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I. INTRODUCTION

Much effort has been devoted over the past years to the proposition

Tnteruational Atomic Energy Agency thet space-~time may have more than four dimensions. In its present form,
starting with the speculation of Xaluza and Klein [1], the invariance group
United Nations Educationmal Sciei:jfic and Culturel Organization of the metric of the extra dimensionsis invoked to explain the internal
symmetries of elementary particle physies. It is, however, perfectly possible

. tc imagine that some or all of the observed symmetries have some other origin and
INTERNATICNAL CENTRE FOR THEQRETICAL PHYSICS i ;
that the symmetries associated with the extra dimensions are not directly

visible to us except through the spectrum of higher excitaticns.

One of the simplest types of such field-theoretical models that can

be envisioned is a Yang-Mills theo in a space~time of (4 + K)=dimensioms [2].
INSTABILITY OF HIGHER DIMENSIONAL YANG-MILLS SYSTEMS * ¢ i N 4 K
It may be assumed that this space-time has the product structure M x B

N
where M denotes the L-dimensional Minkowski space-time and BK is a

K-dimensional compact Riemanian manifold. Underlying such a model one could

imagine that (4 + K)-dimensional genersl relativity is coupled to the Yang-Mills
5. Randjbar-Deemi " "
i ” system and is the agency responsible for the spontaneous compactification of the
Institut fur Theoretische Physik, Boltzmanngasse 5,

A=109G Vienne, Austris, extra K-dimensions [3]. One of the criteria for the consistency of such a

theory is the stebility of the vacuum solution.

Abdus Salam
International Centre for Theoretical Physics, Trieste, Italy, If it is assumed that the internal space EK is & quotient space G[H,
and then the invarisnce group of its metric can be used to classify the excitation
lmperial College, London, England,
modes. The harmonic analysis of the excitation spectrum can be pursued in
and detail [4] end it is possible to test the stability of the (assumed) ground
J. Strathdee state. As an illustrative example of this we consider in this note, the
International Cent¥e for Theoreticul Physics, Trieste, Ttaly. case ofha pu;e 8U(3)~Yang-Mills theory on a 6-dimensional space-time of the
form M x 8, assuming a Poincard x S0(3) invariant configuration for the
vacuum expectation value of the 6-vector potential. Our results are guite
ABSTRACT general and apply to S0{3)-invariant solutions of any non-Abelian classical
gauge group. We find that the theory is unstable against the formation of
We investigate the stability of Poincare * ¢(2) invariant tachyons * .
solutions for a pure semi-simple Yang-Mills, as well as Yang-Mills
coupled to gravity in 6-dimensional space-time compactified over ¥) 8U(3) is one of the cases which were investigated by Manton [5] in his
Mh X 82. Tn contrast to the Maxwell U{1} theory L6] in six dimensions construction of the electrowwesk SU(2) x U{1l) theory from a higher dimensional
coupled with gravity and investigated previcusly, the present theory starting point. The instability of the S0(3}-invariant solution found in this
exhibits tachyonic excitations and is unstable, note Is not manifest in Ref.[5], because there a prescripticn is used, whereby

enly S0(3) invariant excitations,corresponding to L = 0,are retained (for the
MIRAMARE — TRIESTE definition of & see Eq.(1)). The harmonic expansion is reduced to a kind of
January 1983 ansatz, which defines & L-dimensional theory, but not a theory which would arise from
#® To be submitted for publication. spontaneous compactification. Physically, since there is one mass scale in the
problem, the excitations which are excluded include some which are comparable in

mass to those which are kept.
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o stebillze the thenry we allowed, =8 the next step, for the excitetions
of the G-dimensional metrie tensor, which would generally mix with the vector
excitations, This aleo Talls to stabilize the wucii - =y~ept for the
case of Maxwell U(1) theory which we had investigated earlier [6]. The
conclusion we reach is that Yang-Mills and Yang-Mills-Einstein theories in b+K
dimensions generally fall to compactify on a stable background of the form
. Mh X BK where BK is a guotient space G|H except in special cases which we

shell briefly attempt to motivate.

