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We have four remarks to make to clarify kinking and cradling in Sec.III.D.

1} Take as an example the Lagrangian (see Sec.II.D)
- 3 : 5P v 35 90
£ l(aux uX)e ;utp L9

then the insertion of a Y-kink corresponds to minus the unit operator when

proper account is taken of factors of i, -l,etc. In general we define

(-]
e X9 X : i
g(x,y) = T (x)x{y) exp[i J_H.__z_u__ : (P 1) i) = E ?n)(x,y)
. n=0
where gﬁn) is the n—-th term arising from the expansion of the exponential,

whilst the kinked Green’s functions are defined as

o0

3. X 3. X
x(x,¥) = < T (x)x(y) expli J—H—-,‘.—F— PPl E ) ()

n=0

One can show by a lengthy but straightforward inductive proof that

;.

r=0

This expression is the main'ecradling” formula. It expresses the physical
graphs on the left-hand side in terms of the kinked graphs on the right-hand
side which are finite when non-polynomial techhniques are used shd hence it
serves a8 the definition of the left-hand side. Note that cradled graphs re-
present eséentially a perturbation expansion in terms of actotal in contrast

to normal perturbation theory which is a series expansion in terms of bcint .



2) The sum of all graphs up to order n 1is

n

S Z ()

J=0
and can be expressed,using (A.II.1), as

n .
l_(;{,(n) - Z n+l < (A.II.2)
r+1

r=0

3) In using Eqs.(A.II.1) and (A.II.2) it should be remembered that because of the
normal ordering of the Lagrangian we have

| {2,(1).-:0

and so, by (A.II.1),

LS I () (A.I1.3)
L) As a particular aspplication consider theé Greens function sz3)-.
From (A.II.2) and (A.II.3) we have
33 = 3(3) + lm(e) - ex(o) . {AIT.4)

The last senbence on page 20 should read:
"... and then cradled into the supergraph shown in Fig.T plus four

times the supergraph shown in Fig.l, minus twice the free X-propagator

which corresponds to af;ff = P (3x)2 .
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ABSTRACT

It is argued that the use of a visibly localizable para-
metrization of the gravitational interaction yields a number of
advantages. Firstly, the question of ambiguities can be completely
solved: according to a theorem of Lehmann and Pohlmeyer there exists
in such theories a unique "minimally singular" solution which it is
natural to adopt as the physical one, Secondly, it is possible to
show that this solution satisfies the usual requirements of
analyticity and unitarity in the sense of perturbation theory. These
points are reviewed in this paper, the main object of which is to
introduce a new technique for the treatment of those non-polynomial
Lagrangiang in which the interaction terms are intimately associated
with the free part and contain derivatives., The gravity-modified
theories exemplify this type of Lagrangian: in such theories the
zero—graviton approximant %o any process is "eradled" in a sequence
of graphs with arbitrarily large numbers of gravitons whose sum exists,
is finite and free of ambiguities. Since the problem of preserving
eleotromagnetic(and gravitational)gauges is also the problem of
derivatives occurring either in interaction Lagrangians or in the
propagators, our general treatment of derivatives is expecied to
resolve such gauge difficulties. In partioular,we show that the gravity-
modified photon renormalization constant as well as the gravity-modified
electromagnetic self-mass of the electron up to order o log GN m2 (where

Gy is the Newitonian constant) are both gauge invariant.



I. INTRODUCTION

Fieldw~theoretic infinities - first encountered in Loreniz's com—
_putation of electron self-mass -~ have persisted in classical electro-—
dynamics for seventy and in quantum electrodynamics for some thirty-
five years. These long years of frustration have left in the subject
a curious affection for the infinities and a passiocnate belief that
they are an inevitable part of nature; so much so that even the suggest—
ion of a hope that they may after all be circumvented - and finite values
for the renormalization constants computed -~ is considered

"irrationaf'l).

As is well known, the infinities result from a lack of proper
definition of eingular distributions which occur.in field theory. One
of the major obstacles to progress in the subject has been the wuncertain-
ty of whether these singularities have their origin in the ecirocumstance
that a perturbation expansion is being made or whether it is the form
of the lagrangian - assumed to be polynomial in field wvariables ~ which
is at fault. An important suggestive advance in resolving this un-
certainty has been the work of Jaffe and Glimm 2 who, working with
exact and mathematically well-defined solutions of polymomial Lagrangian
field theories (in two and three space~time dimensions) have shown that
infinities persist even in exact solutions. If their conclusions may
be extrapolated to physical four-dimensional space-—time, it would seem

that the origin of the infinities is not so much in the bad mathematics

of the perturbation solution. Rather, the fault lies with the bad physics

of the assumed polynomiality of the electromagnetic interaction.

