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ABSTRACT

We raise the question if fermion-number (F = B + L) is absolutely
conserved. Neutrinoless double B-decay experiments give upper limits on
[AL] = 2 transitions. Experiments cn the stability of the deuteron against
decay into pions would give analogous limits on !AB| = 6 +transitions,
while proton stability experiments set limits on ]AF] =0, AB=-AL as
well as on transitions involving |AFI # 0 . Eere B =+1 for {integer
or zero charge) quarks, B = -1 for antiguarks while L is the lepton-number.
Remarking that the maximal syemetry group for the kinetic energy terms of
a set of n four-component Dirac fields is SU(2n) rather than U{l) x SUL(n) %
x SUR(n) (with the extra gauge currents carrying fermion-pumber 12), we briefly
investigate the possibility of constructing spentanecusly.broken gauge

theories where fermion-number appears as a non-abelian generator.
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I. INTRODUCTION

One guestion which neutrinoless double B-decay experiments are
designed to answer is this - to what extent is neutrino-mmber N, conserved?
Equivalently, is the neutrino described by & Dirac spinor or by a time-varying

mixture of Majorana spinors?

An anajogous question couwld equally be asked for neutral baryons;
for example, the neutrons or A's . To be conerete, if cne believes in an
integer charge quark model, ¢ne could pose the question - to what extent
is a physical neutral quark & mixture of a bare quark.plus bare antiguark; to
what extent is the guerk-number Nq conserved module tw&') unj.ts (cne needs
two units in order to conserve angular momentum)? Equivalertly, does a

neutral diquark system possess components with the quantum numbers of the

vacuum or,equally, does the plositively—cha.rged. diquark possess components
with the gquantum number of ‘IT+ » p+ and A+ , @te?  Thus,to the extent
that a deuteron mey be consi:iered as & three (integer-charge) diquark

composite, therﬂeuteron's stability would {for exsmple) provide a measure

of the type of admixture mentioned above.

The guestions above - though logically posable. independsntly -
1
heve,in our work, been prompted by ! a desire to extend the SU(L) x SU(LT)
model of unified particle interacticns,where integer charge guarks and

leptons are combined in the besic fermion multiplet
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In this model, 1t 18 possible to define a fermion-number F, which ip the sum

of baryon-number (or,more precisely, quark-number which we dexignate B) plus
electron-number L _ (which is & sum of N and Nv ) plus muon-number

e
L_(=8_+35,), i.e.
1] u H

It was postulated that this number {represented by an abelian generator
U(1) which lies outside SU{L) xSU(L')) is conserved absolutely even though 2)
B, L _and L _ may not be conserved individually (AF = 0, AR = -AL),

€ ¥
In this paper we wish to relex this assumption of F-number conservation,

permitting the three independent |AF| = 2 possibilities (IAL‘ =2,
|[AB] = 0), (|AL| =0 , |AB] = 2} and (AL = AB = +1 or -1} . To construct
an elegant theory we shall need to embed the structure U(1) x SU{k) x SU(LT)

into & higher non-abelian group structure. A gauging of this new structure
+]
1

corresponding to the symmetry U(1) » sU(4} x SU{(4') and which carry zero-

+

L=20 B= 0 B =

I+

(B =2 L=42 L =
would give rise to currents carrying F = +2 or " er

guantum numbers in addition to the currents (previousiy introduced)

fermion-number only (F=0; B0, L =0 or B=+1 ,L=7Fl}). A
spontaneous breaking of this higher symmetry through a mixing between
|Fl = 2 and F = 0 currents (briefly motivated in this paper} could lead
to F-violating interactions in a hierarchical fashion, with effective

coupling strengths which are weaker than the effective strengths of the

interacticong which congerve. F ..
The physicel reason why one contemplates eventusl bresk-down of

fernion-number conservation is this. Contrast the cese of F conservation
with the case of the only other (presumablyjabsolutely conserved quantity -

the electrie charge Q.

