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ABSTRACT

We give the superconformal extension of (R v a b ) 2 in six

dimensions-. We show that in a superconformal gauge the 3-form field

Huvp h a s a n a t u r a l torsion interpretation. We also give partial

results on the superconformal extension of the Gauss-Bonnet

combination: R , - 4R + R2 .
uvab ua
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Supersymmetrization of an R -action in d = 10 is an important

issue which arises in the study of the low energy limit of superstrings.

There have been a few attempts in this direction. In Refs.l and 2 the

starting point is N = l,d = 10 snpergravity with 2-form field B . In

Ref.3, transformation rules are considered in the dual theory with a 6-

form field B . So far these attempts have not led to a

complete result. One of the difficulties is the mixing of R and R

actions, and the necessity of modifying the transformation rules,

both of which are due to the fact that the theory is on-shell. In d = 4

an off-shell formulation of N = 1 supergravity is known, and super-

symmetrization of the ghost"free 14] Gauss-Bonnet combination

<p(R - 4R + R ) has been fully worked out in [5]. The only other

supersymraetric R —actions that we know of are the d ra 4,N = 1 [6] and

N = 2 [7] superconformal actions containing the (Weyl tensorr\ i.e.

" 2RyRya + i
In this note we give the first example of a supersymmetric

2

(up to quartic fermion terms) R -action in a higher dimension by con-

structing the orf'Shell superconformal extension of the (Riemann tensor)

in d = 6. We note that an R + R supergravity action in d = 6 nsay

be the low energy limit of a superstrlng theory [8]. In this context

we recall that an anomaly free [9] d - 6 supergravity theory [10] which

is not, in any known way, related to the d = 10 theory does exist.

Moreover, such & theory does admit a (MinkowskiK x S compactification

[11,9].
In this note we also briefly discuss the supersymmetrization

2
of the Gauss-Bonnet combination of R —terms, both in 6 and 10 dimensions.

A detailed derivation of our results will be given in a separate paper [12].

The off-shell chiral N = 2, 40 + 40 conformal multiplet containing

the 2-form field B has the following transformation rules [13]:
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where A^, s 1 and n* are the parameters of dilatation, supersymmetry and

conformal supersymmetry, respectively. All the derivatives are supercovariant,

and H is the supercovariant field strength of B . As usual the

gauge field, a , of conformal supersymmetry is not an independent field.

For its explicit expression and for the rest of our notation and conventions

see Ref.U.

An important observation which greatly simplifies the construction
2

of the R -action is the fact that in the gauge * = 1 (fixing A^) and

A = 0 (fixing n) the transformation rules (1) become [14,12]

<5B
uv

r(u

J)
put

(2)

where

V b i - uuab

Tuv - " •

(3a)

(3b)

We see that. In the gauge we are considering, the field strength H has

a natural torsion interpretation. Since (2) is much simpler than (1), our

strategy will be to first constuct an R -action invariant under (2) and then

undo the gauge conditions, (* = 1, A = 0), by performing the following

field redefinitions-

-4

Let us now consider the supersymmetrization of an arbitrary
2

combination of R -terms with respect to (2). It turns out that the
2

R -terms must be of the form

(5)

-3-

We find this result already at the stage of cancelling the terms which are

bilinear in the fields.

In the case a = 0, applying the standard Noether procedure we find

that the action which is invariant under (2) is given by

Wi("-' Tuv

* V y h

*Ui * *Avj * 3 Huvp \J\T

uvpoAx
E

y \ i

/ V ) v<-_) BAT

+ quartic fermions

'where V ij is the field strength of the SU(2) gauge field V ij

(6)

To
obtain the superconformal version of (6), one simply performs the re-

definitions (A), which in particular will yield the term e*R2vafc . The

following comments are in order:

(1) All the terms containing DH and H have been absorbed

i n t°
(2) The K » E » B term in (6) Is invariant under iB

thanks to the Bianchi identity (D (in ) S
u -

23r A ,

(u) ) + cyclic) = 0. Notep

that this term Is the analogue of a F/V.FAB term which arises

in the supersymmetrization of the Yang-Mills action [13],

(3) In the absence of the R -invariant, one can dualize the Foiucare'

theory to obtain a field strength for the dual 2-form which contains the

Yang-Mills Chern-Simons, coming from the FjiF/^B term. However, in the

presence of the R -invariant, due to the H Q H, H and I f f , etc. terms

implicit in (6), the duality transformation which would give rise to Yang-

Hills and Lorentz Chern-Simons form Is far from trivial, and if impossible it

would suggest inequivalence between the two formulations.

