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ABSTRACT

The gravitational field equations for a spherical symmetric perfect

fluid are completely solved. The general analytical solution obtained depends

on an arbitrary function of the radial coordinate. As an illustration example

of the proposed procedure the exterior Schwarzschild solution is regained.



In this article we derive the whole set of exact spherically

symmetric solutions of Einstein gravitational field equations (with

costnological constant) when a perfect fluid is assumed to be the source

of the gravitational field.

An extension of the solution to plane and hyperbolic symmetries

can easily to obtained and our previous result |1| for the (exact solution

of the) plane symmetric case is regained.

In what follows we pose the mathematical problem and then we mimic

the procedure used in our recent work |1| to reduce the problem to mere

quadratures.

The line element considered here is

dt -
(1)

which represents the most general static line element admitting spherical

transformations.

Einstein field equations with cosmological constant are

(2)

with

(3)

In Ref. 1 we proved that if the right-hand side of Eq, (2) models a perfect

fluid with pressure p and energy density p

(4)

and whose flow lines are tangent to the unit vector u = — 6 , the change

of variable

-2-

? - (5)

transforms Eq. (2) into an equivalent system with A = 0. Therefore,

twirls can now be dropped keeping in mind that the A t 0 case is already

included. The field equations (2) for the metric given by [1) are (see

for instance Ref. 1)

(6)

and the equation of hydrostatic support (Bianchi identities) is

(7)

where the prime denotes x differentiation.

The system of equations can be re-accommodated if the first of

Eq. (6) is multiplied by "f̂ TT1 and integrated over x. Then

where

(8)

<kr
- L fr1 (9)
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Replacing Eqs. (71 and (8) in the second Eq. (5) one obtains
definition (11)

Defining

(10)

Eq. (10) becomes

-26-) = o

(12)

Eq. (12) can be integrated at once for p (T)

if Glv) is a given function, in fact

(13)

where p is an integration constant.

The function f(f) can be obtained with the help of Eq, (1)

and the definition of G

(14)

(15)

To complete the integration we can recover the linV between the

metric coefficient Y" and the original variable x. From Eq. (7)

X. = (16)

with m(T) constructed from Eq. (11),

As we have remarked in our previous work the crucial step to

get the general solutions (13), (14), (15) and (16) is the definition

(11) of the arbitrary function G(-r). It is worthwhile to emphasize

that any choice of G(-r) does provide a solution to field equations

(6), (7) and no spurious solutions are introduced anywhere as it can

be straight-forwardly shown by replacing p, p, g and T given,

respectively, by expressions (13), (14), (15) and (16) in the original

field equations. it is rather simple and illustrative to see how the

presciption works.

By using the plane syranetric version of the above depicted pro-

cedure |1|, the most general function G that produces a y law equation

of state was found |2|. Also, the associated fluid pressure, energy

density and metric coefficients were explicitly written down. In par-

ticular, after a change of variables, the solutions given by Tabensky

and Taub |3|, and by Teixeira, Nolk and Som |4| were re-encountered.

In the present case, choose for instance

£(,-•) ^ - r 1 ( r - 2 M") (17)

{where M is a constant) and

where ptr") is given by Eq. (13), The Eietric coefficient g can be found

by direct integration of Eq. (7) and then using Eq. (10) and tne

(IB)
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Under such conditions

(19)

and consequently (see Eq. (13))

(20)

EqsT^liS) and (20) imply

f(c)=o

Also, comparing Eq. (11) with Eq, (17)

(21)

(22)

Thus, Eq. (16) can be written as

/ - -21A
r

(23)

Finally, from Eq, (IS)

(24)

As it can be readily recognized, Eqs, (20) ((nLfZ-Dand 12,4) represent the

well known exterior Schwarzschild solution.

Any other solution can be cast in the above scheme as well.

In a forthcoming article |S| the function G leading to interior

Schwarzschild |6| , Tolman |7j , other known |8| and some new explicit so-

lutions will be exhibited.

The time dependent extension of the proposed method is currently

under analysis |9j.
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