0f these two numbers, Q and ¥, one, the electric charge, is the scurce

3} 48

of & masslesse vector field em). 1t fermion-number too

(mY <y x 10"

is the source of & masslese vector fleld,then, from the well-known argument

L)

-of Lee and Yang , its coupling strength must be weaker than the gravit-

ational coupling by & factor lying between lO_5 and lD_B . Assuming,
therefore, that such a massless vector field does not exist, even vhile
fermion-number is conserved absolutely, we are met with Wheeler's famous
dilemma. That is, when & quantity of matter passes through a black-hole
horizon, its fermion-number, though coneerved,becomes impossiblie to measure.
Tnis does not happen with the other sbsclutely conserveq quantities, charge,
mass and eangular momentum,which ere ssgsociated with long-renge fields. In
Wheeler's courteous phrase, the fermion-number is "transcended". In order
to avoid this dilemma of tra.pscandence,it avpears more natural to us to
suppose that fermion—nutber may eventually be violated and that all neutral
particles end up as Majorans fermione. (This is in line with and an exten-
sion of our attitude towerds the possible vicletion of the baryon and lepton
numbers 2?)

In the following we shall assume that fermion-number is associated
with a broken symmetry. Bec. II 1is concerned witﬁ the setting of upper
ilimite om the strength of the supposed symmetry-bresking which are implied
by experiment, A formulation of geuge theories In which spontaneous
breaking could be expected is given in rather geperal terms in See. III.

In Sec.IV, the formalism is applied for purposes of 1liustration to s simple
(though unrealistic)} example, with a brief discussion of the U{1) x sU(l) x
SU(L') case.

II. EXPERIMENTAL UPPER LIMITS

6} experiment s., one

From double §-decay 3) and stability of matter
can set limits on the cbserved degree of fermicn-number violation. We

consider these in turn.
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{A} Double B-decay .4L| = 2, ap] =0, |#F] =2

To deseribe neutrinoless  double R-decay experiments, one mey write the

lepton current in the weak Hamiltonien in the form

LIJ = ¥ Y, [(1 - iys) + niL + iyE)] v+ g, vy,

vhere v© denotes the charge conJugate of Vv and E\J ip & parameter which

measures the fermion-number violaticn. The present experimental estimstes m

130)

(fram Te give,

gl s 3x 107 .

Agsuming a lower limit on the V + A admixture measured by the parameter n
(obtained from memsurements of the longitudinal polarization of electrons

emitted in B-decsy), i.e.

nl = -
10 ’
one obtains the rather mild limlt on K, violation (|’AN\)| =2):

lg,]. <3 x 107

(B) Quark-sntiguark mixing, [AB| =2, |AL| =0, |aF| =2

Let Eq denote the bare quark-antiquaerk: edmixture in the composition

of the "physiecal gquark":

Gy -3 quc ,
and let BD be the smplitude for the deuteronto exist a&s s three-diquark
composite, Then the amplitude for the deuteron to decay (for example)
into pions 1s approximetely proportional to BDF,:. Since there is no direct
experiment to place 1imits on deuteron’s stsbility-_we wish to use the

experimente of Reines and co-workers 5) on proten's kelf life to prlace limits

on Eq.

5

(c) Quark-lepton (AF = 0, AB = -AL # 0) and quark-sntilepton transitions

{AF = 2, AB = AL = +1)

Let Tpand £ dm g, =aq+ quc +r,h o+ quﬁ glve the quark-

lepton and quark-antilepton admixture-parameters 8). Since the proton is &

three-quark composite, the amplitudes for

proton + 3 lepton + plons , |AF| = 0
+ diquark + guark + pion + lepton , |AF! = 2
d pion + antilepton , [AF] =1
~

are proportional to CE . ;R.Eq , quqn . From empirieal proton-half-1ife

0

of 2 103 years, all one might infer 8) {so far as orders of magpitudes are

concerned) ig that:

3 -8 -9
ngEM%Eq-SIU - 10 .