(4) We expect that this action has ghosts (certainly in d = 6

Hinkowski background) which arrange themselves into a supermultiplet [15].
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(5) Since our theory is off-shell, the transformation rules, (1),

are fixed. Moreover, as the auxiliary field V 1-' propagates, it cannot be

eliminated. Hence no corrections . in the transformation rules which

would have arisen if one could have eliminated V lj.

V

(6) There exists another chiral N « 2, 40 + 40 conformal multiplet

[13] which contains an anti-self dual 3-form field T~ (with no gauge

invariance). We find that using this multiplet one cannot construct an

action containing R vab-

(7) Concerning the Gauss-Bonnet combination of R2-terms *' we

find that it is not difficult to cancel all variations which are independent

of H y v p . (In this context we note that in Refs.1,2 and 18 only such

variations are considered). More explicitly, we find that all H-independent

terms cancel in the variation of the following action [12]:

12 *ci ̂ b C d e *dej + k Vpaij B A T

(7)

where ... refers to quartic fermions and to terms which are to be determined

by demanding the cancellation of all the H dependent variations of the

action.

It turns out that the complete supersymmetrization of the action is

very involved. This is mainly due to the fact that it is not clear to us

how to absorb all the DH and H dependent terms needed for super-

symmetry into the terms containing the Eiemann tensor.

(8) Note the presence of the R A R A B term and V A V A B term in

the action (7). These terms are related to Lorentz-Chern-Simons terms,

and Chern-Simons terms for the connection V ̂  , respectively.

(9) The action (7) does not contain a higher derivative kinetic

term for any of the fields of the conformal multiplet like f ^ * ^ etc.

Hence this action has no ghosts. This generalizes the result of

Zwiebach [4] to the supersymmetric case. Moreover the absence of a

H • H term indicates that a duality transformation might be possible in

this case.

+) For some recent discussions of Gauss-Bonnet R -actions in the context

of strings see Refs.4, 16 and 17.

(10; Results similar to those found in this paper are expected to

hold in d = 10. A significant difference is that the off-shell conformal

multiplet in d = 10 [19] contains a 6-fonn field as opposed to the 2-form

field B ^ . As was shown in Ref.19 in the conformal gauge * = 1, A = 0

the transformation rules are given by

% - v + £ V(7) V
SB' V . . u 6 =4.6! (8)

where Hr,-> is the field strength of B . From (8) we deduce that
U) (Jj...ug

the 6-fottn field does not lead to any" torsion interpretation in the sense of

(2) and (3a). An unusual feature in d = 10 is that the zehnbein and the

gravitino satisfy a differential constraint [19]

-4.7, H<7> H ( 7 ) + 9

uv ,
1 V' (9)

Requiring the cancellation of all terms bilinear in the fields we find

that the R — terms must be of the form

Euvab + (10)

2 2Note that higher order cancellations mly require that (B t - 4 R ) be
2 7 ̂ va" y ya

extended to the Gauss-Bonnet combination (R v a£ - 4 R & + R ) since

R ~ H . To extend the result (10) to higher order in_ the fields is

not easy. This is mainly due to the presence of the differential

constraints (9) and the faqt that there is no torsion interpretation for
H(7)-'• - Also in d = 10 the transition from conformal to Poincare super-

gravity is non-trivial [19]. One needs a compensating scalar super-

field with a large number of components.

(11) In this paper we have constructed a siqperccnfoniBl R -action, in d=6.

In order to obtain an (off-shell) Poincare' Einstein-Yang Mills plus R -action,

one adds the separately superconformal piece containing L ( D + R)L + iJF ,

where L is the scalar of a compensating linear multiplet[13], so as to

obtain

•f-) Several authors have suggested a torsion interpretation of H , ia the

low-energy limit of the D = 10 supersymmetric string [20,1].

-6-



A LCD 4- R)L + a* (11)

where a is an arbitrary constant. Next, one imposes the conformal gauge

L = 1. This yields the off-shell Poincare' action

] (12)

R and F part of the action are stil
2 2

invariant! This follows from the fact that the R and the F part

of the action (11) does not contain the fields of the compensating

multiplet, such as L. •

In Ref.10 (see also [21]) it is observed that the (R + a $ 2

action has a global scale invariance characterized by

in which the R and F part of the action are still superconformal
2 2

R and the F

F )

-2c*

(13)

where c is a constant parameter. This is to be contrasted with the local

scale invariance of the *F2 part of the action [19] characterized by

Assuming that this local scale invariance is the principal which will prevail

in the higher order terms of the low energy limit of the string theory, we

then conjecture that the off-shell Poincare Lagrangian in that limit will take

the form

R + (15)

where a are arbitrary coefficients not determined by supersymmetry,

... refers to all possible contractions allowed by supersymmetry, and the

action of (15), excluding the R-term, is locally superconformal invariant.
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