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A general rulé‘is-iormulated for the construction .of penormalizable
supersymmetric. Lagrangisns shich.adait a.gomserved. quantum mumber (baryon or
lepton pumber)- associated with fermions. . There are two unusuel features.. .
Firstly, there is & clesg of supermultiplets in which, the spinor particle . .-
with unii fermion number .is acccmpanied by a scalar particle which carries.

3

+3wo;unitg;of fermion.nymber. = Only in & very restricied cle#g.of theorles. .
- c8n-the appesrance of such Jdifermions be avoided.  Secondly, the fermion

numbeyugoggegxfpf 8 supermultiplet i1s governed by its chiral type. Thus,
with; the. conventions adopted here, it is shown that, in scelar supermultiplets,
right-handed spinor fermions are associated with ordinary scalar bosons while

:ieft—handEGVSPincr'fefmions are associamted with di-fermionic bosons. In

géuge supefmuitipléis ordinary vector bosons are mssocisted with left-handed
spinor fermions. In conseguence of this peculiar multiplet structure, the
problem of defining & conserved parity is non-trivial. It is shown
that parity doubling provides no soluticn unless either supersymmetry or
fermion number is violated explicitly. In faet, the solution to the parity
problem mekes essential use of locel symmetries. A class of renormalizable
supersymmetrie Lagrangisns which conserve both fermion number and parity is

given, For this class the interactions are governed by a gauge pfinciple.
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1. INTRODUCTION

A persistent difficulty with .aupersymetric schemes n has, from the

beginning, concerned the definition of fermion num'ber.z) (This quantity,
i.e. baryon or lepton or baryon + lepton number, will be denoted by F in
the following.) Beelrcally this problem is a reflection. of the fact

thet, once having put fermions and bosons together in a supermultiplet,

one is hard put to distinguish them. Any quantum number carried by a fermion
tends to be carried slso by its boson pertners. Notwithstanding this, there
ig a solution to the problem. Our purpose in this paper is to define the
exact nature aof the problem snd to discuss the general features of super-

symmetric and renormalizable models in which a fermiop number is defined.

In Sec.]I we exhibit the central role played by ghirality in defining
a fermion number tor suvpersymmetric multiplets. The supersymmetry generators

resolve intc chirel components which anticommute among themselves and are

related by hermitian conjugation. This leads to an association of chirelity with

fermicn number. Indeed, the association turns sut to be extremely rigid. We
find, for exsmple, that if positive chirailty scalar supermultiplets contain
F=1 right-handed spinors and F = 0 spin-zero Bose particies,

then negative chirality supermultiplets which contmin F =1 left-handed
spinors must contein ¥ = 2 spin-zero difermions.

A gecond consegquence of this association is the difficulty of con-
structing supersymmetiric Lagrangians which conserve perity ss well as
fermich number. In particular we show in Sees.ITI and IV that renormelizable
and supersymmetric models in which both fermion number and parity are
copserved are necessarily based on a local gauge symmetry. It is further
shown that the maximal local symmetry realizable on a set of 2n  two~
component spinors consistently with these reguirements is sp{2n). We con~
clude with a simple example based on a spontaneously broken U{1l) internal
symmetry which preserves parity as well as fermion number. An appendix is
devoted to some speculations concerning the unification of weak, electro-

magnetic and strong interactions.

II. FERMIOK NUMBER AND THE STRUCTURE OF SUPERMULTIPLETS

Supersymmetry is a kinemsticel extension of Poincaré symmetry which
is obtained by sdjoining to the generators cf space-iimetranslations, Pu ’
and homogeneous lorent:z transformations, J , a set of four cperators, scx

uv
These operators are defined by the algebraic reliations

-2

[s“.Pu] = 0
1
[Sgrdyd = 5 (0,8)

{su.ss} = '(YuC)uB Pu
{2.1)
and by the reality condition

. (2.2)

where C is the ususl charge conjugation metrix. The operators su » which
generste "supertrenslations”, thus transform as & Dirac spinor of the,
Majorana type. [They give & preferred role to Majcrans fields in the super-
multipiet structure.

It is clear that if the members of a supermultiplet are to be
distinguished by & quentum number - which we ghall call fermion number
F - then this pumber must be carried by some of the generators. The only way

te intreduce such & guantum number is by means of the transformations

8 + & 5 (2.3}

vith a real, (Ordinary phase transformations on S would be compatible with
neither the Majorana conetraint (2.2} nor the anticommutator rule im (2.1).)
The chiral components

1 & 1y,

5, = —5—2 8

transform irreducibly and contragrediently
§, + e 8, {2.k)

We may say thet the positive chirulity')cnmponent S’ carries F =1 while
its hermitimn conjugate S. carries F = -1.