These upper limits 1673 for £, » 108 . 1077 for qu and ¢, 2nd
10—16 - 10-18 for Eq, do not give any uniform experimentsl picture of the
strength of fermion-number violation,if any. One may poesibly conjecture
that there is a hierarchy of symmetry-breaking parameters and that fermion-
number violation is associated with the smellest of these effective couplings
{specificaily, with a coupling which is smaller than the F-conserving baryon=

3

lepton transition parameter Cz w107 - 10_9) . In this conrection one may

even conjecture that for the jc;_ua.r‘k-en.ntilep‘con transition a two-step relation

= ' - -12
like g+ 2%+ may hold, signifying £ % [,E< 1077 x 202 g 107 .
Witk a view to formslizing such & hierarchy, we consider gauge models of

fermion-number violation in the next section.
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III. FERMION NUMBER AND LCCAL SYMMETRY

Our purpcse is to set up & gauge theory in which the fermion-numkber
current is coupled to s massive vector field. There are s pumber of ways
in which this can be achieved.

Suppose firatly that the conservation of fermicn-number results from

invariance of the Lagrangian egainst simple phase transformation of the Dirac

fields. Coupling to a vector field is obtained in the usual way by
inserting covariant. derivatives on the Dirac fields. Since, in this

abelien context  the vectcr field does not 1itgelf

ca;-rry fermion—number, one is free to add a mass term for it. {Such & mass
term would break the locel symmetry but would not distrub the renormalizability
of the system ‘nor.the conservation of fermion-number.) Alternatively, che
could introduce a set of scalar fields wriich carry fermion-number snd whose
gelf-interactions are arrsnged so as to favour the emef'gence of a symmetry-
breaking ground state. In this way a vector mess would result from the
spontaneous breakdown mechanism and, again, the rencrmalizability would

be preserved.

The first approach cannot be adopted if the ultimate purpose is to deal
with broken fermion-number symmetry. Renormalizability would be lost with
the local symmetry. The second approach is to he preferred so long as the
gealar system has non-trivial interaction yrith the fermions: such direct
interactions are needed if the symmetry-bresking effects are to involve the

fermions.

A more interesting scheme may result from generalizing the fermion-
mmber symmetry and making it pert of a non-abelian local symmetry, which

arises if we gauge the maximsl local symmetry cbtainsble in the space of a

set of bY-compopnent Dirac spinors. Such a symmetry coutains fermion~-number
among its generators and spontaneous bresking of this locel symmetry not

cnly would provide mass to the gasuge boson coupled to the fermion-pumber,

but could alsc induce a non-conservation of the fermion-number.

There are two llkely advantages of gauging the fermlon-mumber symmetry as

part of the maximal non-abelian symmetry rather than as an sgbelian symmetry:

1) With e non-ebelian group one may hope to realize asymptotic
freedom for the complete theory if spontaneous symmetry breaking
is dynemical or the model is supersymmetric.

2) All elementary interactions would be described by a single wnifying

eoupling constant.

A generalized symmetry (conteining fermion-number in its global form)
was in fact considered by several authers 93 many years ago. A brief reswmé
will serve to fix the notaticon and motivate the extension of gauge ideas

to it.

Let ‘FL = {‘?ng ‘FLE" .. :“’m}denote a column of § independent left-handed

spinors

(1 + iYs)'wLp=0- . P=1,2,...,8 .

The ad)oint ?L = {w{l YO’ 11{2 "(0,...} iz an ¥-component row. The maximal
invariance group of the kinetic bilinear, TLi?‘PL, 18 clearly U{M)=U(1) x SU(R}.
This group differs from the usual sort of ipternal symmetry in that we shall
include both particles and antipartic‘les- in the single column ‘I’L . There is
no restriction here for N te be even; if,however, ¥ = 2n, then the free
kinetic energy term can equivelently be written in terms of n four=-

compenent Dirac fields. The U(1l) ebelian group specified ebove corresponds

to a *(5 transformation. This particular Ul1) w1l play no role in our
future consideration.

[Hisht—handed components can be defined by complex conjJugetlon,

=T
Y, = BCY
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where C denotes the usual charge conjugati;nn matrix and B is any
conveniently chosen N x N matrix which operates on the internal indices. In
the usual presentation ‘i’R and C'-FE are independent in that, applied to the
vacumum, the first creates a right—-handed antiparticle while the second creates
a right~handed particle. In the scheme considered here,both right-handed
particles and antiparticles ere created by cif{ . The flelds ¥, are,
ipdeed, redundant .]