Now non-polynomial Lagrangian theories have been studied since
1954 (in fact they date back to the Born-Infeld non-~linear electrodynamiocs
of the 1930's) and it is well known that a variety of these do indeed
possess perturbation solutions free of infinities. However, in modify-
ing electrodynamics to a non-polynomial version one has been presented

with two dilemmas:

1) There are a million non-polynomial ways of "completing"

the conventional polynomial version. Which rgpresents physics?
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2) Since the methods developed for solving non-polynomial
theories are radically different from those for polynomial
theories -~ for example they involve analytid continuation
procedures in an essential mamner - one would wish to be sure
that the field theory solutions thus defined do satisfy the
conventional canons of good field theories, like appropriate
analyticity, unitarity, positive-definiteness and Froissarti-

boundedness.

In respect of the first problem, i.e. that of discovering the
migsing (non-polynomial) physics, which should complete conventional
electrodynamice, we revived in a series of earlier papers the conjecture

3) which auggested

of Landau, Klein, Pauli, Deser, DeWitt and others
it may be the neglect (of the intrinsic non-polynomiality) of tensor
gravity - and the associated curvature of space~time produced by an
electron or a photon in the space surrounding it - which may be the
direct cause of the elsctron's and photon's self-mass and self-charge
infinities.

In respect of the second problem, an advance has just

4) 5)

racently been made by lLehmann and Pohlmeyer and Taylor who have

shown rigorously that the analytic procedures developed in earlier
papers by Volkov, Filippov, Salam, Strathdes and others 6)-8) do indeed
define good field theories, good in the perturbaticnal sense, provided
the associated non-polynomial theory falls into the localizable class,
satisfying the principle of microcausality.

5)

major one. Of peculiar relevance to our work is their insistence on

The advance of Lehmann and Pohlmeyer 4) and Taylor is a

localizability, microcausality and their consequences. In our earlier

papers 9), following Efimov and Fradkin 10)5 we had worked with non-
localizable non-polynomial theories. This had led to a number of
gerious shortcomings which were noted in Ref.9., Although we were able
to show by actual computation that, when tensor gravity effects weré
properly taken into account, the conventional logarithmically infinite

expregsions [o(log Ol for self-charge and self-mass do become realistic-—

ally regularized to 1(xlog(m2m2)| wheTe 16ﬂK2 is the Newtonisn con—
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stant GN

unresgolved:

y there were still a number of problems the computation left

Mathematicallys

1) The results were not (electromagnetic) gauge invariant.

2) In obtaining the results, use was made of a Borel summation

of a divergent series - a procedure open to ambiguities,

3) The results were obtained, using a particular choice of the
gravitational field variables — viz. the one which treated the
contravariant field g*Y as the fundamental field with the co-
variant field g,, expressed in terms of it. Since field-
theoretic equivalence theorems would seemingly permit either
field being treated as basic, the role of such transformations

was not clear,

Physically:

It was not clear whether it was true iensor gravity which
was responsible for the finite computation of the renormalization

constants or whether it was some scalar version of it.

It is the purpose of this paper to show that these shortcomings
of the earlier papers are circumvented, provided we work with a local=-
izable, visibly microcausal version of Einstein's gravitiy theory.
Notwithstanding this change, it turms out that our numerical results to

the order we computed are unaltered.

The plan of the paper is as follows. In Sec.II we discuss local-
izable theories in general and the localizable parametrization of
gravity theory in particular. (Since we skall be dealing in a later seciion
with spin-%-particles, it is necessary, as is well kmown, to work with
the vierbein formalism of the spin-2 gravity field. We wish to emphae—
ise that for a quantum field theorist it is a mistake to get too in=-
volved in the geomeiry associated with vierbeins or indeed even the
geometry of the metric tensor. All one needs to know is that the
vierbein field is related to the "square root’ of the metric tensor
field, Ref.8 may be consulted for further details.) In Sec.III a

number of technical points relating to the mathematics of gingular
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distributions and their space-time derivatives are discussed

and we formulate a "law" of conservation of derivatives to give a precise

mezning to products of derivatives of singular distributions and to
eliminate tadpoles of the second kind from the theory., In the ldst sub-—
gsection of Sec. III, a model Lagrangian is considered in order to show
the heart of the ideas involved in the detailed calculations of gravity-
modified photon self-energy and electron self-mass presented in Secs. IV
' V. The Appendix describes a very simple calculation which illustrates
~the basic ideas behind the quantization of -a non-polynomial Lagrangian

field theory.

