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. I. Supergravity theories in higher dimensions are of interest because
International Atomiec Energy Agency PETE ¥ gl
and they can lead to the construction of more complicated four-dimensional
: A oL 1) ;
. : < T i the 4 f )
United Kations Educational Sclentific and Cultural Organizaticn theor S5 the dieeovery © thelr hidden symmetries gﬁ“ﬁs for the auxiliary
fields and for the breeking of the supersymmetries . Examples studied

INTERNATIONAL CENTRE FOR THEORETICAT. PHYSICS so far are theories in eleven 4) , ten 5),6) )

purely as Kaluza-Klein theories, supergravity theories in higher dimensions

and five dimensions. Viewed

have the merit of possessing within them a unique embedding of fermions and
scalars 8). They also offer the possibility of studying varietiesof

9),10}

spontanecus compactifications (possibly hierarchical), thereby

MAXTIMAT, FXTENDED SUPRRGRAVITY THEORY IN SEVEN DIMENSIONS * accommodating progressively larger and physicslly acceptable unifying groups.

In this note we present constructicn of the maximal extended super-
*
gravity Lagrangian in seven dimensions °, The content of the thecry we work

1},11) whe on

with is derived from the piloneering work of Cremmer asnd Julia
E, Sezgin the basis of their construction of N = 1 supergravity in d = 11, have
International Centre for Theoretical Physics, Trieste, Italy, given the possible content of such maximslly extended supergravity theory
in d =7 and conjectured that the theory would possess USp(h)} local and
and 8L(5,R) global symmetries“). We construct a Lagrangian which actually
exhibits these {off-shell) symmetries. We have discovered that the anti-

symmetric tensor fields in the theory possess a generalized gauge Invariance,

Abdus Salam
. B R R consistent with supersymmetry. Of all lower than ll-dimensional theories,
International Centre for Thedretical Physics, Trieste, Italy,
. and the one in 4 = 7 1is unique becsuse only in this theory the count (10) of
Imperial College, Londen, England. vector fields matches the count needed to gauge the maximal compact subgroup,
50(5}, of the global BSL{5,R} symmetry of the Lagrangian.
Such gauging might Be carried out in T-dimensions (analegous
ABSTRACT . : ] 13) . . . : : .
to the Nigolai~de Wit construction which however exists in L-dimensions only’).
In this case the theory may exhibit an overall Yang-Mills S0{5)} x s0(5)
A maximal extended supergravity Legrangian is constructed in seven symeetry in d = T, with the first S0(5) gauged by the ten vector fields
R s 1
dimensions, which exhibits Usp(4)} = 50(5) local end SL(5,R) global invariances. in the theory and the second S0(5) gauged by composites of scalar fields.

i i i i t SEeSS a
We find that the aqtlsymmetrlc second rank tensor fields must pos The theory contalns five secondorank aabis ctric tensor
generalized gauge invariance in order that the theory iz consistent and super- t
symmetric. We conjecture that the theorymight admit 50(5) x 80(5) Yang-Mills
symmetries inm @ = 7 and SO(4) % 80(5) x 80(5) in 4 = 4 (with the last s0(3),

gauging composite fields) after suitsble compactificaticn.

fields. We conjecture also that after a suitsble compactification from

d =T toda="L4 these Tields may provide the 15-fold of gauge fields needed for a

#*) "Maximal extended”, in the sense that, the particle content is read off

from the maximal N=1, d=11 theory when reduced to d=7.

MIRAMARE - TRIESTE ¥*%) In this context, oue may recall that non-trivial solutions of 11-
July 1982 dimensional field equations are known, which lead to a spontanecus
10)-12)

a=14 x ST or
: 4
anti-de Sitter 4=7 =x 8. Which one of these sclutions is energetically

compactification of @ = 11, to anti-de Sitter

the more favourable is not known at present. Even without this motivation,
* To be submitted for publication. we believe that the richness of the T-dimensional supergravity structure

warrants an lndependent study of this theory.
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further Yang-Mills gauging of a hidden 50(6). Thus in L-dimensions, the theory
may sltogether exhibit a Yang-Mills gauging of an S0(5) x 50(6) symmetry plus
the gauging of three U(1)'s, corresponding to 2 total of 28 vector fields

in the theory when reduced to d = 4. Such gaugings may be important for
phenomenological prospects of the theory. The variety of these gaugings

and the compactification patterns (including those relevant to Kaluza-Klein)

erhance the value of this theory as a theoretical laboratory.