%) 1n earlier papers we carelessly referred to positive-chirality spinors as

"left-handed™, With our choice of '\,'5 =YYy YpYsy the matrix element

{olv,|psd) 1z non-vanishing only if the light-like state |p,A» carries
- 1 : : . i HE

helicity X = + e l.e. is ripghtehunded. Here ll*‘ = 3 y is the

positive chirality prejection of ¢ . For the conventions used here see

Salur wnd Strathdes, Ref.l.
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This rigid sssocistion of feqmion number with chirality is a fundamental

property cf supersymmetry. It provides very strict limits on the possible
forms of supersymmetric and fermion-mumber conserving lagrangisn models.
Indeed, it has the immediate consequence that only in exceptional cases do
such models admit a conserved parity * . Fxamples ¢f such will be given

in follewing seetions.

It might be thought that the strict association betweep fermion number
and chirality could be diluted by means of parity doubling. Thus, one might

suppose that the supertranslation generaters are comprised of two independent

pieces.

s = st+s%, (2.5)
where

S:L - e-m’5 Sl (2.68)
and R (2.6b)

If these two pieces are Iindeed independent - so that we can, for example,

envision multiplets of Sl on which 52 = 0 , and vice versa - then we

must have

', st = -tyo) B
st ,s% = o
s° ,5%) == (yo} P2,

(2.7)

"

In earlier work."parity” was assumed to act on the supertransiamtion

generators according te the formula

5 =+ iYOS

Clearly, however, this transforzation reverses chirslity and therefore
fermion nutber as well. It should be interpreted as CP rather than 7P
if fermion number is to have any significance., Invariance with respect

to this transformation iz the rule rather than the exception.

L=

i.e. the totel L-momentum is pertiticned into independemt pieces, Pl and
7 Moreover, these two pleces are separately conserved. Thus, the
2 and the fermion nurber defined by (2.6) implies

the censervation of both Sl and 82 and therefore of both P and P2 .

conservation of Sl + 8

It follows thaet Green's functions made from products of fields belonging to

the two subgroups must fectorize. This means, in turn,that there can be no

communicetion between the twe worlds in which Sl and S2 operate: they
must be truly independent end in each of them & strict associsticn of fermion
number with chirelity is maeintained. ) Ageain, because of the Green's
function factorization it is not possible to envisage any sponteaneous
mechanism for breeking this independence. Only an explicit violation of
either fermion number or supersymmetry could lead to communication hetween

the two worlds.

It is conceivable that & basic medification {i.e. enlarging)of the
supersymmetry group might admit & less restrictive definition of fermion
number. We have not been able to do this, however, and shall therefore

proceed to analyse supermultiplets in the scheme defined by (2.1)-(2.h).

Supersymeetric Lagrangian models recelve their most natural
expression in terms of superfields. Of these, only two varieties have so far
proved useful in the construction of renorymalizable meodels. Firstly there
are the chiral scalar superfields ¢i(x,B) . whose component structure is
convenlently expressed by
¥ %55758 [

4,(x,8) = e A lx) + By, (x) + %5(1 t ivg)0 F:(x)]. (2.8}

vhere A, and ¥, are Bose fields and {, are chiral spinors, i.e.

gy, = W, .

The variable © is an anticommuting Majorane spinor. Assigning fermion
nucber to the component fields by means of YS transformations in such a

way thet both Y, and Y_ carry unit fermion number, i.e.

D] 8y explicit cemputetion we huve verified that the three- and four-peint
functions mede up from products of superfields, gome of which transform
sccording to (2.6m! end cihers according to (2.6b), do factorize into two

non~communicating fecticrs.

1



-G'Ys
¢+(xge) - ¢‘+(xse e)

-y
¢ (x,8) -+ e2ie b (x,e ’6)

(2.9)
one finde for the cowponents
2ia
A, [ A, A e A
w_'_ - ei‘x ¢+ and v_ -+ eia v . (2.10}
2ia
F, l e ¥, F_ F_

This means that the spin-zerp fields A, and F_ are ordinary bosons with
F =0 while A_ end F+ are difermions with F = 2 ., The presence of
such difermions is inescapable in supersymmetric theories.

The flelds F, pley an euxiliery role end can always be eliminated
from the Lagrangian sInce their derivatives never appear. The fields A: N
on the other hand, sre true dynamical variebles and have particles associated
with them. What has emerged from the mbove assignments, therefore, is the

curlous rule:

In scaler supermultiplets positive chirelity spin-half fermions are

associated with ordinary (F = 0) spin-zero bosons while negastive chirality

fermions are associated with difermionic (F = 2} soin-zero besons.

The second kind of superfield used in the construction of rencrmalizable
models is the gauge superfield ¥(x,8) , which piays the role of & potentisl
when local internal symmciries mre involved. Such fields belong to the
adjoint representation of the interme) symmetry and in general they have the
full complement of component fields when expanded in povers of & . Hovever,
the gauge freedom can be exploited to eliminate half of these components
from ¥{x,0), which can then be expressed in the restricted Torm

¥(x,6) = i—énuyse U (x) + ﬁa'ee Br A x) + % (80)% pla) .