II.  LOCALIZABLE GRAVITATIONAL PIELD THEORY

A, - Localizable theories in general

Conaider a non-derivative Lagrangian:

mt(cb) Zo

where the double dotas denote normal orderlng (i.644 we agree to "re-

(2.1)

normalize™ D (x—x) = lim (- 1/x )n to the value zero for n > 0).
X >0

According to Jaffe's classification, ;f(@) defines a localizable
theory, with operators ;ﬂ(?) satisfying the microcausality relation:

[iint(q’(x)’ Iint(¢(0})] =0 x> < 0 (2.2)

provided the spectral function p( 2) agsociated with the two-point
function increases for large ” P “ no faster than exp ”p ” with
X ¢ 4. For a growth like exp][p H % we shall say that the theory
is just localizable. When & > %— the thaory ig not localizable, To

compute P(pz) for the Heisenberg operator in a Lagrangian theory, one

and

conventionally uses second-order perturbation theory in the major coupling

congtant. There is no reason to believe that perturbation theory

—5-



gives the correct high—energy behaviour of p(pg) « These perturbation

estimates, however, typically give for a zero-mass field:

i _ 1/3
L(¢) =g : 91 localizability, p e exp | p° [ / (2.3)
- <o o 2 ¥
=g:e 1 just looslizability p = exp || p° || (2.4)
=g : .J_.TK‘E- —1: » non=localizabilit = 2
Y P =exp [ p° | (2.5)

In general, with Tf(gb) given by (2.1), the theory is localizable if
|v(n)l < AB 2®® with 0¢ o <3 .

Let us list the reasons for preferring, at this stage of the

development of the theory, the class of localizable Lagrangians.

1) Elimination of Borel ambiguities

The superpropagators
Glxt = (L (o(x)) L0y,

for the localizable and non—locglizable theories (2.,3) and (2.5} are,

respectively: o 5
, n
?L(x) = 82 Z (;I) [D(x)]" (2.6 )
n=1
(x) = ¢° 2)n n
du.n. (% g ;n!(K) [D(x)] ‘ (2.7)

Notice that 'gL(x) is an entire function in the (KgD)

i




complex plane, while ﬁNiL is a divergent series.

9)

Efimov,“'Fradkin' -~/ and'we -ourselves in our earlier papers worked
with rational normally-ordered LagfangiansFOf'the non—localizéble
variety and were faced with the problem of defining the . sums of:diverga
ent series like (2.7). We adopted the Borel summation procedure;
thie, however, necessarily introduces a source of ambiguity. By work-

ing always with localizable theories we avoid this ambiguity completely.

An n-point superﬁropagator in a theory with the localizable Lagrangian
(2.3) is expressed in the form

n 2
o ony) .
i<} ‘
again an entire function in the D(x, - xj)' plane.

2) Distribution-theoretic ambiguities

Both localizable and non-localizable theories suffer from one

further set of ambiguities., These are the distribution-theoretic
ambiguities met with in the definition of the time-—ordered product of

field~operators, Specifically

<7 dMx) o ¢n(0) D ' o (2.9)

equals n!(D(x))n with ambiguities up to terms of the type

L
IR (2.10)

rz2

‘ X | n .
(There is no ambiguity in the Wightman product - (: ¢ (x) s :_¢n(0) 1) 3
it is the lack of precise definition of the time-ordered product at

X, = 0 which introduces this ambiguity in all field theories.)