Among the subgroups of SU(N) we shall suppose there is a U(l} which can
be associasted with fermion-mmber, The remaining N2 ~ 2 generstors will then
carry a well defined fermion-number and the irreducible representetions will
be classifiable with respect to their fermion-number content.

It is neceasary first to discuss the parity assignmenta. Under space

reflections we expect to have

+d

?L woY, C ﬁi

+
)
54
[+
1
P
)
8I
A

L3

where W is a unitary N X N matrix. This tramsformation preserves the
kKinetie bilinear. A necessary condltion is that the square of the space

reflection operator P must equal *1 . This implies
T

PP oz oyl = wes = 21, i w = Fu

(Thus, for the case N =1 and ‘i’L is necessarily the left-handed part of

2
a Majoransa splnor, one must take F° = -1.)}

The parities of the SU(N) generators are essily discovered by

examining the ccrresponding current desities,
Jo(l) = WL Yo X ?L .
where A is a hermitian N X N matrix. Under space reflections one finds

EXCV R NS S

-

Since, by defirnition, both particles and their antiparticles belong
to the same irreducible multiplets, it follows that the cperation of anti-
perticle conjugation is cne of the group transformations. (As an example

consider SU(6}, where a suitable choice would be

which gives the usuml C-propertles to the vector and aximl currem:s.) Fermion-

number itself must be identified with ome of the U{l) generators AF among

the SU(H) which is reflected by w , w-l A‘F W= —}\F . For the case ¥ = 3,

for example, we could choose 13 but mot AB . (Notice that this choice

gives a particularly simple form to the CP transformation, JO(” - JO(-RT).-)
7 S-ince space reflections carry representations of SU(N} into their

conjugates, there is generally a parity doubling. Only the real representaticns

can be assigned an intrinsic parity.

The Yukaws couplings of the gquarks ‘FL and WL are quite restricted.

Since WL‘I‘L =0, the only possible non-derivative coupling of zerv-gpin

fields is through the term

5 PN

£ LQC‘P + h.c.

€|

The complex scalars ¢ must belong tc the gymmetric temsor (F{E+1)/2 -

dimenaional) representation of SU(E) .

Gauge couplings are introduced in the usual way via the covariant

derivative, For example,

.

- - ;v
Vu‘l‘L aqu igWuL
T
= - - i §+dW
A ) F] g(Wu 1]l)
W =W, - W - dglw W],

where Wu is & traceless hermitian matrix belonging to the adjoint

representation of SU{N) .
10—



The group, as 1t stands, would lead to Adler-Bell-Jackiw ancmalies,
the resoclution of which would have to depend upon elther the int;oduction of
& new set of fermions F' (F and F' being coupled with opposite chiralities
to the same set of gauge bosons} or gauging a suiteble ancmaly-free subgroup
of SU(K} , which nevertheless preserves the qualitative features of interest

in this note. We have not pursued this guestion at present and ignore it in

the discussion to follow.

In geperal,it wlll be not only possible but necessary to 1ntroduce scalsr

fields belonging to more than one representetion of SU(N). The first problem

is to cause & spontaneous bresking of SU(K) to 1ts AF = O subgroup such that
1l the |F| = 2 gauge mesons become superheavy, Further breekings are then

invoked to obtain the spectra of mesoms and fermions of s model such as that
of Ref. 1.

For illustration consider the cmse N = 6. The 36 independent generators

-4
are convenientlyjlabelled by the direct products A 'r:EL where the A

J J
= ,8) are Gell-Mann's matrices and the T, (a = 0,1,2,3) are Pauli's. Let
the fermion-number be associated with 1013 . In order that thias generator
have even parity,we choose w = i'z,‘2 f The generators which carry no fermion=

mmber are those which commute with AOTB; there are eighteen of these,
AJTO and 131’3(5 = 0,..,8). Discarding the pair with 3§ = 0, we can

separate the remaining 16 into two eightfolds,

J\ja) . A§S} 'rs_; {even parity)
and

{&) (s) - ;

Ay Ty Ay {odd parity)

vhere the symetric and antisymmetric members are denoted J\(s)and ;\(a),

respectively. It is more ipstructive to take sums and differences of these

generators, viz.