{2.11)

%) Other, more exotic, assignments are possible if the fermion numbers of
W_,, and §_ are allowed to differ from unity. A generalization of this
sort in vhich spinmors with F = 3 are involved will be considered in Sec.IV.

-6~
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The Bose fields U\J and D belong to the adjoint representatlon and may be

teken as hermitian matrices. The spinors A, also in the adjoint representation,
may be teken as hermitian in the sense

@atem .

They are essentinlly s set of Majorana spinors. Fermion number is assigned
to the components of the gsuge superfield by means of the 75 transformation

s
¥(x,8) = ¥({x, e 8) {2.22)

exactly as for & . One finds

.

Uy oy
Y L . {2.13)
D

The chirsl spinors )«+ and A carry fermion mmber F = -1 and F =1,
respectively, while Uv and D carry F =0 . Rotice that the chiral

spinors are related by hermitian conjugation,

®m, = @) - (2.14)

+

It is particularly important to remark that the positive chirality
spinor %, _is an antifermion (F = -1) while its conjugate, the nagative

chirality spineor 1_ y,_is 8 fermion (F = 1) according to the conventions
edopted above. This fact is highly relevant to the construction of parity-

conserving models. Indeed, we shall prove that renormalizsble fermion-

number and parity-conserving supersymmetric models ere necessarily based on
local symmetries.

III. FERMION-NUMEER COBSERVING LAGRANGIANS

Consider now the geperal form of supersymmetric Lagrangians. Given
two sets of "metter” fields, ¢, and @._ » expressed as columns and which
are acted upon by a local symmeiry

- - (3.1)

i o s wm w4 | ek w as . el

RS

e

e T
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*
vhere Al"' and A2.,. are (in general ')) independent ctmplex matrix

structures of positive chirality, snd given the correspending gauge super-
fields Y. and ¥, which transform eccording to

1 2
oY 1A11 2y, -ih,
e T+ e e e
2y wf, 2y, -,
2 o+ 2 2
e + e e e ,

(3.2}
then the Lagrangisn is constructed as follows. Firstly, there is the
matter field kinetic term,

2v -2¥
4, = §o* EI e to, sole Z °_:\ : (3.3)

vhich contains the gauge couplings. Secondly, there is a term independent
of the gauge fields which includes mses and self-interaction terms involving
the metter fields
= - 1gp lef

4‘ -5 oo &b_ m () + h.c.] s (3.4}
where m(@+) is restricted by renormalizability to be a polynomisl which
contains terms of no higher than the second degree, and by gauge invariance
to satisfy the jdentity

-iA.+ A,

e © mle !
The linearity of {m in the pegative chirelity flelds + results from the

requirement of fermion-number conservation.

Thirdly, there is the gauge field kinetic term. Its expression in
terms of superfields is rather cumbersome because of the need to define the
superfield analogues of the field strength temsors. These take the form of
chiral spinor superfields

1% 4y ,’ T % iy
- 3 +
H‘M-——L D_ZZD e 2t [-—2-—-5])] S (3.6)
247 L a
one set for \l‘l and an analogous cne for ‘I‘z . The field strengths ‘l’lt N

for exsmple, transform according to

%) The groups which act on 4’* and @__ may be jdentical or they may contain

a common subgroup or they mey be completely independent.

-8~

¢+) = m{@+) . “€3.5) .

(3.1

In the special gauge defined by (2.11) they teke the form

1-’116'1'{58

. 1 L
‘}‘11 e Ali + & [—'YBD:L x 3 qu Ul‘l.l\)]

where the usual Yang-Mills covariasnt forms appear,

Uppo = 30y - 305,

141y
3 a9+

3., - i[ulu.ulv] R

v].lkli = 3;1111 - i[Ulu.lli]

FBlretv)e (-17h 5],
(3.8)
{3.9)

Notice that the field strengths (3.6) are chiral in twe senses: with respect
to their component structure, (1 ¥ :l“(,j)lj‘{*'+ = 0 , and with respect to their

spinor index, {1 ¥ iYSWt = 0 . They are related by complex conJugation in

exacily the same sense as are the sploors A+ end A , viz.

o= (Bet .

{2.10)

The field strengths resolve intc & set of independent blocks, one

for each simple factor in the local symmetry group, just mas for Yang-Mills

theories. Correspondingly, the gauge field kinetic term takee the form of a

sum of terms, one for each block.

sssociated. One ecan write

With each block a coupling constant is

(3.11)

vhere the hermitian matrices Tk span the adjoint representation and are

normalized by

Loeirtrh) - 6

In this basis the gauge ftield kinetic term 1s given by

1

+

££=%'TJD Z [—- v 4 hee.

4

LW

-5-
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end, corresponding to any {central) U(1) factor ® , the additional terms

1 =2 ,+ K '
:fg =% (DD)° (5, ¥, (3.14)
which ¢an be shown to be supersymmetric. The coupling constants g, are
dimensionless while the parsmeters Ek bave the dimensions of (:nasvs)2 .

