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ABSTRACT

Mathematical induction is a useful tool. But it could be used to prove only the proposition
with form P(n) for the natural number n. Could the natural number n be replaced by a continuous
variable £? Yes, and then we have the continuous induction. The continuous induction is very easy
to grasp by the students who have learned mathematical induction. And it can be used to prove
many basical propositions in the elementary calculus.
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In the elementary calculus reaching, the theory concerning the real number system and

IS contnuity is very important. But, untortunately, it is a ditficult point for most students in col-
|

cues oruniversitics, especialiy for some students who do not want 10 become mathematicians but
Fuve tofearn more mathematics tor other reasons. To overcome this difficult point, an interesting
proposition is proposed, the so-called continuous induction.

To explain what the continuous induction is ket us muke a comparison between continuous
wdluction and the well-known mathematical inducton:

The continuous induction: The mathematica! induction:
Assume P(x) bea Assume FPin) be a
proposition on the proposition on the

real number x natural number n

If: If:

(1) There exists a real number} (1) There exists a natural number
g such that P(x) is true ng such that P(n) 1s true
forany r < xg. foranyn< mng.

(2) If P(x) is true for any (2) If P(n) is true for any
T < y, then there exists n < m, then P(n) is true
6y > 0 such that P(x) is foranyn< m+ 1.

- true forany x < y + 4.
Then P(x) is true for any Then P(mn) is true for any
real number z. natural number n.

We see that the two are very much alike!

Some questions could arise immediately. Is the continous induction really true? How 1o
prove it? Where is its position in the theory of the real number? What is its use?

The answers to the first three questions will be given by the following theorem:
Theorem 1 The continuous induction (CI) is equivalent to the Didekind axiom (DA).
Let us recall the Didekind axiom first.

DA If the real number set R is divided into two non-empty sets, say L and H, such thatz < y
for any z € L and y € H, then either L has a maximal element or H has a minimum element.

Proof of Theorem 1  We use the reduction to absurdity. Suppose CI is true but DA false, and
assume that R has been divided into L and H as in DA but neither L has a maximum not H has a
minimum. Make a proposition P(x) = "z € L", then check the two conditions in CI:

(1) Since L is non-empty, there exists o € L. Soz € L for any z < z¢ by the
definition of L and H.




(2) Ifz e Lforanyz < y,theny ¢ H because there is no minimumin H. Soy € L
and there must exist y; € L such that ; > y because L has no maximum. Then z € L for any

x < y1 = y+ 6y. Sox ¢ L for every real number = by CI. This is a contradiction since H is
non—empty.

Now we are going to prove DA = CI.

Use the reduction to absurdity again. Suppose DA is true and CI false, and assume that

there 1s a proposition P(x) such that the conditions (1) and (2) in CI are satisfied but P( z) is false
for some real number z. Let

L ={t: P(z) is true for any z <t}

H = R\L
Obviously, both L and H are non—empty and z < yforany z € L and y € H, by our assumption.
Since DA is true, there exists y such that (—oo,y) C L and (y,+o0) C H,ie. P(z) is true for

any r < y but false for some z € (y,y + 8) forany § > 0. Itis contrary to the condition (2) which
has been assumed by us,

il
Now we learned that CI is true, and that it could be set as an axiom in the theory of the

real number to replace the well-known axiom DA.

As applications of CI, we give below a series of examples.

Example 1 If M is areal number set which is non—empty and bounded from above, then M has
the least upper bound.

Proof Use the reduction to absurdity. Suppose M has no least upper bound and let U be the set
of all the upper bound of M. Make a proposition P(z) = "z¢ U". Then

(1) Since M is non—empty, there exists o € M and so P(z) is true for any z < zo.

(2) If P(x) is true for any = < y, then y must not be an upper bound of M (otherwise,
y will be the least upper bound.) ie., there is y1 € M such y; > y so P(x) is true for any
r<yy=y+6.

We have that P(x) is true for every real number z by CL. It is contrary to that M is bounded from
above.

0

Example 2 Suppose the number sequence {a, } is increasing and bounded. Then there exists a
real number a such that lim a, = a.

n—0o0 -

. Proof Use the reduction to absurdity. Suppose there does not exist the limit of {a,} and make a
proposition P(z) = "{a,} N(z,+0c) # ¢", then

(1) P(x) trueforx < zp = ai.



(2) If Pta) true for any x < y, then {a,} N (y,+o0) # ¢, (otherwise, we have
lm o, = y)ie., there exists some term o, > ¥, such that P(x) true for any = < y + §,, here
FoeoemaD
Sy = ay —y > 0.
By CL, (1) 1s wue for every real number z. It is contrary to that {a, } are bounded.
i
Example 3 If there is a nest of closed intervals Ay 2 A; D ... 2 A, D Agr 2 ... Then there

must exist at least one real number which belongs to every interval A,.