Now Lehmann and Pohlmeyer 4) show that these particular ambiguities

can be turned into a positive virtue so far as certain localiéable non-—
polynomial field theories are concerned, marking them out as superior
not only to non-localizable theories butl also %o the conventional poly-

nomial ones. This is because one can sharply distinguish between terms

e



like (2.6) and {2.7) and the ambiguous terms (2.10) in a distribution-
theoretic sense. The'ir first remark is that-localizability implies a
restriction on bn's in (2.10) such that the function bnzn is

entire of order o< % . Secondly, in Fourier space one can verify that

@L(p) , for example, in {2.6) falls to zero along some direction in the

complex p2—plane for large l[pzu » There is,however, no direction

along which the ambiguity terms (2.10) can fall, This is guaranteed by the
fact that (2.10) must be of order lessg than % for the localizablecase.ﬁowewr,
y.L. in (2¢7) and the cor-

responding ambiguous terms. Lehmann and Pohlmeyer thus define 4 class

no such distinction can be made between g

of minimally gingular superpropagators which are ambiguity free for

localizable theories. This clasms coincides with the class previously
congidered by Volkov, Filippov and other authors. - Using this, Lehmann
and Pohlmeyer show that the theory thus obtained possesses conventional
analyticity and unitarity properties to gll orders in the major coupling
conatant, g . The same result has been independently established by
Taylor 5)a Their proofs can be extended to establish positive-

definiteness also.

3) Froissart boundedness

1)

Glaser, Martin and Epstein 1 , in a fundamental paper, have
shown rigorously that mass-shell S-matrix elements for two-particle
gcattering in localizable theories must possess Froissart boundedness
at high energies. There is no such result known for non-localizable
theories. (This aspect of the superiority of localizable theories
may, however, be illusory. This is because the Volkov-Lehmann minimal-
ly singular perturbation expansion in the major constant does not
exhibit this behaviour if any single term in this expansion is con-
sidered. Presumably one must sum chains of supergraphs - as one does
Tor polynomial Lagrangian theories if one wishes to exhibit Regge or
eikonal high-energy behaviour - a behaviour not characteristic of
individual graphsa. It is conceivable that the same treatment may
yield Froissart-bounded high-energy behaviour for both localizable and

non-localizable theories.)

~8-



4) Bquivalence transformations of field variables

: - For the purposes of this paper, the most impeortant basis of the
guperiority of localizable 6ver non-localigable fheorieé lies (fogether
with the elimination of Borel and other distribution-theoretic ambiguities)
in the circumstance that for these theories we can make field transform-
ations at will, Since localizable théories.are‘microcausal, and micro;
causality is the basis of Borchers' theory of equivalence c¢lasses, Wwe
shall take over Borchers' results and assert that those field transform-
ations which transform one locglizable theory into another do respect the

equivalence theorems regarding the equality of mass—shell S-matrix elements.

In the rest of thir paper we shall freely make such field trans—
formations and, as we shall see, this will assist us greatly in the

discugsion of electromagnetic gauge invariance.

To summarize, localizable theories are superior to non-localizable

theories for five reasons:
a) There are no problems of Borel ambiguities for the former,

b) The remaining distribution-theoretic ambiguities can be eliminated

using the Lehmann-Fohlmeyer minimality ansatz which holds only for non-

polynomial localizable theories.

¢) The Glaser-Epstein-Martin theorem assures Froissart-boundedness of

localizable theories.

d) We can make field transformations at will and expect that on-shell

S—matrix elements will remain wnaltered.

e) The Lehmann-Pohlmeyer and Taylor proof of appropriate unitarity and

analyticity is available for localizable theories.

One may close this section with two remarks!

1) Localizability implies only microcausality of the theory. Whether it
corresponds to the macrocausal behaviour of field theories is an unresolved

problem.

2) As was emphasised in Ref. 12, Section D, a rational Lagrangian-like
1/1+K¢ is non-localizable only when normaBy ordered, i.e., when D(0) =
Lim l/xz is renormalized to the finite value zero., If D(0) is re-
normalized to a finite value, 2all rational L;grangians can be shown to fall
into the just-localizable c¢lass. In thie paper we shall always normal order.

This may well be the real source of the paradoxes which arise when one is

considering problems of equivalence of Lagrangiané under field transformations.

-9- .