-11-

(1= 0,1,

1+ 1+T

VA w A 2 Voo~ (T —2
1 T2 s’ T2
= (8.) ., = (1,8 .

This urangénent mekes it clear that the AF = 0 currents generate the
algebra of chirsl 8U(3) x SU(3). Moreover, it appears that the basic slx-

fola 'I'L decomposes relative to this algebra according to

¥, = (3,1) + {1,3)

F=1 P=-1

The remaining eighteen generators of the SU(6) algebra which carry AF = % 2

are easily seen to belong %o the representatione (3,3) and (3,3), i.e,

Ty 1) = 33k _ (zv+6n)
Iy 1) = (33, " .

[In this exsmple ¢ would have 21 complex components wlth the

SU(3) * SU(3) * U(l)y content,

2= (60, , + WBp L, ¢ 3., o)

To cause the principal symmetry breakdown SU{6) + SU{3) x sU(3) x U(l)F N

introduce a 35-fold of scalar fields I with the self-interaction term

2 A
V(D) = - & w(®) +;l (z(x2)2 + 2 (i),

with positive ?«1 and 12 . To get s fermion mass term it 18 necessary to
involve the 21-folds & and ¢ in the self-interactions. Thus the potential
must in genersl contain fields belonging to more than ome representation and
the complexion of the resulting symmetry breakdown can be found omily by »

detailed investigation of speclfic cases.

=12~
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Iv. PARITY AND T~CONTENT OF REPRESENTATIONS OF SuU{2n)
bmensionalit JP
~Amensionga ity J_ r Number of components
2 -
hn® -1 " er1 2 afn - 1)
2
o] 2
n
=2 nin - lz
2
- +
Q0 orl 2 n(n + l}
2
0 n2 -1
-2 nin + 1)
2
n{2n+1) + n{2o+1] o~ 2 ﬁng;l)-
0 u?
-2 n + 1
2
ot 2 nfn + 1)
2
) e
-2 nin + 1}
) 2
n(2n-1) + 2(2n-17 o~ 2 E&Eaz.él
o] n2
-2 nln-1)
2
ot 2 ala=1)
2
0 e
~2 ngn - 12
2
~13-

V. CONCLUSIONS

In view of the extraordinary difficulty of .2utrinoless double
B-decay experiments as well ag experiments on protcn and deuteron stability,
the hypothesis ¢f ultimate fermion-number violatien [AF| =2 , witn
(lan] =2 , 2B =0) or (AL =+1 , AB=+1) or ([AE[ =2, AL = 0) and
with an effective strength even weaker than the F-conserving {but B- and I-
violating AF = 0 , AB = -AL) interacticn, has at present no experimental
basis. The only justification we can give for making such a hypothesis is
the theoretiecal one — given n  LY-component Dirac fields, the maximal gynmetry
group for the free kinetic energy terms is. not U(L). x 5U{n) x 5U{n)
ut  su(en) as can  be seen simply if one writes out the Lagrangian
in terms of the 2n fields 41L and (IJJC)L . For the quark-lepton unified
nedel studied in Ref.l, the maximal group with a total of sixteen Y-component
Dirac fields, the symmetry group, is thus 5U{32) (or SU{3k} when the T
particles of Ref.1(B) (iutroéucea in Sec.V.2) are also taken into aceount).
Thus SU{32) has U1} x SUL(16) x SUR{lﬁ) as a subgroup. In Ref.l one gauged
A sub-pubgroup of this - i.e. sui*l;(z) x sui*II(z) x SU(4') . Following
Fritsch and Minkowski, 10} one may, bowevar, set up & hierarchy of inter-

actions starting with the full SU{32), with but one basic coupling parameter ,

and endow the gauge mesons with a successlon of msées arranged through an
appropriate spontaneous symmetry-bresking mechanism, generating thereby a
hierarchy of effective strengths, eaéh successively weaker than the one
before ll).

One finel remark; the idem of a conserved fermion-mmber has nc
natural place in the simpler verslions of supersymmetric renormalizable

Legrangian thecries where Majorana (rather than Dirac) fields play a

fundamental role. It is diffienlt to construct supersymmetric thecries
12)
where some bosons do not carry fermion-number two . This will be

discussed in detail in a separate mote.