II. One way to construct the d = 7 theory is to perform ordinary
dimensicnal reduction of the 4 = 11 +theory. This would lead to a fairly
complicated thecry in 7-dimensioms with global SL(4,R} (as a result of

d = 11 genersl co-ordinste) and a localS0(L) (a8 a result of local d = 11
Lorentz} invariances. According to Cremmer and Julis's conjecture, these
symmetries can be enlarged to global SL{5,R) and local SO(5) by field re-
definitions and duslity transformations. OGCuided by this and the structure
of the known d =4 and 5, N =8 theories, we start the construction
directly in T-dimensions, thereby avoiding the highly elsborate Tield re-
definitions. Due to the presence of the antisymmetric tensor fields, some
terms that do not arise in L= or S~dimensions will be present. To deal with
them we shall be guided by the results of the ordinary dimensional reduction
from 1l-dimensions.  With these considerations in mind, we assign the fields
of 4 =7 theory to the irreducible representations of global SL{5,R) and
local S50(5) (which is isomeorphic to USp(h)). The field content and

representation assignments are given below.

r 1 abe aB’ b
v v X A Buv af ﬁ?23(¢}

u gn u
Global SL(5,R) 1 1 1 10 5 5
Local USp(h) 1 b 16 1 1 5
The SL{5,R} indices «,B,.... and the USp(4) indices a,b,... mun from 1
to 4., The 16-spiner fields Xabc have mixed symmetry and they are symplectic
traceless

abe able abe ] abe

X = x[ eyl =0, X G, =0 - (1
Here & b= antidiagl, -1). ¢3 and x&bc are 8-dimensional symplectie

a
-3

Majorana spinors which obey

- =Tgbi
wi =C XTa , Xabc = ¢} 'abc ] (2}

abc. The ten vectors and five

=a _ + i -
where wu = (wua) Ty and similarly for X
antisymmetric tensor fields have the following symmetries and reslity

properties.

af _ ,(aB) aB, % _ ,a'B!
Au - Au (Au ) - Au e gB'B (3a)
= % _ _oat BB
Bvag = Buv[aB]i (Buv GB) =R Blv atp (30)

where ()} denotes (unit strength) symmetrization and [ ]| denctes (unit

strength] sympletie traceless antisymmetrization. The reason for choosing

oB
A
u and Buv aB

respectively, as well as thelr opposite pseudo-reality properties is &

to transform as cogradient 10 and contragradient E,

consequence of the symmetries of the Lagrangian {see discussion after Eq.{8)).

b . . - .
I,»aﬁ is SL{S5,R) valued S x 5 matrix. Its symmetries and reality properties
are

*
Va Ve

5}'is parametrized by 24 scalar fields. Only 1b of them are physical
due to the local USp(L)} inveriance. It is an essential festure (apparently
common to &ll extended supergravity theories) that scalar fields are described
by a2 non-lirear o-model- type Lagrangian. Accordingly,j}ig transforms under
global SL(5,R) from the left and local USp(4)} from the right. The infinitesimal

action of SL({5,R) can be described as follows:

ab _ [ yé [¥ s ab
V6 = B e %)) Vs o (k)
= y'e! = , =
where EGS - EuB RT'Y 2 sy E[GB]] [ys]] Zyé ap OTE the 1k

generators of SL(5,R)/USp(k) coset, and Au = A § { are the ten

= A
8 a 6B (aB)
generators of the USp{l) subgroup of SL{5,R). To verify this, we write (}4)

as

*#) In our comrvention Mg = (+ = =« = = = - ). We can choose all T-matrices
to be real except FO which is imaginary. In this case C =1 and

T . 1h) -

r, Iy ({Pu’r"} =2 nw)-

b



_ [obi) i3 [13] ,i3)
e Vv, (5)
where
si - lﬂ(i ® Pj} '_%_613 @k , (6a)
e e v 2 @0 (6)

The index 1 runs from 1 to 5. The T matrices are the usual L x § Dirac

matrices inecluding vg ™=y, (a=1,....4), I’ = Yg end Y = I‘[fL rJ].