. B, Localigable parameirization of gravity

9}

In our earlier paper we assumed that the fundamental gravi-
tational field was the contravariant field gM¥%x) . In the limit of
an asymptotically flat space-~time this field splits up in.general into the

gum of its Minkowskian expectation value

and a functional of the physical interpolating field., At this siage it
ig possible to use a wide variety of parametrizations. One such is the

"rational" parametrization
gVx) = "V o+ kpMV(x) (2.12)

where ¢”V(x) is the physical graviton field which posgespes in and out
states., The covariant field gpv(x) is then given as the ratio of two

polynomials in ¢ MV of degree 3 and 4, respectively:

aaf BB' -Y-YT
b€ o8y Cvargly! & & 8

o ] ] ] 6 ] .

al BB vyt 08 (2.13)

suv(x) = _
EGBY6 alR'y'S? g

An alternative (and by the mathematicians the more favoured ) is an ex~

ponential parametrization 13,14)

guv = lexp K(¢)]UV (2.14)

where ¢Nﬁ = ¢M are the basic interpolating fields. The covariant tensor

gﬁv(x) is simple and is given by

(2.15)

gy (X) = [exp =x(9)],

pv

~10-~



Similarly the vierbein gravity field L"* can be parametrized as
M = [exp [g—- ¢Hua . (2.16)

More generally, instead of the exponential parametirization, one may
congider any other entire function parametrization in (2.14). Since in
gravity theory one always assumes that det g # 0 , it is clear from
(2.12) that if g#Y(x) is entire, so is gﬂv(x) .

Throughout this paper we shall, for the sake of simplicity, use
a Buclidean rather than Minkowskian metrie, transforming back to the
correct metric at the appropr{ate stage. This should cause no confusion.
Notice that the Minkowskian form of Eq. (2.14) would be

12 1z 12 iz
(n" gn M = [exp I((T]}‘(P n )}“V (2.17)
where
1
'nyb B
i
i
The exponential can be expanded to give the matrix formula
12 Y2 oz 5 if2 2
noen =lvkn o¢n +5Kn opnen 4o
i.e.’

gE=n + K¢ + %K2¢n¢. + e

In particular one finds

1j2
(~det g) exp k tr(n¢)

H

(2.18)

exp k(4" )

for the determinant of the Minkowskian tensor,

. -




We shall call the rational parametrizations (2.12) and (2.13) non-
local, while (2.14) will be referred to as the local rarametrization of
gravity. To Jjustify this nomenclature, consider the non-derivative parts

‘ of gravity-matter interaction and assume that the gravity-gravity inter-
action can be neglected. One can easily show that the superpropagators
of cotensors <gpv(x1) , g&g(xz) s++) in the rational parametrization
(2.13) give rise to non-localizable high-energy behaviour, while the
exponential parametrization {2.15) leads to a behaviour characteristic

of localizable theories.

When derivative couplings of gf“) are additionallj congidered
(including the non-polynomial graviton-graviton couplings characteristic
of Einstein's theory) +this conclusion may alter, though the presumption
is that (2.14) is still a localizable theory. This is because an inter-
action term like (ngS )0, ¢) exp(bqb) can be majorized - so far as
the high-energy behaviour of the superpropagators in momentum space is

concerned — by a (localizable) term like bt exp (k)

where each derivative aﬂ, is replaced by a field function ¢ . Such
a majorization procedure is, however, likely to be misleading when
applied to the non-localizable version of the theory (2.12). The reason
is that with derivative couplings there is the possibility of enormous
numbers of cancellations which may reduce the seemingly non-localizable
behaviour of (2.12) and {2.13) to a less singular localizable one. The
majorization which replaces (aﬂk¢) by ¢2 is likely to conceal tiis.
To summarize, in a full derivative-—containing gravity theory, we
believe that the parametrization (2.14) does give us a localizable thcory.,
What we caﬁnot assert is that the seemingly non-localizable theory, repro-—
sented by the parameirizatiors (2.12) and {2.13), may not after all also
be localizable. In this paper we shall take no chances and will work
with the parameirization (2.14), leaving open the question as to whether
or not the rational and exponential parametrizations of gravity after
quantization represent the same theories in the sense of field-fheoretic
equivalence theorems. It is important to stress that the parametrization
(2.14) is only oné of a class of parameirizations which may be classified
as localizable. The common characteristic of the elements of this class
is that they are represented by entire functions of ihe variables oMY,

Borchers'® theorem should permit us to make field transformations betizen

members of this class.

