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ABSTRACT

We obtain N=2 supergravity theory coupled to N = 2 matier by
truncation of the N = 4 theory in seven dimensions. The truncated theory
possesses globsl GL(4,R} @ local composite SO(L) invariance. We then
geuge the global S0{4) subgroup of SL{L,R), and preserve the composite SO(L)
symmetry, following the method of de Wit and Nicolsi in ¢ = L. The
resylting action has a potential which contains all ten scalars of the theory.
The single second rank antisymmetric tensor field in the theory has a

generalized field strength, which containg the Chern-Simons 3-form.

MIRAMARE - TRIESTE
March 1983

# To be submitted for publication.

1. In a previous paper 1) we constructed the maximal supergravity theory
in seven dimensions (i.e. N = 4, with 128 + 128 modes). The theory possesses
global SL(5,R) symmetry which acts on the bosons, and s "local" USp(k) ~ 80(5)
symmetry which mcts on the fermions. We conjectured that the global S0(5)
subgroup of the BL{5,R) could be gauged, leaving the composite local S0(5)
invariance intaet. This is similar to the gauging of the global S0(8) sub-
group of ET symmetry of & = 4, N = 8 supergravity, in which the compesite
SU(8) group is left intact 2). The fact that the vector fields of the d4 =T,
N = 4 theory are in the sdjoint representmtion of the global SO{5) group, mekes
the similarity to the d = 4, N = 8 case even closer. However, there is an
obstacle in carrying out the gauging of 50(5) in d = 7, due to the presence
of the antisymmetric tensor fields, which are not singlets of 80(5), but are
in the 5-fold representation of the global 80(5}. There is no known technique of
constructing covariantly transforming field strengths for such objects if they
belong to a non-singlet representation of the internal symmetry group.
Presumably & new type of differential algebra 3) is needed to sclve this
problem.

In this note we consider a truncation of the N = 4 theory which yields
N = 2 supergravity (containing k0 + 40 modes) coupled to athree fold of N = 2
matter (which comprises a total of 2L + 24 modes). This theory by-passes the
problem mentioned gbove since it containg only a singlet antisymmetric tensor field.
The theory possesses global GL(4,R) & local composite SO(4) symmetry. The
vectors form an S0(L) anti-zself dual triplet in the supergravity sector,ss well as
an S0(L)-self dual triplet in the matter sector. Our main result is the gauging
of the SO(B)I ® SO(S)Iix S0{h) global subgroup of the GL{§,R}, in which 50(3)I
and SO(B)II are associated with the anti-self dual and self dual triplevs of
the vectors, respectively, which leaves thecomposite S0{L) invariance intact.
(The gauging has been carried out with the same coupling constant, both for
501(3) and SOII(B).) Our method follows closely that of de Wit and Nicolai,
end our results are similar to those obtained by them for the gauged N = 8.
However their results are for four dimensions, whereas ours are for
seven’ dimensions.

In Sées.2 and 3 we rewrite the N = 4 theory in a notation appropriate
for the truncation to N = 2, which is carried out in Sec,k, while the gauging
of the N = 2 theory is carried out in Sees,5 and 6, Cur index conventions
are: for the N = b theory, M,N = 1,...,5 are curved SL(5,R), 4,B = 1,...,5
are flat S0(5), o,B = l,...,t are curved USp(h) and a,b = 1,...,4 are flat
USp{Y4) indices. Far the N = 2 theory, a,8 = 1,...,4 are curved GL{4,R) and
1,§ = 1yee.,4 are flat S0(L) indices. The S0(4) spinorial indices a,b = 1,...,4
will often be suppressed. We use the signature (+ - - - = = = ).
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2, In order to perform the truncation of the N = § theory down to N = 2,

it is best to rewrite the N = b tneory L) in A manifestly 3L{5,x; @ 80{5] in-

variant form.
the 80(S) Clifford algebra +)

To this effect, we make use of the 4 x L matrices which obey

{YA’YB} = 2nAB : nA.B - diag(—,—,—,.—,-.) * (1)
v, = T ay, 0t = A= @8
A YA ) YA = -YA s ==i1; @ = «1 |, (2)
Cur convention for the suppressed indices sre such that {YAQ) (YA)acncb’

b

(RYA) = g® (A)c . Note that Y,8 are antisymmetric, whereas T,g0 are

symmetric %), Using these matrices we redefine the fields of the ¥ = 4 theory
1)

as follows

ap afg My 1, M

AT = ( 'y ==

H TMN) ] Buu,uB 2 (v )uB Buvﬁ

ab _ ab s A )

waﬁ h— (T )u.B 1"A 77M Xape = l(YA)ab Xg 3]