II. PURE YANG-MILLS CASE

The action for pure Yang-Mills theory in 5 + 1 space-time is

o2 140
s—dedyﬁl_EfAB] s
where xo, xl, x2, x3 sre the usual Minkowski coordinates and yu = (ﬁ,tp)
2 .
are coordinates on 82 with 47y /E= sinb 46 dq . The field strength tensor is

Fp = Ry -+ Kk
>

L
with VA representing the Rlemanlian covariant derivative on M x §7,

A =0,1,2,3,4,5.{For the rest of our conventions see [61‘)

The ground state conflguration must satisfy the equations of motion

0 = D, F;B

VAI‘FAB-»KAxiFAB

and, 1f the ground state 1s Poincaré invariant then
{#a)

z
<

-+
Further, if the ground state 1as 80({3}-invariant then Aa must be invarlant

1}
If

0 a=0,1,2,3

Ku(y) a = h,5 .

up to a gauge transformatlon. Typleally
OE Ly dp(coss ¥ 1)
2 ?
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where H belongs to the Cartsn subalgebra of the gauge group [T]. It is
2

- constralned by the requirement that A -be patched swéothly on 8§, f.e.

exp(lbrill) = &k,

where k =1 (or more generally, belongs to the centre of the gauge group [8]).
To test the stablility of such a solution write A = <A> +V and treat V

as a perturbaticn. The bilinear part of the action reads

_ i 2 Ll— S > .
Se—dedy,fg-' 2EDAVB-DAVB+DA?ADBRFB+

- - - >
- VA 0,051 V5 + V- <FAB> x VE:' .

> + > >
= +
vhere D, V= 7, Vy <AA> x Vg

Since the background is 350(3) x Polncaré inveriant, it 1is natural to

expand in 4-dimensicnal fields:

0,9 = Z WTrs) Dkf'm(q?,e) v 2x)
2= (A i
v, (x,0,9) = J_; SAEEIAE Z 20T nli’m(?,e) v, x),
L3 (At m

2
where D7, = are the SU(2)-~representation matrices with Fuler sngles ,8,1 <P,
To determine the appropriste helicity walues, i, it is necessary to eonsider
the U(1) gauge transformation sssociated with Q(3)-action on 82. This takes

the form

Vo> eiLHV

-igH
a a.e

igH

v, > ety -1t (HEL)

vhere the angle ¢ = ;(8,) "is determined such that <A 1s invariant. Cn
dscomposing V into irreducible representatiomsof this U(1), the component

transforming as exp(ixz) is expanded in terms of Dll e (For more details
>

see [L] ana [€].)

With H belonging to SU{3) and given by

K = diag(nl,nz,—nl -nz).

{where 3nl,3r12 and nl - n, are integers), the values of X assoclated

e




with the octet components Va’ V+ can be displayedas 3 x 3 matrices:

0 -
nl nE Enl + n2
X = -
(Va} n) *n, 0 o, + 2n,
-2n. - -n. -
n:L HE nl 2n2 4]
+1 -
nl ngil 2n. + n211
A(Vi) = R, *on,tl +1 my o+ 20,21 .
—Enl - nzil —nl - 2n211 2 J
The linearized Yang-Mills equations, in the covariant gauge DAVA = 0, satisfied
by the component flelds V. jl(x), v R(:»:) are
bm *m
2
2 g{a+l) - 3 h -
3 -——ﬂe— v, =0 £z A, Al w1 ,... (1a)
=12
P a{e+l} - (A F1) N
3% - ———ae——-— v, =0 2oz al, \Ai|+l,... {1p}
2

where a d1s the radius of 5.

The components V clearly exhibit tachyens, For example, in ir:_

the component & = “J for i, &£ 0 carries negative (mea.ss)2

- — - {1e)

We therefore conelude that 0(3)-invariant Yang-Mills ground state is unatable.