We now exhibit the compoment structure of the terms (3.3), {3.L),
(3.13) and (3.1} in the speciml gauge. Firstly, the matter field kinetic
term reads:

t = 1.
:fk = VA, VAT AN, + EF,
v 1 V2 (A%, - Dyoh,) + A1D1A+
+ = T
+ VA VA YT+ FF
s 198 B0 - Taa) -alna . (3.15)
where the covariant derivatives are given by: ’
VAL = A, - U AL
V.UA- = auA_ - iU2uA_ N {3.16)

and similarly for Vuw_._ and Vuw_ . Secondly, the purely matter term (3.4),

with m(®+) given by

m{¢) = m, + me, +m e {3.17)

takes the form
+
,-{m =¥ [mo + m1A+ + m2A+A_;]
* E- E”ﬁ‘h R (w‘_i\* M A+¢'+)]
+ - =1
* A E"lF-r * o, (F+A+ AT, Y, C w«»{l

+ h.o. (3.18)

The matrix Eka must commute with all matrices T"

«10~

The coefficients Ty » o, and m, must of cowrse have & tensorial structure
appropriate to the internal symmetry which is expressed through the idenmtity
(3.5}, The number of independent parsmeters among them is generally very
limited. Finally, the gauge fileld kinetic terms {(3.13) and {3.1%) teke the
respective forms

FO

Frarpzeta pot?]  Gas

i

2
By
£§ =g o . (3.20)

Te eonclude, we remark that the dependence of the clegsicsl potential
V on the fields At teakes a very particular form in supersymmetric wodels.
Since the auxiliary fields F, and D satisfy algebraic equatione they can
be eliminated at once. Solving these equetions to express the auxiliary
fields in terms of A+ and A_ one finds that YV is given by

V(a,A) = EIF, + FIF_ 4 Z % (0% . (3.2)
This potential is menifestly non-negative. Moreover, if its minlmm velue is
found to be greater than zero,then at Jlenst cne of the auxiliary fields must
bave & non-vanishing vacuum expecteation value. Buch non~venishing auxiliery
field values are e signal of spontanecus supersymmetry breskdown. 3 Indeed,
one can show quite generally that the corresponding Goldstone spinor is
given by

R I R R R ALY AR BL
& (3.22)

3
If fermion number is not sponteneously violated ) then <F+) =0 and
the "neutrino” is a pure {left~handed) fermion.

In & realistic theory it is necessary to distinguish baryon and lepten
number ., There are two possibilities, Firstly, one can assign lepton mumbers
L =41 and baryon numbers B = 0 to the chiral components S‘t of the
supersymmetry generators. In this scheme mll members of s supsrmultiplet would
carry the same baryon mumber while lepton number 1s distributed in the mapner
discussed above., Thus, the chirsl supermultiplets ¢, = “‘:"":"’:’ would

have the content

$, ~ (B, 1-1) , (B,L) , (B,141)
¢ =~ (RIs1) , (B,L} , (B,I-1)

~11-
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and the gsuge fie2as ¥ = (U ,A_,D) yould have the contenmt distribution
(8,1-1), (B,L}, (B,I=1), Au aiternative scheme would be to mssign L = 0
and B = *1 to the chiral componemts S _ . In this scheme all]l members of
a supermuidtiplet would carry the same h;ton pumber. Indeed,

&, ~ (B1,L} , (BL} ., {B+i,L)

¢ ~ (Ba1,L) , (BB} ., (B1,L} .

If B aod L are both conserved, snd {f the neutrino is to be &
lepton, then only the first scheme is feasible. On the other hand, 1f
neither B nor 1 1is conserved but only their sum, F =B + L , then
the second scheme could be used if there is in the theory a (spontaneous-

breaking) mechanism which forces baryon-lepton admixtures to be small 5).

Iv. PARITY=-CONSERVING MODELS

It was remsrked above that for repormalizable theories {which are the
only ones we investigete hers) parity conservstion is impossible in the
sbsence of & local symmetry. The truth of this observetion becomes apperent
upon examination of the only feasible (1.e. supersymmetiric, fermiop-number
conserving and renormalizable) intermction in such & case,which is given
explicitly by the formula (3.18). For s parity operstion to be defined,

the supermyltiplets @_'_ and @_ must be put into correspondence. Firstly,
the spinor componente can tranaform only according to a rule of the form:

L

. vl (5.1)

2
where ( is some unitary matrix subject to the copetraint 5 =21 .
Secondly, the F = 2 upin-zero' componsnts, A_ , Pust transform among them—

selves,

A~ uwa_ (b.2)

where ' 18 another matrix like & . Now consider the particular
interaction term in (3.18),

Ay, ¢y, .

o -2

Application of the trensformaticns (L.1) and (1.2) to this term changes 1t
to a form which is clearly not present in (3.18). This shows that inter-
actions of the form (3.18) cannot support space reflections and justifies
our remark. We shall prove now that if a locel symmetry is present it ie
possible to set up a parity-conserving intersciicn.