MN M s B o -_- T .
A = —Ap are the ten vectors of the theory. BI.NM are the antisymmetric tensor
flelds which beEong]\g of SL{5,R}, \”A are the S5-beins associated with the
SL(5,R)/S0{5)} coset, where V’M VBM = , det )}"”‘ They are parametrized

is the 16 dimensional vector-spinor
4) and the s0{s5)

by the 14 secslars of the N =
of S0(5), which cbeys the symplectic Majorane condition

L theory. x':'

irreducibility condition given by

* A
() = Tofxy o+ Yxy =0 . (L)
All boson fields are real.
We recall that the raising and lowering of the SL(5,R) indices are

with the metric gMN7-= \};&A\?&B Mg » and those of 80(5) with URY

1)

3. Using the transcription given in Eq.{3) in the N = L theory we

can rewrite the Lagrangian (Eq.{12) of Ref.l) as follows (k = 1):

*) Quwr antisymmetrizations are always with unit strength, e.g.
1
Yup = 3 bypovple
-3~

-1 _ 1 i MN_pvel 1 MY WLvp
= = R L= "
VUL = g R gy F . 2 & Cuvouy
1 ABu 1= kv 1 -Aw
+hpuPA_B-2 ur Dv‘pp_EXerA
vl Lvpoite | M i)
* € l vod GUATN 4 vpM BATN OKJ
90/5' PRt WV, h
B 1111\] uv T ;= Luu A J D c v )
o e =k
sf ViV [ POT ey Tah 6T gt Ko gt Tk
r ]
_ 1 =X Lvp uup A A —C uvp A
3 V}l\: Spupn|? a7 Ty Ay -2§, Ve, ch s ()
where
1 a
=d B . += PQ RS
Guva e T 2 EMIPQRS va Ap + 2 perms. (6a)
A typical covariant derivative is:
Da, = o +iq P s B, - (66)
A l L ~ucp’ Xy QuA Xg

The composite S0(5) gauge fields Q]JAB and the covariant derivative

of the scalars are defined by

M AB
g . =P + . -
Vo % Vs = Putan) * e 5 0 Byt O (6e)
The supersymmstry transformation laws (Eq.{13) of Ref.l) transcribe as:
. =T P i -
5V1; = -i €T ljlu ]}‘A é\ﬁ’m =3 ((;‘(AXB + eyB)(A)
M 1 AB AB LY
V’ﬁ\’}:{“ == By ¥, +Ey % -&Yx
- v
M PQ 3
= \9 r (S )
LAY A “MpgRs ) - 5 (Bry o~ EYTY - E T
_ A.B pa P o _ ‘-i-G A 1_pcn E r-,poﬁr)e
T RS 20 rv’_' A N T L u
1 B i Ch Lwv _ _i B oLmvo _L
GXA - PHABY c + e F"N T (YACD 3nACYD)€ 20 Guvpl‘ (YAB nAB)E

As & check, we have re-sstablished the invariance of (5) {up to the total

derivative and quartic fermion terms) under (T).
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i k&
-1 7By2 + L1 2 Lpldin 0 o4noon )P
v xo = - 'lT (V ]95 AT (VGWD) ‘TR (nlknjl Mgk’ T
) P - ie (i3 idy ioid, ddn y T MY
L, In order to obtain the ¥ = 2 theory, we require the consistent - % ¢UI‘WDDva -5 Xi (n "+Y YJ) r DNXJ -3 (Pu M Pu) q:v[‘ r Yix.]'
truncation of the supersymmetry transformation laws (i.e. the variations of
. N £ v
the vanishing fields must also vanish) in such a way that the SL{5,R) & 850(5) Ly VB v[ A, T[A r ¢ ’“‘”Ar vphy ,(jﬂ(k({sﬁ'\,mwk\r ¥ _hs s voo¥ xz)
conditions on the fields are taken into account, We find that this leads to 51- ¢