Tt ia clear from (6) that 9 and ALY cbey the algebra of SL(5,R), Cartan
decomposed with respect to its maximal subalgebra USp{k): [L,I] > A ,
[Z,A] D E and [A,A] DA,

In order to describe the kinetie term for the scalars and furthermore
to construct & connection for local USp(h), we consider the derivative of
the scalar matrix ﬁ?ig . Since \9hl BH\V lieg in the algebra of SL{5,R)
it has the following decomposition:

aB ed _ ed [c , 4]
' ab au 1’;6 = Pu ab ¥ Equ[a ab] > (M

Pu lies in the SL(5,R)/USp(4) coset, and transforms homogeneously under locsl
USp{h}; it can therefore be used in the construction of the scalar kinetic

term. @ lies in USp(4)}, and it transforms inhomogeneously under local

UsSp{ll; i:bcan be used as a USp(lh) connection. Pp and QP satisfy
identities which have been used in the construction of the Lagrangian. A1l
these aspects are similar to those encountered already in the construction
of the E{6) global ® USp(B) local theory in five dimensions and we shall
skip details 15). Before we write the Lagrangian we note the following

points!

1) Besides supersymmetry, general co-ordinate, local Lorentz and
SL(5,R) global ® USp{4) local invariances, the theory is expected to have
local U{1l} invariances associated with the vector fields and the anti-
symmetric tensor fields. These latter deserve special attention due to
the fact that the coupling of the antisymmetric tensor fields to other

fields may present consistency problems 16)

To solve these problems, we
generalize the work of Scherk and Schwarz 3), who -have shown that in a
dimensional reduction from d = 11 to 4 = 7, there would arise the

following field strengths:

~5-

= B
Guvpu aqup“ +2 Fuv BpuB + 2 perms 3 (8a)
G = : &
V00 i a[u Evpdl + 12 F[W BW]G (8}

Here = = . -
ex Buva and BUGB BUiGB] are related to the well-known third rank anti
symmetric tensor field of the d = 11 theory while Fu: = (auAs -3 Aa),
v ou
where Aﬁ is essentially the off-diagonal component af the d = 11 metric.
These field strengths are invariant under a set of generalized antisymmetric
gauge transformations. These transformations result from the reduction (to
seven dimensions) of the simple 4 = 11 law: 6%»64 = Ba R A + 2 perms
o [t

"
{(w=1,...,11) and are given by

&B =3 A "
uae au QB (93)
66 =3A -3A +2PFyg ' (9b)
[TV ] W ova v pa uv Ba
6B =2 °
ve uAvp + EFuvAup + 2 perms . {9c)

To supplement this, we note that under the general co-ordinate transformations

in the internal four directions, Az transform as:
= 1 @
BA = 5 3¢ (9a)

Eqs.(8a) and (8b) suggest the following ansatz:

-iF + 2 perms (10)

= &
Guvp[uB]l - auB\Jp[&BH wla A 8l s

with the transformation laws {9a) to (9d) combining as:

o, = % o) ’ (11s)
= . s 5
GB]-N {UB]I = ap [\v[as]l - B\JAU[“B]I + 1 Fu\,[a AB]I‘S N (ll‘b)

The conjectured form of the FA term in (10) wili be justirfied by the
*
requirement of supersymmetry of the Lagrangian ) (see later)}, which alse

*) A similar FA term was found in the construction of Maxwell-Einstein
supergravity theory in 4 = 10.
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specifies the coefficient in front of the FA term to be "-i", (This "-i"

in turn dictates the pseudo-reality (3b) of BIJ\J , from the hermicity

requirements on the Lagrangian.)

