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point that the spontaneous violation of a Lagrangian symmetry could well be &

In & recent article Colemen and Weinberg i made the interesting
purely quantum effect. They showed this by computing the one-loop corrections
to the equations of motion in a simple model with quartic self-couplings of a
get of messless scalar fields. The vehicle for this proof was an effective
potential which they computed by summing all connected and one-particle

irreducible one-loop graphs with zero-momentum externsl lines. It turns out

that this quantum corrected potential can have a qualitatively different
character from the purely classical component. For the case they consider, _
the new potentiél favours the emergence of A symmetry-breaking ground state

in situations where the purely classical part does not.

_ The purpose of this note is to remark that the computation of effective
potentials and of effective actions in general msy be profitably underteken
within the formal framework of Dyson-Schwinger equationa. This remark will
come as no surprise to those who are familiar with functional methods but,
it seems to us, the simplicity and formal power of the method deserves wider
recognition 2). The amusing thing is that, in the epproximation studied by
Coleman and Weinberg, the functional differentiasl equation which defines the
effective action reduces to an ordinery (albeit non-linear) differential
equation. Although it may be exceedingly difficult to find exact solutions
to this equation,it is certainly possible to develop a soclution in powers of
# . The terms of this semiclassical development are obtalned by simple

quadratures.

Given a system of fields ¢i(x) whose dynamics is governed at the
classical level by an action functional 8(¢) , the basic problem is to
construct an effective action functional W(¢) which includes the gquantum

corrections. This effective action can be qbtained, in principle, by solving
the Dyson-Schwinger functional differential equations. Here we sketch very
briefly the derivation of these equations.

Firstly, if the classical system is perturbed by the introduction of

an external source term,
i
- [ ax J,(x) ¢"(x) ,

into the action, the corresponding vacuum amplitude, exp(1/M)2(J) , is
given, for example, by the path integral
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exp(i/f) 2(J) = I (dd) explifn) [s(4) - I dx J, (x) ¢i(x?] . (1)

The details of how this integral is to be defined are not importent. One need
suppose only that integration by parts is permissible, viz.,

0 = [ (@) gy eetm [sk) - [ eae ]

It is then straightforward to deduce the functional differential equation,3)
s 5[~ 62/83) - (1) 6/6J(x)] - 5, (2)
’

where the operator &/6J acta always to the right, and S (¢) denotes the
variational derivative 68/6¢ {x} . This equation can presum&bly be given a
rigorous meaning if S(¢) is sufficiently regularized. '

The solution of (2), subject to appropriate boundary conditions, should -
in principle yield the connected vacuum to vacuum transition smplitude (i/#)2(J).

An alternative version of  this equation, in which the dependent variable
z{J) is replaced by its Legendre trensform, the effective action

W) = 2+ [ ex a0 ol )

is more convenient, however., The new independent variable ¢i(x) is defined

by

i) = -0 . (1)

The inverse mapping is clearly given by
Al

7, = &) el tx) (5)

The connected vacuum amplitude Z(J) 1s of course the generating functional

for connected Green's functions. " The effective action, W(¢)} , on the other
hand, is the generating functional for one-particle irreducible vertices (see,
for example, Jona-Lasinio ))
) (x)/%JJ(x ) is evidently the inverse of &J (x'%/5¢ (x) , it follows that

the inverse of the propagator,

In particular, since the Jacobian matrix

0=
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is given by

2
oplaaxr|e) = - WOl (1)

801 (x) 8¢9 (x")

In passing from J'i to ¢1 s 88 independent variasble we can use the identity

¢ 5 - v add ' 4 : .l
A fext ot tman'lo s (x) ©

vhich follows from fh) and (6). It is necessary now to regerd GiJ as &
functional of . ¢ rather than J . That is to say, we shall regard GiJ
as being defined by the inverse relation (7).

The Dyson~Schwinger equation for W(¢) is now simply obtained from
(2) by substituting from (&), (5) and (8}, '

ﬁH%ﬂl_ = 8 i{¢d(x)-+‘§- I ax!' Gdk(x,x'|¢) g . (9)
8¢~ (x) » 8¢ (x)

This equation, together with the definition(7) is to be regarded as the basic
functional differential equation for the effective action W(4) .

‘ Corresponding to the simple case of a single massive scalar field with
quartic self-interactions,

\ |
s8(¢) = [ ax [%—(autb)e Sty ¢l‘] ) (10)

the Dyson-Schwinger equation takes the form
CORNE OIS TP
8w

2 :

(11)




This equation can be solved by iteration in % . The coefficient of 4" in
the solution would be represented by the set of n-loop irreducible vacuum

graphs, in which the lines correspond to the classical propagator Go(x,x'|¢)
defined by

Gal(x,x'|¢) = [32 +me o+ %-¢(x)2] S(x-x') ,

and the 3- and l-leg vertices to the third and fourth order vafiational
derivatives of 8,

1‘3(x1,x2.x3|¢) -2 ¢(x)) 8(x;-x,) 6(x2-x3)

Fh(xl,xa,x3,xh) = ) G(xl-xa) 6(x2-x3)‘6(x3-xh) .

Examples of such semiclassical dévelopments of the effective action have been

treated in great detail by DeWitt 2).

A method for dealing with (lQ),which is not semieclassical but which
may, perhaps, be appropriate to the treatment of low-energy phenomena,is the
Coleman-Weinberg scheme. The zeroth-order approximatiop here is assumed to
be a local functional of ¢(x) given by

Hold) = 8(9) - [ ax ¥lo(x) (12)

where V depends on ¢(i) but not its derivatives. If this expression is

substituted into (19) one obtains, for constsnt ¢ , the equation

)2 43 .
% = ?{-- -;- ¢ Glxx|¢) - [’%] % [Ma + ‘-;%] I dy G(x.vlcb)3_', (13)
where G(xy|¢) = G(x-y|$) , for constant ¢ , is defined by
¢ Hx-ylo) = [32 + m° +% o + %] §(x-y) (1k)
. ab

2 2
and is simply the free-field propagator with the effective mass (m” + (A/2) ¢~ +
+ d2V/d¢2)1/2
we ¢an use translation invariance to set x =0 ., Thus, it appears that V(¢)

is to be obtained by solving a second-order ordinary differential equation for
wiee . “he

. The x dependence in (13) is spurious; since ¢ is a constant




The equation is highly non-linear and no doubt extremely difficult
to solve exactly. Moreover, since the locsl approximation (12) is probably
quite unrealistic for more than one loop approximation, such exact solutions

may not have grest relevance. Perhaps & better starting approximation could
be made by allowing V to depend on Budb as well.

The one-loop contribution to V can be obtained from (13) by &
simple quadrature:. Thus, neglecting terms of order ﬁ2 s one finds

¢
v(¢) z[ d¢21¢s( xx|$)

0
¢

= f ap By J (;—‘:)5- .[-ke + 1 + (A/2) ¢2]-l

k2 + m° +(A/IQ]

or) —k +m
] aK K2 + m2 + ()1/2) d>2]
= o 2 [ ’ (15)
J (2‘!?)E " 1{2 + m2 J

after meking a Wick rotation. This is essentislly the result of Coleman and
Weinberg. It remains to be seen whether or not the replacement of their
summation procedure by a differential equation can lead to useful improvements

in the approximation.
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