-] 2=
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III. CGRAVITY-MODIFIED ELECTRODYNAMICS

A, The Lagrangian

The gravity-modified lagrangian for quantum electrodynamics may
be written in the form shown below in Eq.(3.3)*. (We use the notation
and equation numbering of Ref.9. Equations from the latter reference
will carry a star to distinguish them from the equation numberings of
thig paper,) As stated in the intreduction, the spinor character of
the electron field necessitates the introduction of a vierbein version
of gravity, the vierbein spin-2 field L"%(x) being simply related to
the metric field gMY(x) by the relation

g"V(x) = LH%(x) I*°(x) 6

ab
In terms of the field L”a s the electrodynamic Lagrangian reads 9):
1 i Ua = —
= + = L -
Ltotal Lgravity (det L)-eg;-l 2 (wYaw;U w;u Yaw)
= — ual 1 UV KA 7
- moWw + F"OwafﬂlulpL W{aet L) |& & T Foa
(3.3)%
where _ .
i _ab
= - i + t L
Vo TV oE R T ¥ Wo(det 1)
F}JU = BU A\) - Bv AIJ
= A - A (304)*
Vil LV :
det L = det LV®

The parameter LR denotes the weight of the electron field. It can be

changed at will by meking field transformations and, if Borchers'

~13=




theorem holds, it should not appear in the physical S-matrix.
Writing

" = |exp [g-da] (3.1)

We Tegover
g’ = (exp c VY. (2.14)

The vierbein connection. Bpab s i8 the product of L's and their
derivatives, its full exupression being given in (2.9)¥. It is worth
remarking that the factor det L in (3.3)* (so crucial in Ref.9 for
infinity-suppressing) acquires a very simple form in exponential para-

metrization. In fact

det L = exp |5 Tr ¢ . (3.2}

L2

B. Scalar gravity

In thisg section we wish to show that a scalar gravity theory is

unlikely to suppress infinities in electrodynamics.

The scalar gravity Lagrangian can be recovered from (3.3)* oy

gubsgtituting
1M = exp E(b] §He
L2
v [ uv
g’ = exp | K ¢ ] 8 (3.3)
\
det L=exp | 2 ¢ ]
L

total ‘reduces to the form:

14~



- . 3
Lgravity + i L? Yu [au- ie, Aﬂ]@] exp [- 5 K¢]

F _F
- UV " pv
- m, ¢ V¥ exp(-2kd) = » . (3.4)

Note the crucial circumstance that the photon-field and the scalar

graviton do not couple, a result well known in general relativity

theory from the conformal invariance of scalar gravitons and photons.

Let us now make a further field transfbrmation:
s 2 - (3.5)
P' = exp |- 5 kdi ¢ . 3.5

This has the effect of decoupling the electron and the graviton also,
except from the mass term for the electron. In the limit my =0 ,

even the electrons do not interact with scalar gravitons.

Now if &m and 8e were strict physical mass-shell quantities,

one would unhegitatingly have gaid that scalar egravity plays no

regularizing role for electrodynamics ¢f zero (bare) mass electrons.

One cannot make this negative assertion with confidence for
two reasons: First, in the exact theory ém and §e are both ex-
pressed as integrals of (off-mass—shell) spectral functions. Although

both Sm and Z3 share with the strict mass-shell guantities the

property of electromagnetic gauge-invariance (unlike ZE)’ there are
no results known at present which should imperatively guarantee that
the mass—shell S-matrix equivalence theorems apply also for the case

of these off-mass-sghell quantities. ‘Sgcond, it is fully possible that
the inclusion of non-zero mass term coupling —mOQ' y' [exp(-%mé) -1]
may alter the situation. Thus, even though we have so far failed to
demonstrate this, it is conceivable that a technique of summation over
the major coupling constant (mo in this case ) may be devised which
regularizes the theory, though the prognosis for this happening does

not appear too bright.
15~




C. The tensor gravity Lagrangian and electromagnetic gauge

invariance

Fortunately, true gravity is tensor and cannot be decoupled. Ve
shall attempt in this section to make field transformations which may
asgist in the task of preserving gauge invariance, One of the major
difficulties we encountered in Ref. 9 was connected with the technical
fact that whereas the Heisenberg eleciromagnetic current from (3.3)

aquals ua
e VT v L

(det 1) e "1

and is conserved using the Heisenberg equations of motion, the conserved
gquantity in the interaction representation does not, however, coincide
with this, being Jjust eO{F];yu Stated differently, it is difficult to
make gauge-—independent computations because of the awkward factor

pLhe (fet L)—2we-1 which multiplies the interaction term eoﬁiyé VA%L

in (3.3*). This factor can be removed by making a suitable choice of
the basic field variables. To this end, we choose to assign the weight

w_ = -5 to the electron and regard the combination A* = A}LL*lla as the

e L
photon field, Notice that this does not decouple the tensor gravity
from the electron and, even more significantly, from the phoion,

With these choices write the Lagrangian (3.3 ) in the form

cfo+ cf1+ iz+ ;f3+ oL4 , (3.6)
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;fo is the conventional free Lagrangian for electrons and photons,;f‘,_,isandffq
are terms of order K. It 1s important to remark thatef andf are explicitly
gauge-invariant, while it is only the sum Ji ofz) which 1s explicit-

1y so. In Ref.9 we considered only the ‘fl part of the lagrangian,
ignoring ‘;62 « The results could not be expected to be gauge-

invariant.