For definiteness consider the case of local SU(n) symmetry. Since
the ga.ug'e field Y= an n X n hermitian traceless matrix —contains a set
of negative chirality fermlions, k_ y in the adjoint representation, it is
necessary that the matter system should contain at least a set of positive
chirality fermions, 1;+ » algo in the adjolnt representation. These fermions
must belong to a (traceless) supermultiplet S+ which we shall call the sup~
plemeniary gauge fields. Under the action of loeel SU{n) the augmented
gauge Tleld system transforms sccording to

+
1A
ezg‘!‘ + e ¥

(4.3}

where A+ is a traceless n X n matrix of posltive chirality and g is a
dimensionless coupling constant.

Qther matter fielde mey also be present 1n the form of supermultiylets
"
¢, end ¢ . It is necesaary that ¢+ and ¢_ should truneform contra-
grediently. For simplicity we take Just e pair of n~component columns tXans-

forming according to

b - iAid’
- e . » (h.h)

The most general supersymmetriec, fermion-number conserving and
renormelizable Legrangian for this system is given by

L- §o %—rr[?_ ¥, + ¥, ‘r_}J
+ %- {Tm}e [%Tr[sz -28Y 8, e—zﬂ]}

i
v

TR X5 SR PSS PRI et ¢_:I

{L.5)



where h is a dimensicnless coupling constent apnd M is a-mss.

In order to deal with the parity question it is necessary to express
(4.5) in terms of the component fields. For ¢, and ¥ we adopt the
expansions (2.8) and (2.11), respectively, and for 5, the expanaicn

1. .
- 709y, 8 _
. e 5 5 [}+(x) + §;+(x) + % 8(1+i75)6 f*(xi] . (sg)

For convenience of writing we introduce the negative chirality antifermion

L_ defined as the conjugete of [ i.e.

'y *

B o= @t = T . (u.7)

-
This means thet the sum, [ =7 + [ , is & Majorans spincr like X .

Applying the formuiae (3.15), {3.18), (3.19} to the Lagrangian {%.5)

cne finds
_1 1.2 .3 1.2
i-z'rr|:-n-uw+x_ ih_+29

+ - +
+ Ve, Vua+ + ;‘_i?;+ + 11,

e1 @ [la e, - 7, D)) v el )

t

+
+ VUA+ v

llA* * lb+iWJ+ MR LN

+314Z g [AF\__% - fb+l_A+] + g AiDA_._

+ vuAf VA ik v Fr

+3 V2 g [A*‘i v - E_AJ_] - & Alpa_

- .

+ M {Aif‘*_ * FiA+ -%y, - h.c.]

+ t
+ h i:F*ﬂ.,A.p +* A_f+A+ + A_a+F_'_

o - -
- AT, - Teu, - VLA, h-c-] . )

where the varicus covarient derivatives are given by

[P SNSRI SRURIRIET ™ EEY | T NEEE VAR T EE.

=]
1]
Q1
(=]
]

Bvﬂﬁ - is[uu.uv]
Vi = 3A - ig[Uu,l_]
Va = 3a - ig[Uu,a+]
Vb = 3%, - iglu,z,)
Vp“: = BHA! ~ g U,

Vs = 3N, - e U, .

' K
{L.9)
The appearance of (4.8) can be grestly simplified if the coupling parameter
h is given the specifie value .
o= g . (b.10)

Indeed, with this restriction the system is perity conserving. This can be

seen more easily by eliminating the auxiliary fields, F, , f+ and D

resolving a_ into hermitian end antihermitian parts,

E

s, = ‘/—; (a+13) , (b.11)

and introducing L-eomponent spinors,

o= oy, te
= + iX
X M (4.12)
The Lagrengian (L.§) then reduces te
1 1.2 - 1 1
4= z ‘I‘r[— [ U, * Xifx+3 (vua)e + 3 (Vub)2
+ x[faix] + oyvgx|
v A v, +vAT VA« TP -y
W+ op v- o u-
-z E(g—ysb)w - g7 [er\+ - 1@753(“.4_ + h.c.]
- v (L.12)

where the coveriant derwat'iveg are easily deducible from (L9), (421 and
(k.12). The conjugate sp’.nor‘f is defined in the usual fashion

=15=
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o= @t s B -0 L (k.20)
The potential V has the standard form {(3.21},
verF, +Fr + 1 :n-[ T, +%n2] . (4.15)

where the auxiliary fields are given by

F, = - (M+ g(a—i‘b))a\_.

F_o= - (M+ g(a.+ib))A+
t_1,t
£, a2 2 [A AL -3 A+A_]

D = -2g [A+AI -aal sl [ﬂ-,b}] + 2 [A*A - AfA_] .
(4.16)

(Recall that f, and D are traceless n x n matrices.} On substituting
the expressions (b.16) into (L.15) one finds

2
Vo= -f—'rr[a,'n]2
1\1 EM + ga)2 + gabz]a+ + At[(u + gg)a + gabE]A_

& [1 - ] [A 2%+ (AfA_)‘?]