a truncaticn scheme which retains

i - HVE T Hyp A i - lj IJ-N
r..rfr + 21!: T XY X N
1 - iy 1+ iy *'éfwgum[w [ oY i d (11)
—2 v, —2 . =X = iy
JE o ] ..’5‘ k K ? )(5 =iy xk
where P = 111‘il P iy " We recall that %,8 = 1,...,4 are the global GL{L,R}
R u pi
- i i _ .
) BU\JS = BUU Apd s Vo: , v’ = (aet \’1 1 _ "—l (8) and 1,}= 1,...,4 are the composite local 50(4) indices, Pui.j and Qui.j ABare
obtained simply by the restriction of the corresponding 80(5) objects, SP
1 o
AB i = c. . F 2
. The field strength for B is G =3B+ + Trms.
This set contains 64 + 64 modes, The multiplet they form is not and Q nv Wep - Cwvp o2 afyb Tuy P
i Note that E is a constant tensor of S0(4), and the FA term contains
irreducible under supersymmetry. It splits into & pure N = 2 supergravity
i the matter as well as gauge vectors, in the form (F A - FT& ). The super=
muitiplet which consists of 40 + L0 modes .
symmetry transformation laws are to be obtained from (T) and read:
€.us Vs X» B, 9, Abd- o L (p13 | Lelikt Xkt
v Ty uv u 2y 2 u {9) . {& TN NETRYS ‘—'(EYX"‘&YX)
SV, = -1 1Ty, 1 0¥y 1%y 3%
and the N = 2 matter multiplet consisting of 2L + 24 modes i
" vy i’ =1 @My e e
u u A@"
. . 1,10, L ghikh gty
i - Lo l/h _gi  dd+ o2 (atd 4 ' )
(x-L—wrx)=?\ . VUV 20as 2 2 u (10) aff s - - i
k k k a = Y_- ET -&r ¢ +€r v x.)
60311\) 60876 B 6 1" { uwv vy v’ i
Xk _ i . )
where y lk =0 and det E'u = 1 . Note that the vector fields contained in ( po . arﬂa"} P ﬁ . (r"m . 9 r‘poﬁr)e
the supergravity multiplet (and the metter multiplets) are anti-self dual ﬁowu = Due + Qf‘ po‘ 13 r u T30 Tpot w2 3
{ and self dual).
1 ) i ij uv ¥ a pHve
We can now obtain from (L) the N = 2 Legrangian in terms of the fields 50xk =-3 Pukl r'r ¢+ 105 va T (YiJYk * Yiﬂ.ﬂt)€ 60 Tuve T €
glven by (9) and (10). If we wished we could have dropped the matter multiplet . . o ) (12}
- o
at this stage and gauged 50(3)I associated with Aul'j‘ only. However, in this where Fui = Vi\"é Fiv °
note we shall teke the’ advantage of the global GL(4,R) (and hence 50(L)) in- 2)
5 i i i 1lobal
variance of the total system and gsuge SO(3)I ® SO(S)II ~-50(4) with egual 5. As hes been emphasized by de Wit and Nicolei "', in gauging the g
coupling constants *) . It is therefore more appropriste to work with symmetries of supergravity theory with scalars,it 1s important to preserve the
the set of fields given by (8); namely: L wu’ Bw, Auld’ x, and V’; . composite local symmetries of the theory. In this way, the construction of
- B i 51 ified
In this way, one treats the gravity and matter fields, in particular the six the gauged action with non-polynomial scalars becomes dramatically simpl i
vector fields, on an equal footing. Note alsc that ]}; now is associated as we shall see below, Thus, in accerdance with the procedure of Ref.2 we
with the GL{4,R)/80{L) coset. In terms of these fields, from (5), we obtain shaell be gauging the -global 50(L4) subgroup of GL(4,R}. We begin by covarian-
the ungauged N = 2 Lagrangizn with 6% + 64 modes s follows: tizing the field strength Fuv in the standard fashion
ol _ ap af a& AGB . AFE (13)
:F‘uv_auAv- o te AT A &4, Ay

*) We have not investigated if SOH(S) could be gauged with a different

coupling constant from 5301(3), though we belleve this should be possible.
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The centraction in the AA term is with naB; thus,evidently,ve are giving
up the fwll global GL(L,R) invariance, while maintaining the globsl SO(k)
inveriance.

The next step is to covariantize Gu\J + In order to preserve
as much as possible the supersymetry of the ungauged action, it is desirable
that the antisymmetric curl of the new Gwo be of the form TQ and thus

gauge invarient. This situation is not new and has been encountered

5)

in their construction of the N = 1 supergravity
coupling tc & Yang-Miils multiplet in d = 10, who made use of the Chern-

before, by Chapline and Manton

Simons 3-form to secure gauge invariance. Adopting a similar approach we

find the appropriate modification for our theory to be:

1 [aaB Y6 2 ,ae .68 ,v8
=3 + = - = ¥
%uup qup 2 euﬁﬁy Ny Ao 3 Au A Ao (14)
+ 2 perms,
This satisfies
3 =3 B -y6
[o 91&\)01 T &aB\'d’F{uv {'DU] ) (15)

The next step in the gauging process is to covarlantize the derivative
which =cts on the scalars. Consequently,

o B ag B - e
vy By e AT Vg =By Sy s (18)
where V"ui AU'E = VYi Adﬁ LI Eq.{16) defines ’P\’; and ?fu . Clearly,

these depend on both the vector fields and the scalars. From {16) cne can
define the local SO(L) @ composite local SG(4) covariant derivative as
follows:

o~ - B.J o, § J 8
'J‘/u \%i a|.16¢2('j:|'. te A!J 61 + a;i ‘5&] WBJ ' (17}
From (16) and (17) cne finds:

¥ ¥y =1 ko,
(DF, -DF ) =58 (1, Ty ties (18a)

> .3 1 k.,
fPu,Pu]id Quig * 58 (T3 F oy j- i), {18v)

where Q’uv = Buqv - auQ’u + [Qu,QU] and
JURETIR LY L (19)
13 i 1 Tap

This is the analogue of the T-tenscor that was encountered in the gauging of

S0(8} supergravity in d = % in Ref.2.