2) The contraction, as well as the raising and lowering of indices in

the PA and FA terms of (10) and {(11) are through & N¥o scalar matrix

af
13""" is needed in the FA and FA terms because 1C & 10 of SL{5,R)
af _ _~ P
aiready contains a 5 {i.e. G[GB” on the left-hand side). Actually, it
Eatd

is essential that the scalar matrix YW does not appear in (10) and {11),

otherwd i i i
ise Guvp[aﬁ]l would not be invariant under {11}. This alse

explaing our choice of assigning B,  and A to 5 and 10 of SL(5,R).
v H S - ?

3) We can now write all the kinetic as well as Pauli and Yukawa

terms. In addition to these terms there is need frcm’\supersymmetry’ of bosonice

- How
cublc terms vhich may be traced to the well-known € 1 11
.. uh
fy coupling of the 4 =11 theory From dimen51onal

FJ\ A A~ ~

N ...ue ]19 seatlyy

reduction it is seen that & term of the form: e 1 T G G A‘_l
Uyee -u3 Hy-e Mg

could arise. However, this alone will not be invariant under (11} and
we find that one must add a term like & "°° GFB with an appropriate

T

coefficient, for invariance.

IIT. The final expressions for the 4 = 7 Lagrangian {up to the quartic
fermion terms) and the supersymmetry transformations (up to quadratic fermiocn

terms) are as follows (x = 1):

ly FOB ghv,ys 1 B ab o8 gHvp
L= - ) u u'ré' ab uv - 12 yab CLvpas Oys
x ab u B i a. uvp i—abc u
- T, Wi P ) - T D Lt E X T DXy,
iV_l‘ BVPOATE Y6 af B
- = ) G - *
90¢3 € [ uvpay Ato S8 AK 6 Gu\)pqy Blréﬂ ch
1l _abcd - [THRY] 1 ab _aB .Y uv T
-= rHr -
2P Y Xabe ~ L= Usg Ty B T T Ty %
=c UV A 1 = de uv
SENT D Xy Xy T Xbcd]
1 a8 ab |-A uve i -c _uwvpe
12 Gpvpuﬁ V [wﬂ r[l T ] ll’b 2 ¥ r Xabe
+ 1 _ed _uwp !
"4 X & xcdb (12)

laws:

&V

H

B -
'ﬁa ca *Vop ap =

covariant derivative,

b
e.B :u

two

's

(ab)
(aB)

For instance,

ab c})’db
‘u'B=VZY 58

D&
in a

ab . .of _ —{a  b) 1 -c r (ab))
uuB GAu =- 2 {& IJJu z € X J
af ab N [a, v]] ap
i 5B, og —21‘[(28 e SA
Zlap pll, i gz ab ]
+ 2 [6 4’“] + € Tr,x .
& = DE - —= [r"" +41° 6“] el
ua L a 10 A/2_ po &b
i paT 9 po T b
+ 15 Gpcr'r ab [I‘ W +5 r Gu] &
- ped . L
SXape = 2i Pua‘ncd e+ A (Fbc =N ac eb)
1 1 d
-=0 F
M [ﬂab ed ~ 2 fpe Fag 72 Yea bd} €
1/ 1 1
* 9 lGuh Ec T2 Ybe ea. 2 Teca e”b]
+ 2lg e -1 Lo o led
55 (%ab Cea 2 e Caq 2 Pen ba
nu o aB WB Fpe-
I?uu}':’ Fab —ur] Fuv uus ab’ Gab = Guvp af ¥ ab and T
T 1 r 2 . T ™ with unit normalization. D is

-k

n

The action is invariant under the following supersyrmetry transformations

{13}

Lorentz and Us spll)

b b
Ga * Qua]eb'

1
* N mm:'s

is a 10 x 10 matrix which is made of a product of

rs

()