2d {1 + ;21-] (AfA_) (AfAJ

+

+

+252(2+}—](AA)(AA) . 1)

Parity conservation in the Lagrangian {i.13) with the potential (L, 17)

is now manifest. For the spinors we take
-
'] YOW

[ <
). Sl Yox and y - -Yox . s

-16-

Amorg the bosons: Uu is & vector; s, A+ and A  are scalars; b is
a pseudoscalar. (The odd relative parity of ) and xe results from the
definition (4.14}.} Other parity sssigcments arve equally femsible. Thus,

instead of {L.18) one could take

v+ uygy
X+ wrg™ end x© v
(4.29)

vhere w i3 &8 unitary matrix satisfying m2 = 1. The corresponding rules

for the bosons wre then:

UO-»mUDm"“ s U v U u '
g8 + wew? , b +-wbwl,

I+

{L.20)

This completes the discussion of the parity-conserving local SU(n)
model. Other local symmetries ere treated in exactly the same way and any
pumber of matter supermultiplets may be introduced in the form of contra-

»*
greiient pairs ¢'+ . ¢_ . In every cabe the couplings are determined

entirely by the geuge principle.

It mey eventually be of some Iinterest to set up renormalizable,
supersymmetric end parity-conserving models in which some of the wector
particles c¢arry two units of fermion number. We shell coneclude this section
by showing how such "exotic" models are constructed in general and how the

fermion-number assignments are to be made.

Suppsse we are given a set of matter Tields O* end ¢_ in the form
of n-component columns. What Is the meximal parlty-conserving local symmetry
which ¢can ect wpon this set? Tc answer thls questicn it 1g convenlent to
comblne 9, with ¢: = ®; into a Z2n-component cclumn - which we shall again
dencte simply @_'_ « The maximal locel symmetry which can mct on this

quentity is U{2n} tut this will not be compatible with parity conservation.

The problem is to find the largest possible subgroup of U({2n) which doee

admit a conserved parity operation.

In sddition to the matter multiplet ¢ , the system must include

the gmuge potentisl ¥ and its supplementary part S, - The acticn of the

group is glven by
-17-



¢ ¢e+Q+

*

iA =-iA
e _‘_e*e2g\l‘e +

iA -iA
S+-ve+s+e * .

(&.21)

Parity conservation requires that 5, should couple to the matter multiplet.
Renormalizability then reguires that this coupling should be to the product
¢, x 9, - The only such coupling would have the form

1z T
-+ E o, ns, o, + h.c.] , (.22)

where 03 denotes the transpose of ¢,  and 1 1s a 2n X 2n pumeriecal
matrix, Gauge invariance requires that n have the property

TVET.

4 4
- ne = 7. {L.23)

Furthermore, since the product Q* * ¢+ is pecesserily symmetric, only the
symmetric part of ns,,_ tan couple. Any antisymmetric part of ns+ would be
of no service to the parity question sc we must impose the constraint that
ns, be aymmetric

7T o= s

(ns, . - (b.24)

Since 8, belongs to the adjcint representation,this cconstitutes a constraint
on the group structure. Indeed, the conditions (4,23) and (4.2L) are
sufficient to determine the maximal lcocal symmetry. Let x denote an
arbitrary element of the infinitesimal algebr=. Then (k.23) anad (b.24)

imply, respectively,

xTn +nx = 0
xT nT - = 0
Since for the maximal case ve can assume that x is a non-singular matrix,
i1t follows that n must be antisymmetric. This means that the maximal
parity-conserving symmetry is certainly contained in Sp{2m). To showv thset
in fact it coincides with Sp(2n) ve have only to write out in terms of

component flelds the Lagranglan,

=18=

1= 11 (g v
d- +D -'I‘r[‘l’_‘l’_'_i-‘!", w_ﬂ

[yb]

+ ¥ (0)® [%Tr[si 28Y s+e'23“'] + gt % qﬂ

1= T
--z-nng ¢+ns+¢++h.c.} .

Before dolng this, however, we shall discuss the fermion-number assignments.

(4.25)

The Legrangian (4.25) can be shown to be inverient under the Ys

transformation, & =+ emf5 B , aecting as follows:

8, - REICSY) s,

5, + e

iaQ -i0Q
. 5 . &

y - eia'Q y o~1oR

(h.26)

where @ belongs to the symplectic mlgebra. These formulae generalize the
trensformetions {2.9), {2.12} and lead to exotic fermion-number assignments.

One possible choice for the matrix Q , expressed in a cenonical besis where

{.{1) (n)
n = diag L'r2 reeenTy (4.27)
is given by the diagonal matrix with alternating eigenvalues, 11 ,
Q@ = diag 1;1),..:.1(")] . (4.258)

It is a simple matter to show that in each of the two-dimensional sectors on
which the 1T matrices met the F -content is given by

[0 1 (2

A, = v, = F, =
=2 -1l 0

[0 2 1 3 2 L}
8, = g, = f+ =

-2 o -1 1 0o 2|

(o0 2] 1 3 o0 2)
U = L= D = '
u .