ITI. INCLUSTION OF GRAVITY

One might conjecture that stabilitywill be restored if the Yang-Mills
system is coupled to gravity, so that the vacuum geometry, Mh X SE, arisen
spontaneously. We have examined this pessibility for the gauge group 5U(3)
Since we know that for the case of a U(1)

gauge field coupled to gravity, the Mh X 52

but the result is again negative.

vacuun is indeed atable [6], this
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suggests to us that a stable G-invariant solution might indeed exist, if the

Yeng-Mills gauge group is isomorphic to the isotropy group H of the internal

*
space

) clo [3].

To see why the instsbility persisis in the genersl case, let us examine

the Iinearized equations of motien for gravity coupled with 3SU{3) Yang-Mills.

The action is

(For notation see Ref.[6])

s=-Jd6xgl/2—éR+%f2+;\ .
K

Tt yields the following set of linearized

equations :

/2

KB

1
- = xa(p,+1)>(hEm

+ 2]:1*_) . 5 h - E\/rl_(;!;ﬁ <i —li-) (v— _ ir:_}

a

1
--2—T -7 =0 E’/O (2a)

1 1 1 x [AE5a0]
= 1(“1)) e T2 Tab -t a G "ap § B GRDA ST
1 1 =
* (Ta'b ¥ ek “ee’ T3 Man L 0 20 (2v)
1 - -k falesl) 4. * .
3 z(z+1)) b, *x <F+_> A R §+->'Va +T,=0 231
(2e)
1 -
= 2(Hl)) By ¥ Ty = 0 12 2 (24)
a

20247347 3 war1) /. . 1 ]
Sy, e PO GE G-t - Hr, s ) -0 a0

(2e)
- Mi%—'——f)if'a + 5 Jﬁg—r—l—f LF Ym -n )+T =0 ey (2
alas1) - (a, 7 1% .
2 - )Vt te K30,
£ S l—(;J'—l) GF M, - %naa) + 3, =0 axhyl (2g)

*)

This is currently under investigation for the case of 10-dimensional super-

gravity theory [9] coupled to a supersymmetric Maxwell or Yang-Mills field.
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Here ha.b’ h represent the gravitational excltation fields, as defined

ar? Ui

>
in [6] and we have introduced source terms T,p and J,. TInwriting Egs.(2)

. . ; T o= L
we have imposed the covariant gauge conditions DAVA =0 and VA(hAB = Bap hCC

Hotice the terms in Eq.{2g) that represent the graviton mixing with V.»

i fatan) 1 )
K <F+—><aa bt *a 2 (h,_ - 2 haa} '

These terms are proportiomal to the background field strength,
i S T N oo -
<1 F+_> = FE = dlag(nl,n2, n, n2)
a a

which affects only the diagonal components of V+. The off-disgonal tachyons
found previously for the pure SU(3)-Yang-Mills case sre unaffected by the

ineclusion of gravity. By choosing the gauge group to be as small as possible, i.e.

no larger than H, such effects would be minimized. This gives the motive
for our conjecture that stability may possibly be achieved for Yang-Mills
coupled to gravity, provided that the Yang-Mills gauge group is isomorphlc
to the isctropy subgroup H of the internal space G]H. The solutions

of the equations exist as shown in Ref.[3].

We would like to conclude with a related remark. Tf the Yang-4ills

group was not SU(3) but U(1) x s0(10),comvactification on g? with internal S0(10)

unbroken would be a stable configuration. We have shown in Ref.6 that masse
less spinors will arise. With the inclusion of SC(10)these can be interpreted
as families of 20(1C). There will be 2g+1 = |n| families where & is the
SU{2) quantum number associated with rotations of 52 and n characterizes
the appropriate vacuum solution, From this point of view, Kaluza-Klein theory
is motivating a gauged SU(2) x U(1l)} family symmetry with coupling strengths
~sk/a which could be . << 1 {so that the scale a_l could even bhe in the TeV

range). We do not know if thils possible association of Kaluza-Kleln theory

with family symbetry has been remarked on before,
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