Hrst consider this Lagrangian for ites infinity suppression role. il
and °f2 are both Lagrangians of the general form

massleass scalar particles.

%n em5 or (8%)27Cm ngb , { where X, and # are

As has been shown elsewhere 12 ), the exponential term is highly potent
in its infinity regularizing role. Heuristically one may see this as
follows. The two-pomt superpropagator <7C K¢ ,‘X;n em} ig of
the form l/:c2 P e -/x* . Approaching =x2 — O from an appropriate
direction in the x-~space (and using analytic continuaztion. methoda for
the approach from other directions) the singuiarity of the super-
propagator will bs regularized to zero for all n . This willy how-

ever, not be the case for Lagrangiane of the generic variety
N SIUEET Cal PP S (3.12)
or of the type

oo
iint_(ax) (:e%:- 1 . (3.13)
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this last category. Our major task in showing that gravity-modified

and ch pieces of the electromagnetic Lagrangian belong to

electrodynamics does indeed possess an inbuilt regularizing non-
poiynomiality lies in analysing the potentially unregularized singular-
ity produced, for example, by the —(BZK)E term in (: exéf - 1)(8:%)2

and showing that such terms are harmless.

D, The theory of kinetie energv kinks

It is a general feature of pariicle Lagrangians in gravity theory
that the kinetic energy terms of the free Lagrangiang are mixed in with
graviton-particle interactions. Examples are provided by the eleciron-
graviton and photon-graviton interaction terms Qfe and ;fB s which,

together with ;fo y formed one whele, before the split into éfb and
.1P

“ interaction 5 <
cussed in the last subsection. If ;itotal equals (OX) : "%
the split ‘fo = (aX)z y fint = (1 oX? . 23k )2 represents the
situation presented by the éﬁz and the JiB terms., This non-polynomial

was carried out. A generic example is the one disg-

interaction Lagrangian would, acting by itself, give finite matrix
eloments were it not for the possible infinities which its "kinking”
part -(5?{)2 might produce. The "kinking" terms in j%nt are so
called because inside any fX—-line the operation of (EﬁX)z acts simply
as a unit operator. In momentum space,for example, the X; propagator

1/p2 may be written in the form

1 1 2 1 1 2 1 2 1
5 E 3 P cT3ET3 P T 5P C 3= (3.14)
p P p P P P
corresponding to the successively kinked lines shown graphically in
Fig.l.
——u = —Y— = —— N = ..

Fig.l
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In what follows we shall use the woxrd "kinking" to refer to the
act of inseriing such a unit operator (which corresponds physically to

+he emission of zero gravi'tons) into a-free propagator.

To illustrate the manner in which kinking is used consider the

cemputation of the propagator <Tx (x)%(¥) eii'.“{'>0 , whare iin't
is given by Eq.(3.13). This is shown graphically in Fig.2, up to the

gecond order in EI .
int

— + . - 3 . + — o +
X Y X x2 ¥ X Xl x2 Y
Fige.e
The firgt graph is the fiese ?(, propagator, the second represents the
one~-graviton modification dus to iint s The third the two-graviton

“modification, and so on. OQur basic contention is that the first graph
should be regarded a= part of the series formed by the rest by
inserting two kinks, at the space-time points x, and x, , and using

2
the graphical identiiy of Fig.3.

—— = --— <
X N x Xl x2 Y
Fig.3

The gum of all the graphs in Fig.2 may be written in terms of the one

Xy X5
Fig.d

supergraph sbown in Fig.4:
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in which the effective Lagrangian operating at Xy and X, is

(87@)2 e“Y which will produce finite answers. We shall Tefer to this
absorption of the free propagator into a superpropagator as "cradliing".
Such a procedure is always possible in any theory in which ;fin"t has
the generic form (v(y) - 1)( 3% }2 since there will always exist in
the theory grapns which (by suitable kinking) can be cradled as part
of a non-polynomial chain representing zero 515 particle exchange. The

effective interaction in such situations is therefore v(sp) i and
not (: v(¢) : -1) .