6. For the gauging of SO(L), in the Lagrangisn given by (11) and in the
transformation laws given by (12), we now replace F‘:g by c:[:ﬁi . GWp by
%H\JO’ Pliij by ?’;i-i-. and Quij (which appears in the covariant derivative

of the fermions) by QuiJ . This procedure violates supersymmetry for the
following reasons. Although, all the previously vanishing variations of the
Lagrangian will simply covariantize, and thus still vanish, new,non-vanishing
variations which are proportional to g will be generated, due to the fact
that the fundamental S0(4) gauge fields now appear in the covariant derivative
of the scalars (Eq.{16)) and furthermore there are g-dependent terms in

Eq.(18)., The terms we encounter are the following:

i} From the variation of A?:B in the scalar kinetic term (i.e. Alsﬁ)
we obtain '
i ik~ J + E i = Mo ]
= - . 20
EgTiJ'f’u (Ev’ v, +E vl - BTy (20}

1i) The variation of xi in the Yukawa term {[i.e. in P¥y) yields

i J = bvp ik
-Fe Ty "Fupk (20 A S - SN {a1)

where we have used (18a).

iii) Finally, the variation of IPN in the Yukawa term gives

i ij kK = uv
~Fe T Ty €T Gyt mxg) (22)
where we have used (18b).

Tt is not difficult to arrange the cancellation of these new terms
by sdding to the Lagrangian terms which are guadratic in spinor fields and
linear in the T-tensor, However the supersymmetric variations of such terms

as a by-product will produce further unwanted terms.

-



The procedure to handle this problem is by now well known:
to &ll pessible quadratic fermion terms
proporticonal to g2T2

In addition
» one adds a potential which is

» 85 well as terms to the fermionic Supersymmetry trans-
formation laws which are of the form gT., The coefficients of these
modifications must then be fixed by the requirement that all the g-dependent

terms that arise from the new and o0ld variations of the total modified action

vanish. In this way, we have found that the S0(k4) gauged action of ¥ = 2
theory is given by

P = fO{F—ﬂx;G—-aC&;?—bB;Q—'a’)+ "fg’ (23)

where fo iz given by (11) and ;F, (j,, rl;, E{ are defined by Egs.(13), (14)
(18). ng is ?

-1
\'d I = 1 rd Hw i
gT¢ T - L il = u
8 1547 " ¥, W= e T3, My,

1 iy - :
+ g T x.x, - —i RO 1 I
2NE YT R ST RO e
L 2 i
Y (24)

ij
vhere T = Ti.] n + The supersymmetry transformstion laws read:

§=8 (F> T E>g P>F i g3 8, » (25)

where &, is glven by Eq.(12) and 68 is given by

s =L T T = i 1
81 T3 8 e bty Wk (T —‘gniJT)Yje.(gs)

T. In this section, we shall briefly discuss the {ssue of spontaneous
compactification in our theory. Assuming that the background spinors,

s i
vector fields, aszwell as “m and %mn venish while Vu are constants
and (}mnp = e W enmp vwhere m = 5,6,7, ¢ is a constant and e = (-det Epr,
we have found that the Einstein equation, together with the other equations

of motion,implies

2 17
R0 =¥ GmeGo - @1

(3))1/2

where ’u\ = ly.aesy7. This is a remarkable equation because it automstically
yields

(s _ . (35 2, a2

RI.N =0 B Rmn = 2cT W & ] (28)
where, we recall that, VW is assumed a constant. Thus, (28) means that, 4 = 4

space-time is Ricei flat (e.g. Minkowski) and the internal space is & three-—
dimensional compact constant curvature space (e.g. 3-sphere). Unfortunately

B

however, although the Bw and A“DL field equations are solved as well by

the above ansatz, the scaler field equation is not satisfied, beceuse it gives

I I I -0 . (29)

It is not difficult to show that Eq.(29) cannot be fulfilled. Rote that
Eg.{27) implies that compactification on Sl x S2 or Sl b3 Sl x Sl are
not possible either. More elaborate compactiflication schemes will be discussed

elsewhere.

After this paper was written, we received a CERN preprint by
P.K. Townsend and P. can Nieuwenhuizen who have considered 4 = T, pure
K = 2 supergravity multiplet (without matter) and gauged the assoclated
80(3) symmetry group. These authors have worked with the third rank anti-
symmetric tensor field as opposed to the treatment in this note which uses
a (dual) second-rank antisymmetric tensor field Buv'
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