ACKNOWLEDGMENTS

We are indebted to Profs. J. Prentki and G. Snow for a discussion.

~1l-



1)

2)

T

8)

REFERENCES AND FOOTNOTES

(A) J.C. Pati snd Abdus Sslem, Phys. Fev. DB, 1240 (1973);

(B) Phys. Rev. D, 15 Jyly issue (1974},

J.C. Pati and Abdus Salem, Phys. Rev. Letters 31, 661 (1973).

See alsc H., Georgi and S.L. Gla.show, Phys. Rev. Letters 32, 438
{1974}, and H. Quinn, H. Georgl and 5. Weinberg, Fhys. Rev. Letters
33, 451 {1974). For the 8U(5) model discussed in these papers,
F, B and L, though possible symmetries of the kinetic energy of

part of the Lagrangian,are not symuetries of the full theory and

baryonrlepton transitions are allewed through the gauge

interaction.
A.S. Ooldhsber and M. Nieto , Rev. Mod. Phys. 43, 277 (1971).
T.D. Lee and C.N. Yang, Phys. Rev. 98, 1501 (1955).

¥. Reines and M,T. Crouch, Phys. Rev. Letters 32, 433 (197k}. We are
in this experiment

assuming that the seintillator material[contains no deuteron contamination.

For a recent discussion of the status of lepton-number

conservation, see the comprehensive report of 5.P. Resen, "Symmetries
and conservaetion lews in neutrino physics", Invited talk at the
Fourth Internationsl Conference on Neutrino Physics and Astrophysies,

Downingtown,Pennsylvania, 26-28 April (197h4).

E.W. Hennecke, 0.K. Mamgel and D.D. Sebu, Fhys. Rev. Letters

{to be published); See the discussion by H. Primakoff and S.P. Rosen,
Phys. Rev, 18L, 1925 (1969)}

E. Florini, A. Pullia, G. Bertolini, F. Cappellani ;a.nd G. Restelli,

Ruovo Cimentc 134, THT (1973).

Rote that there is en alternative definition (due to Konopinski
and Mshmoud, Phys. Rev. 123, 1439 (1961) of lepton-mumber,which

ip defined as L=1L _+ L (rather than L =1L _+ L _ &s defined
e

u e W
in Ref.1). The degree of accuracy sohieved,even as regards the

-15-

basic and crucielly important conservation Jaws of lepton physics, is

unfortunately not too great to rule out either peesibility conclusively.

For & particularly fine review, see the paper of Rosen {Ref.§).

belp feeling that the balance of experimental effort between strong and
weak Interactions is somehow lopsidedly weighted towards strong interactiaons,
to a degree which is hard to Justify by the intrinsic importance of the

phenomena investigated, in respeet of unravelling of the basic laws of physics.

9) W. Pauli, Nuovo Cimento §, 20b (1957);

0. Hara, Y. Fulii, Y. Chnuki, Prog. Theor. Phys. (Kyoto) 19, 129 (1958);

¥, Gursey, Nuovo Cimento T, kil (1958); v

B. Touschek, Nuovo Cimento 8, 181 (1958);

A. Gamba and E.C.G. Sudarshan, Nuovo Cimento 10, LOT (1958);
F. Gursey and M. Koca, Nuovo Cimento Letters 1, 288 (1969).

This group has been considered also by J.D. Blorken (unpublished);

and J.C. Ward,who has specifically emphasised the ancmaly-free subgroup

Sp(N) (private communication).

10) H. Fritzsch and P, Minkowski, preprint CALT 68-448 "Universelity of the

basic interections” (197h).

11) One may mlso conslder cenfining omeself to SU(3C) {i.e. with two 2-component

neutrines v, =v_ and (v©)

L . = vu rether then the two bL-component

L

neutrines as was the case for SU{32)). The resulting theory will differ

from the model studied in Ref.l(B) - partiecularly in regpect of the

: + -
exotie mesons which are relevant to e + e - hadrons.

12) See Abdus Selem snd J. Strathdee, ICTP, Trieste, preprint IC/Th/h2

(to be published in Phys. Rev.) for a brief discussion.

., 1

One cannot

it

———

T —

o=

Yo

Y -