Similarly, if we were considering terms up to third order in

i; in <T‘T{Xeif*“\r>o y the graphs (i) and (ii) shown in Fig.5
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and then cradled into the single supergraph shown in Pig.7 which
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corresponds to afeff = 0K¢(bXJ2 . It is important to note that
"kinking" and "ecradling" are possible only when free Lagrangians are

hewn out from a total Lagrangian which ig finite (i.e., (3%)2 separated

out from eK¢ (BXJz). This is of course always the case for gravity
theory where L. for matter fields is obbtained from by

matter
replacing 1he by Spa .

To congider a really complicated "kinking" situation take the

interaction Lagrangian

iint=:—JWA:+(ayA)2(l ew:-l) . (3.15)

-

This is a prototype of gravity-modified electrodynamics with Yy the (zero-mass)
electron field and A and ¢ the (scalar) photon and graviton fields.
The photon self-energy graphs are showm in Fig.8: ‘
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Clearly the first graph (with no gravitons) identically eguals the

kinked graph of Fig.9:

e s

Pig.9

{with ('E)A)2 operating at the two kink-poinis) and, as such, forms

part of the graviion-—-exchanged c.ha,in representihg zero—-graviton exchange.
With the inclugion of this graph, d;nt behaves asg if the effective
photon-graviton Lagrangian for this particular situation is the
(manifestly regularized ) Lagrangian (BH_A)2 . e “?. rather than

(% A)2 (s eKQS: - 1) . Practical applications of kinking and cradling
will be found in the photon and eleciron self-energy calculations in
Sec.IV.

E. Kinking, cradling and the calculus of derivatives

Analytically, the graphs of Fig.2 or, equivalently, of Fig.d

correspond to the expression

aD(x-xl) 0D(xy = ¥)
fdxl &y ox, X ey (3.16)
where 1«".“v is-given by
. \ -
" D(X) . RIS .
F 0 = e 3,9, B = Z oK [Dm}n apavﬁm C(3.17)

bt]
. . : 2 2\=1
The zero-mass causal propagator D{x) is given by (-4r'x") .

The problem is to define the Fourier transform c;:f‘ (3.17). This
4

could be done by the method of Lehmann and Pohlmeyer or by the

following, less rigorous, method. Consider the integral

—-2 -
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F (6 R dz T(-2) (~A) (<" D(x)) 8,9, D(x)

e . _ (3.18)

where the contour C ‘comes from positive infinity, encirecles the
origin in the clockwise sense and returns to infinity. This integral
evidently reproduces the sum (3.,17) if A=1 . On the other hand, if
[ arg(-=N | < /2 +then it is possible to Teplace the contour C by

one running parallel to the imaginary axis with Re z < O . Disregard-
ing for the moment the problems caused by the derivatives in (3.18),
one could follow the Gel'fand-Shilov prescription for obtaining the
Fourier transform of Dzappr since it is now possible to arrange

the contour such that O < Re (z+2) < 2 ; & necessary condition for

the convergence of the Fourier integral. It must be emphasiged that
if the kinked graph of Fig.3 had not been included in the sum then the
contour would have been confined to the sirip O < Rez <1 and the
Gel'fand-Shilov requirement oould not have been met - signalling the

presence of an unregularized infinity.

The derivative problem is dealt with in the following way.

Pirstly, combine the factors D% and ap*av D% into the Fform

Z

z z 1 Z 2 z+z
2 ¢ b= + -— |
D(x) T UD (z+zl)(z+zl+1) ((1 Zl)auav 2(z+zl-1) é,uva>D
(3.19)
which in the case z1 = 1 beconmes
z - 2 ' _l 2 z+4]
D{x) apav D(x) = T <auay Z 5,1;;',3 ) D (3.20)

which is an identity except in the neighbourhood of x, = 0 where it
becomes ambiguous. We shall adopt this formula as a definition for all
T except in the neighbourhood of 2z = O where it needs io be
elaborated, It is clear that (3.20) cannot be a satisfactory definition
at 2 = 0 gince the left-hand side assumes the well-defined form,

Quav D(x), while the right-hand side assumes the equally well-defined

form, 8y9d, D(x) + (1/4)8(x) , which is different.
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