN aBs 3 4By
c= yT Py sech > + - 57807 \ i sech > —zsech > +... (C.24)
Since, according to the definitions (3.16) and (4.7) we have b = ~mf? ¢, there remains only the
quantity
d=— § H2n+ (P L T - -L—é-(zm 1)2sech2—ﬁ—(£n — )
16 mé2 2
2 mf B
= \8(51—#) -1 s — 2 2 _— _ 2
o B E [ [ﬁsn(e +1 g (Bsn) sech 2(sr. u)] (C.25)

n
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Here we choose

2
#(z) = -?—Hlﬁi [ (e* P4 + 1)_1 - %sechz—-———-z —23“}
1 mé? d
—_— z—fu -1
T am B dz[ (e +D ]
2 me? 3 me?

¢'(0) = ——(1 efhy=1 ¢"(0) = smhﬁ sech’ & 5#
mm B

“mm B

Again the integral of ¢(z) vanishes and we therefore obtain

1 ~Buy— 21 8 ﬁu 3Bu
= Buy~1
4= Fam T T S (mzﬂ> sinh=-sech” 5~
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APPENDIX D

The effective interaction at zero temperature

To gain a better understanding of the dynamics of the two gauge fields, A, and a,,, with
their various mixing terms, it is instructive to derive the effective current—current interaction. Part
of the result of this computation is exhibited in Sec.2. Here we provide some of the details.

The bilinear part of the effective action is given by

1

+ %/dsm Ea' T (z —2') (A,(2) + 0,(2))(A(2) + a,(2)) (D.1)

where the Fourier components of I',, are expressed in terms of the three invariants, Ilo, Tl and
I, , which are constants in the long wavelength, low frequency approximation. See Egs.(2.14) and
(2.15).

To obtain the effective interaction between a pair of conserved electromagnetic currents
we must solve the field equations,

6T /8A(z) = ~I*(2), oI fay(z) =0 (D.2)
and evaluate the amplitudes
W(I) =T(A,a) + [d% I#(z) A (x)

= %—fd%: I*(x) Ay(z)

%fd%: &z’ 1¥(z) D, (z — 2) (") (D.3)

In Fourier space the ficld Egs.(D.2) are

1 Lot - - Lot -~
— 7 k(K A% — K A") + TH(k) (AL + G,) = —I*
—= ek G, + T (k) (A, +5,) = 0 (D.4)
where k#T;, = w I + k;I; = 0. Since we do not generally have Lorentz invariance (which obtains

only for IT; = —Ip) we cannot choose any particularly advantageous frame. However, it is helpful
to employ a complex basis, writing

A= -% (A +i42),
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etc. Since Eq.(D.5) are gauge invariant we can look for the solution with
Ao =% =0. (D.5)
With this restriction the equations reduce to the form
'617[002 — ko)A + k3AZ] + Tag( AL +82) + Taa(Ag +33) =~ Iy
:F%wa:h"'r:l:;(z:i:"’ ay) + Tax(Az +33) =0 . (D.6)
On eliminating a4 they reduce to

Q+A-+ + B+Z_ = —j+

BA,+a A =—j_ (D.7)
where
R m T -~ Ui —
jy = (1_;n1—;wno)1++;n2 k. To
R i T ~ ~
;_=(1_;n,+;wno)1__§n2k_fo (D.8)

and the coefficients oy, B are given by

ay = :F;g“r_{ w(wzno - ':’ e’Th + kok_(T1 '"HO))+

w? i kik_ T
+ -;?-.-(1 —;1'11+e21'lg)-— ;2 (1 —-;Hl —eznz)
k2
ﬂi=:p;% K w(Ilo + ) + (1 _Em —¢'TL,) . (D.9)
The solution is
- 1 , ;
A, = 'u';'i— (a_je — B+J2)
- 1 ) .
A_= IR (asjo —B-74) (D.10)
where the denominator is given by
1
A= - (ya- — B.B-)
- (;f) [{(w — 2k k)Mo~ Z e n,} _ (;) (w —2k+k_)(1 ~ZMi+e 1'10)
2
+ 2k k_(Tlo + ) {(w? - 2k, k) Tlg - (%) e2(1+ e’ﬂo)}] . (D.11)

This expression is quadratic in w? which implies that there are two branches to the dispersion
relation. Their values at k = 0 define the “masses™ uZ, referred to in the text. They are real and
positive if eIy is positive,

= %(%)2 %[(1 -Zm + Tl ) iﬂl -gnl —ezﬂo)2+4e2rlo ]2 (D.12)
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The solutions (D.10) are singular at w = 0 and one might suspect that this is merely
a gauge artifact. However, this may not be the case, at least in higher orders. A careful evalu-

ation of the functional (D.3) shows that the singularity may persist and give rise to a long range
instantaneous interaction between the currents. The final result is

W)

[ Gt A (- gm) e dme- () i -
_%(-) To(To + )R} 7T

_{( —-—l'h) —e H2+( )Hoﬂz(w '—ﬁz)}fofﬁ
-{Em(1-In,)+ (—) ¢ (w? — )+

+(Z )Ho(no+nz)k2 ——i s I (D.13)

The combination of currents that appears in the last term is in fact Lorentz invariant. On using
current conservation it can be expressed in the Chern—Simons form,

1 = 2D T
——-‘; Eij I,- Ij = -&2 —-uﬂ g? pI“ k; Ip
1
-k—s‘,(ngI,——I*k o) . (D.14)
Indeed, the entire functional (D.13) becomes Lorentz invariant, as it should, when IT, = —TI1,.

If we substitute the 1-loop value for Il; as given in Eq.(2.15) the residue of the pole at w = 0
vanishes. However, this may not be the case in higher orders.
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Fig.1 One loop ground state polarization tensor.

‘vc \
\
\
200}
150}
100/
50
5 10 R

Fig.2 Plot of pseudocritical coupling, v.(y). For v < w. the penetration depth is dominated
by the thermal contribution. The curve is reliable provided v and y = 1/2mg2 T are not

small.
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Fig.3 The contour used in evaluating thermal sums. Poles on the real

zeroes of cot mz (Appendix C).
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