Proof  Use the reduction to absurdity. Suppose that there is no such real number which belongs
to every interval A, = {aq, bl Make a proposition P(z) = “( ~00,z) N {b,} = ¢7, then

(1) P(z)yistrue forany z < zg = a.

(2) If P(x) is true for any = < y, then (y,+00) N {a,} # ¢, (otherwise, a, < y and
y < by forevery A, = [an, ba]) and so P(x) is true forany x < y + 8, = am, here an, is a term

belonging to (y, +00).
By CI, P(z) is true for every real number z. This is impossible.
a

Example 4 If aclosed interval [ a, ] is covered by a set of open intervals U = {A;}, then there
is a finite set of intervals Ay € U, k = 1,2, ..., n, which still cover the interval [ a, b].

Proof Make a proposition. P(z) = “(—o00,z) N [a,b] could be covered by a finite set of
intervals in ", We have

(1) P(xz)istrue forany z < z¢ = a.

(2) If P(z) istrue forany z < y and y € [a, b]. (If y > b, the conclusion we want is
obvious) then there is an interval A = (@, §) € U suchthaty € («, 8). Take §, = %(B —y), it

is easy to know P(z) is true for any z < y + §, by the inductive assumption. By CI, P(z) is true
for any real number . Especially, take x = b + 1, our proposition 1s proved.

G

Example 5 If M is an infinite point set which is contained by [ a, b], there exists at least one
pointin [ a, b], which is a limit point of M.

Proof Use the reduction to absurdity. Suppose that there is no limit point of M in [a, b]. Make
a proposition P(xz) = “(—o0,z) N M is a finite set”, we have

(1) P(zx) istrue forany z < xo = a.

————r e e =



(2) I P(x)strueforanyx < ¢, thenthereis § > 0 suchthat (y— 8, y+ O N M isa
finite set because y 1s not a limit point of M. So P(z) is true forany z < y + %5.
By CI, P(z) is true for every real number z. Take £ > b, we have a contradiction.
a
Example 6 Suppose f(x) is a continuous function on [a,b]. If f(a) < 0 and f(b) > 0, then
there exists ¢ € (a, b) such that f(¢) = 0.

Proof  Use the reduction to absurdity. Suppose f(z) # 0 for any z € [a,b]. Let f(z)} = f(e)

when z < a and f(z) = f(b) when z > b. Make a proposition. P{z) = “ f(t) < 0 for any
t < 7. We have

(1) P(z)istrue forany z < zp = a.

(2) If P(x) is true for any = < y, then f(y) < O since f(x) is continuous. By the
supposition of the reduction to absurdity, f(y) < 0. Sothereis § > 0 such that f(z) < O forany
T € (y — 8,y + 8) by continuity. Then P(x) 1s true forany z < y + 4.

By CI, P(x) is true for every real number z. It is contrary to the assumption f{&) > 0 when
T > b.

C

Example 7 Suppose f(z) is a continuous function on [a, b]. Then there exists M > 0 such
that {f(z)| < M forany z € [a,b].

Proof Let f(z) = f(a) when 2z < g and f(z) = f(b) when x > b. Make a proposition
P(x) =* f is bound on ( —oc, ) 7. We have

(1) P(x)istrueforany x < 25 = a.

(2) Assume that P(z) is true for any z < y. There exists § > 0 such that [f(x)] <
|F(y)| + 1 forany z € (y — 6,y + 8) by continuity. So P(z) is true forany z < y + é.

By CI, P(z) is true for any real number z. This is we want.
1|

Example 8 Suppose f(x) is a continous function on [a, b]. Then there exists z* € [a, b] such
that f(z) < f(z*) forany z € [a,b].

Proof Use the reduction to absurdity. Suppose f has no maximum on [a,}], 1e., for any
given z € [a,b] there exists some z; € [a,b] such that f(z) < f(z). Let f(z2) = f(a)
when z < a and f(z) = f(b) when x > b. Make a proposition P(z) = *“There exists c €
[a,b] such that f(t) < f(c) for any t < z”. We have

(1) P(x)istrue forany z < z9 = a.
(2) Assume that P(z) is true for any z < y. By the supposition of the reduction to

5



absurdity, there exists ¥ € [a.b] such that f(y) < f(y1). So there exists § > 0 such that
Fix) < flyy) forany r € (y — 8,y + &) since f is continuous. By our inductive assumption,
merg exists ¢ € [ b] such that f(2) < f(o) forany z < y - % Let ¢ 1s ¢ or 31 such that

Jior = max{ fle), flyy} then f(2) < flo) forany o < y + §, Le., P(z) is true for any
R T N

By CI, P(x) ts rue for any real number . But this is impossible when z > b,
C
Uxample 9 If f(x) is a continuous function on [a, b], then f(z) is uniformly continuous on

ia,bl].