-2 0] -1 1 . -2

(4.29;
-19-
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Thus we have not only vectors with F = 2 but spinors with F = 3.

To express the Lagranglan (4.25) in a menifestly parity—conserving
fashion it is necessary as before to resclve the matrix a, inte hermitian
and antihermitian parts,

e,

e 2 (o4 1b)
Jz
and to introduce the 4-gspinor

X = L, + ik .

The matter Bplnor ¢+ has no independent pegative chirality relative, how-
ever. In this case we must define Y_ by complex conjugation,

Gy = n@e’ . : (4. 30}

The b-spiner ¢ = Y, + ¥ is therefore subject to a Majorans-like comstraint

B = -in@T . (i.31)

This constraint is of course consistent with the fermion-number assigmments
since Q iw & symplectic generator. With these notational conventions
the Lagrangien (4.25) assumes the form

1 1.2 . = 1 2.1 2
4= ZIr [} LT Xifx + s (Vua) +3 {Vub)

+ g i[la.xl + [b,v5x]]]
+ 1+ -
©TATA 3 Wity - g Vs - vspl

- g [GxA+ + h.c.] -v, {b.22)

where the covariant derivatives take the usual form and the potentisl V
i1s given by

t 1 t 1.2
v = FF + 5 Tr[r’f+ +zD ] > (%.33)
where the suxiliery fields are expressed in terms of A, and & . Here
it is convenient to introduce a complete set of 2n * 2n sy=bieciic generators,
., wnich satis®y the commutation rules,

~20-

[, =g AP
and sre normalized as in (3.12). The auxiliary fieids are given by

F, = -gnle - i‘b)A:

. T
rk=--2_i+n'rkn+

P = g AT T 4, + L& r(F(a,0])
(L, 34}
On substituting these expressions into (4.33) one finds that the terms

linear in b cancel and the potentiml reduces to the form

2 )
Ve g.- |:(AI ™ A+}2 + ‘AE n ™ A+|2 + {-;— Tr T]‘[a.b]}z + Zki(aa + be)AJ

(h.35)

The lagrangian (4.32) with the potential given by (4.35) is clearly perity
conserving.



V. A MODEL WITE LOCAL U(1) SYMMETRY

The #implest possible illustratlon of the type of model discu=sed in
Sec.IV is provided by a system with Joecel U(i) symmetry. It ccnsists of a
gingle pair of matter supermultiplets &, , & and the gauge palr ¥ and 8, .
The Lagrangian for this system takes the form (4.11)
1 - 1 2,1 2
Lo -3 @, +Tp+5 @7+ 3 p)

+ AR e lnal? .

- g@'(hysb)w -g V2 [E(xk,, - 1753&_) + h.c.] -V,

(5.1)
vhere the potential is given by
AR AR L RN PN LT S & (5.2)
with
F, = -gla ¥ ib)ay
1, = -g Jé‘A_A:
D = g-gllal®-jalh . (5.3)

On substitution of these expressions into (5.2} the potential reduces to
2 2.2 2 2 2;, 12 2, & (g 2 2)?
v o= g (a%) ({a %+ [A_[%) + 2g"[a ] [A " + 3 rRa L la_1°] -

(5.4}

In (5.1) the covariant derivatives take the form appropriate to an abelian
symmetry, viz.

u =3qu-3U

" Y VY= (3,-1gU 0 L VA, = (3 -1eU A, .

uz

(5.5}
Minimization of the classical potentiml (5.2} is trivial. Indeed
pne can see that all the auxiliery fields (5.3} vanish at the point

<ay = Yy =LAy =0 , LAY =VUg (5.6)

vrovided E£/g >0 . This point is non—degenerate and, since (V=0 , 1t
is clearly an sbsolute mimimum. The vacuum respects supersyrmetry as wvell

as parity esnd fermion number. The locel symmetry 1s broken, hewvever.

_22-
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One can show that all particles in this model have a coxmon mass.

The free Lagrangian 1s easily cbtsined by substituting into (5.1} ena (5.4)
the shifted field

1
A A LORETS (5.7)
and retaining only bilinear terms, One finds

1 W 1 2
‘((z) = 'r”ﬁu * [”u *ﬁ%ﬁz]
M2

Lin 2.1 man2.1 2 2,.2,,2
+2(al-il) +2(3u'b) +2(auﬁ) "'é—(" +b +A1)

+ 13 |®-2Fa |?

+ Wapx ¢+ Tipy - M(Tx + XV (5.8}

where the comon mass is given by

M o= v2gL . (5.9}

The scalar field A2 can be removed by a gauge transformetion. Onpe 1s left
with twe real scalars, 4 and a; & reel pseudoscalar, b ; a scalar 4i-
fermion, A_ ; = real vector, uu :; two Dirac spinors, (y+x)/ 42 and
‘YS(U’-X)/ 12 , of opposite parity.