Cleariy U transforms as ;g'undsr SL(5,R) since ¥ transforms as 5 . The
~

. - - *
covariant derivative of ?{ satisfies the following relation ):

YR\ beda .
D = f
W Uag =220 Uig ea - (15)

This relation was crucial in proving supersymmetry. We now wish to make
the following comments on {12) and (13):

. - 2
1) U matrices in the F term, and 1% matrices in the & term

*

are needed for SL(5,R) invariance ) (160 ® 10 > 1 ana 5 & 5 'p 1).
o ~ ~ ~ ~— Ao A

In the G'A and GBF terms there are no scalars and the contractions are

with b 5 5

i 5238 , because 2 @2 @}29 :}r];

2) We emphasize that our Lagrangian is invariant under the
generalized antisymmetric gauge transformations given in {11) (actually, G
and F are separately invariant under (il)) which also determines the relative
coefficient between the GGA and GBF terms. It is due to this gauge invariance
that the supersymmetric variation of the cubic bosonic terms is greatly

gimplified.

3) The first term in 19)6B in (13) is noteworthy. It is determined

by requiring that the variatien of C does not contein 8“ [(GAU)AD]-

uvp af
Such terms eould not have been cancelled wilithout losing supersymmetry.
It 1s amusling that 1n Mexwell-Finsteln supergravity theory in d = 10

similar terms have been dizcovered .

-1 . .
L) ﬁ'- § )}/ lies in the SL{5,R)/USp(l)} coset. This is similar to
the situation encountered in d = 4 and 5 theories. Tt implies that 'Q

is supercovariant (i.e. its supersymmetric variation does not comtain Bu-& ).

5) Comparing our Lagrangian with the Y- and 5-dimensional ones, we
see that there are cther similarities. TFor instance in the Pauli and Yukawa
terms (and also in the transformation laws) similer cormbinations of T

L. E%¥)
matrices occur.

#) - In proving this, we have used (7) (which can be read as

ab Pade%ﬂcd)and the fact that a third renk totally anti-

Du aB

symmetric, symplectic traceless USp(L) tensor identically vanishes (Schouten identity).

o8

#%} The action of SL{5,R) on Fuv can be described by defining

8 o plovll [se8l] g

= . sl Lol o 0 istng the transformation
uv pv T8 pv ¥8
: . 5 ab _ef _ 1
law which is contradgradient to that of Egq.(4). Note alsc that ’Kus Fuv =3

c(a v/ v} Fmr o8 due to the identity FuB oL QSY FO“S + L ﬂuﬁ FBY - (as—B}.

oy 5Be uv v 2 Ny 2 0]

*2¥%)  Some of these features can presumably be explained by the group

- 1 -
manifold approach T)- Note alse that )(a':d aab = 0 (this can be

Xped
s s s de ab . . cd _ab
proved by using the Schouten ldentity), while Xg F Ypeq = Xa L
1 ed Fab

-=X X .
2 a cdb -9-

) The quartic terms in the Lagrangian and quadratic fermion terms in

the transformation laws can, as usual, De constructed by requiring the closure

of the supersymmetry transformation laws and supercovariance of the fermion

€)

field equations. One standerd step ~in this direction is to supercovariantize
. af
the spin connection w]r-ls , the field strengths Fuv N Guup aB® and Ppa.bcd .

We leave this problem for the future.

To conclude, in this note we have completed the constructieon of the
ungauged maximal extended supergravity thecry in & =7 {up te quartic
fermion terms), The problem of Yang-Mills gauging of this theory (again in
d = 7) requires further study.

-10-
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system with impurities: Coherent potential approximation.

J. GORECKT = On the resistivity of metal-tellurium alloys for low
concentrations of tellurium.

5. RANDJBAR-DAEMI and R. PERCACCI - Spontaneous compactification of a
(4+a)-dimensional Kaluzs-Klein theory ‘into My x G/H for arbitrary G
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M, DZER - More on generalized pauge hierarchies.
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