Proof Let f(r) = f{a) whenz < a and f(z) = f(b) whenz > b. Givenany e > 0, we are
going to prove that there exists § > 0 such that | f(zy) — f(xz2)| < € when |2y — z2| < §. Make
a proposition P{x) = “There exists §; > 0 such that |[f(t1) — f(t2)| < e when |t} — t2| < &q,
foranyt; < z andt; < z”. We have

(1) P(x)istrue forany z < z¢ = a.

(2) Assume that P(zx) is true for any = < y. Since f{z) is continuous at point y, there
exists §; > 0 such that | f(t) — f(y)| < £ whent € (y—8;,y+ &), andso |f(#1) — f(t2)| < ¢
foranyt,,t; € (y - 61,y + &;). By our inductive assumption, P(y - %L) is true, i.e., there exists

82 > 0 such that |f(t1) — f(t2)] < & when [t} — t2} < &2, for any t1,t2 € (—oo,y _ %L)

Let & = min{%,ﬁz}. It is easy to know |f(t1) — f(¢2)| < & when [t; — t2| < & for any
t1,t2 € (—o0,y + §). Then P(x) is true forany z < y + 8.

By CI, P(x) is true for any real number z. We have the conclusion we want when z > b.
O

Example 10 Suppose f(x) is a continuous function on { g, b]. If f is differentiable in ( a, b) and
f'(x) = 0 forany z € (a,b), then f(a) = f(b).

Proof 1Itis enough to prove that f(z) is a constant in (a, b) by continuity.

Take any two points 21,22,a < 21 < 22 < b, and let

) f(z) (z€lxm,z2])
f(-'r)={f(rr1) (z < x1)
f(z2) (2> x2)

then f/(z) = O forevery z € (—o0, +00).

Use the reduction to absurdity. Suppose

|f(z1) — f(z2)| = M >0.
Make a proposition
M|I—I]|,,

P(z) ="|f(z) - fzD| < 2 — o)




We have
(1) P(x)istrue forany z < 1.

(2) Assume that P(z) is true for any z < y. Since f/(y) = 0, there exists § > 0 such
that

Mo -yl
2 151‘332[

|F(z) = f(y)] < forany x€(y—8§y+8).

By our inductive assumption, we have

M|z -z
2 lx — za]

|f(zy — flanl <

forany 1’ <y

and so
My — ]
2 |:t:1—£1:21.

|F(y) ~ Fla)] <

Thenforz € [y,y + &) we have

Py F M jz-yl+ly—=| _M |z—a|
[f(@) = = < 5 Ty el N

so P(x) istrue forany z < y + 6.

By CI, P( ) is true for any real number z. Itiscontrary to the supposition of the reduction
to absurdity when x = z;.

.

We have now seen that one can prove a series of important propositions using the con-
tinuous induction in a similar way. This is interesting and easy to grasp for the students who have
learned the mathematical induction.

We can build a more general induction which includes the mathematical induction, the
continuous induction and the transfinite induction.

Definition Suppose H = {M,} is a family of sets, and D = {£} is the set of its index. If
(eeLJJJl Mg € H  (forany Dy C D)
then we call H an inductive family of sets.
We give some examples of inductive family of sets as follows:
1) Hi={M,: M,={1,2,...,0}, n=1,2,...}.
(2) Hz={M,: M, =(~00,y), y € (—00,+00)}.
(3) Let M be anormal set. We have the inductive family of sets
Hy={M, My={B:8<a}, a€ M}

7




() Let S be asimply ordered set. A subset P C S will be called a passage of S, if for
any three elements ¥ <y < 2 1in S, we have y € PP whenz, z € P. Then for a given fixedc € §,

Hy={P:P isapassage of S and c€ P}
i also an inductive funily of sets.
The following theorem s obvious.

FTheorem 2 Suppose H = {1} is an inductive family of sets, and M is the maximal setin /.
I e is a proposition on « € A, such that

(1) There exists M¢, € H such that P{«) is true for any o € Mg, .

(2) If P(a) is true for any & € Mg # M, then there exists Mg, € H, My, O M, and
M # Mg, such that P(«) is true for any e € Mg, .

Then P(«) is true forany o € M.

In the above theorem, we will have the mathematical induction when H = Hy, the con-
tinuous induction when H = H,, and the transfinite induction when H = Hj. Therefore, three
inductions are integrated in the same form.

By the way, we do not know of any use of the general inductive principle other than the
three.
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