Interactions are charscterized by m single dimensionless coupling
constant g . The model is presumably renormalizable but we have not
examined the guantum torrections. {Concelvably some of the symmetries which
are present in the classical approximation msy be lost in the higher orders.)
Although this model can have no broader interest we have Iincluded it here as
the simplest representative of a supersymmetric system in which both parity
and fermion number are conserved.

-23~
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APPENDIX

In this appendix we irvdicate briefly how a unified supersymmetric
gauge thecry of strong, weak and electromagmetic interactions may eventually
be obtained using the ideas of this peper. What we wish to emphasise
particularly is that, once the besic set of fermions is given, the structure
of the Higgs-Kibble system = its representaticn content and the form of the
potential — is largely determined.

To be definite consider the model of Pati snd Sslag)with its tvo

basic fermion multiplets,

Py By P V¥
LT '
(B, By P ¢y
1 (a.1)
Xg Xy X V'
wzt =
U N

vhich transform irreducibly under the action of $U(2) x sU(2} » su(L}) .
The left-hended fields Y, and Y - belong to the represen:a.tion (2,1,%)
while the right-handed fields 'L'l* and VY. Dbelong to (1,2,4). (In
practice, the right-handed SU{2)} may be replaced by U(1), in which case the
fields w1¢
SU(4) may be restricted to SU(3) x U(1). For the present discussion we

and w?‘ transform reducibly. Likewlse, the golour group

shall Tetain the full group structure.) These fermions are embedded in

chiral supermultiplets @1, and 021 .

1f there were ro wesk intersctions It would be a zimple matter to
set up & perity-conserving system of coloured gluons. The gluons ere
accommodated in a gauge superfield ¥ ‘Telonging to the adjelint representetlion
(1,1,15) and this would be accompanied by a supplementary supermultiplet
S,
interactions are tmken into account, the product ¢1+ ¢£_ . Tor example,

also in (1,1,15). Parity would be comserved. However, when the weak
-+

belongs to {2,2,1+15} end so cannot couple to the supplementary S5, . It

is therefore essential to introduce an S+ in the representation {2,2,15).
Here the strong interaction 15-fold occurs four times. Cur Idea is that

ope combination of these can serve to restore parity conservation vhen wealk
interactions are neglected. The other three 15-folds in S‘ will inevitsbly
ceuse parity violatiorn and their effecis st low energy must therefore be
suppressed by ensuring thet the particies described by these three 15-folds

are sufficiently msssive.

2im

How the extra three 15-folds in §, represent a spurplus of right-
handed fermioms. Such & surplus means &ither thet the system contains many
massless fermions or else that fermion mumber is sponteneously violsted. To
evade this situation and to ensure thet these particles are indeed magsive,
we propose to Introduce s comparsble number of left-handed fermions in a
sypermuitiplet S_ » belonging to (1,3,15). (The three 15-fold right-~handed
Termions in 5, and left-banded ferwions in 5_ will be capable of combining
into Dirac b-component spimors if suitsble interaction terms between them
exist in the theory.) There is yet & furiber balancing to perform. Contained
in the gauge fields Wl and ?2 associated with SU(2) % SU(2) are six
left~handed fermions. To compensate these we propose to introduce right—
handed fermions ip the multiplets

L n
5, ~ (2,2,1) ama 5 ~ (1,31} .

There is now 8 surplus ¢f cne right-handed fermion and so, finally, we
introduce = 1eft—hqued singlet

so_ ~ {1,1,1) .
This singlet is of perticular importance since it is the only field ip the
entire system which can involve & dimensional ecoupling in the lLagrangian
and thus set the scale of masses.

The importance of the multiplet S; stems from the fact that it
possesses s trilinear intermction with s, end s’ . It ie from this
interasetion (% (SL) S+Si) that the heevy masses of the three 15-fplds
in S+ and 5_  are expected to emerge.

This scheme is of course highly speculative. Qur hope would he
that 21l the fields assocleted with parity viclation will acquire large magses
in zeroth order while those in the parity~conserving sector acquire their
scaller masses through a redjiastive mechanlsm. Other mass scales could he
introduced by res*-icting the colour group to SU{3) x U{l) or extending it
to 5U(L) = U(1) or by restricting the right-handed 5U(2) toU(1). (The leptonic
z332l of TFeyet 2 is5 & theory of loecal SU(2) x (1} in which S: = (2,1+1)
and 5, = (1,1). “There are twc mass sceles and a surplus of one left—
handed fermicn. In this simple model there is no need to rely on radiative
mechaniszs to fix the structure cf the theory. The one surplus left-

hended ferxion is bound to remaln messless and provides the neutrinc of

—25-



Fayet's model. What would be even more interesting to investigate is the
question if in the mode)l described in this sppendix {where *he number of
left— and right-handed spinors is equal) a spontanecus breakdown of super—
symaetry gives rise to a L~component massiessg particle, and if this L-
component object appropriately spiits imto the two observed chirel neutrinos.)

-26-
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