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ABSTRACT

The relation between electromagnetic mass shifts (or splittings)
io order @ and equal time commutators is analysed. If the invariants
in the forward spin averaged Compton amplitude go as k-z for k —» o0,
it is possible to relate the quadratic and logarithmic diirergences in
6m2 to certain Lorentz scalars formed from the commutators., These
results are illustrated by models with currents bilinear or linear in
canonical fields, The Jost-Lehmann représentation is then used to
analyse more general behaviour., It is shown that the spectral function
may generate a higher rank tensor character of the amplitude than that
expected from its kinematic factors. The relation is then more com-
plicated even if the commutators still exist, Finally, detalled criteria
for the existence of equal time commutators are developed; they imply
that the Jost-Lehmann representation for the amplitude must be

unsubtracted.
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EQUAL TIME COMMUTATORS
AND ELECTROMAGNETIC MASS SPLITTINGS

I, INTRODUCTION AND SUMMARY

We analyse here the following two problems: 1} The relation
between divergences in electromagnetic mass shifts (and splittings) to
order « of a particle and equal time current commutators. In part-
icular, we shall isolate the quantities governing the divergences, de-
termine the general circumstances under which these quantities are
related to equal time commutators involving the currents and their
time derivatives and apply the resulis to a number of models of interest,
2) The requirements on the behaviour of the forward Compton amplitude
for the corresponding equal time commutator matrix elements to exist;
the analysis of which is based on the Jost- l.ehmann representation of

this amplitude., The successive results are summarized below,

We begin, in Sec.Il, with the case in which the relevant in-
variant amplitudes in the forward spin averaged Compton amplitude
M#y(k, p} are sufficiently well behaved that the BJORKEN prescripti‘onl)
for the'asymptotic behaviour of the amplitude is justified.  In that case,
the quadratic and logarithmic divergences are seen to be related to the

matrix elements of the equal time commutators

koo : :
CHULI= <pIl [z,00, [Rodip >

ez ¢pinatjhn -2, [0l 1p >
(L 1)
respectively. The reclation is actually more involved in that it is not
the matrix elements of these commutators, but rather those of certain
related Lorentz scalar operators, which are the coefficients of the
divergences. The mass shiff,being a scalar, must be determined by
such scalars, which are to be identified from the general forms of Ck

and Ck,@ .




Within this framework, the remainder of the section deals with
a number of explicit models in which the currents are either bilinear
in charged fields of various spins or linear in canonical fields, It is
shown there that most of these models can be expected to lead to

divergent shifts (or splittings).

In Sec.III we investigate the behaviour of the amplitudes in a
more general framework by use 'of the JOST-LEHMANN 2) represent-
ation,first developed for retarded commutators; we shall see that is is
valid also for our time-ordered product as a resulf of the speciral
conditions of the problem. The mass shift is now calculated in terms of
of the corresponding Jost-Lehmann spectral functions. If we assume
that the amplitude as a whole is unsubtracted (otherwise there is a
quartic divergence) and, for the moment, 'fhat the spectral functions
‘are well behaved asymptotically as a function of the representation's
mass variable, the quadratic mass shift takes a simple form. The
latter is precisely that associated with the relevant scalar in the
{jo, jEJ commutation, so that the Bjorken analysis result is still
essentially valid. If the guadratic divergence then vanishés, the
logarithmic one becomes relevant, A somewhat stronger assumption
on the behaviour of the spectral functions then enables us to show that

0k ko0 /1
, i

the corresponding relation between the "scalar' part of [8 j -9 j
g

and the logarithmic divergence also holds,

In Sec,IV we lift the assumptions on the Jost- Lehmann spectral
functions and look for the conditions under which the divergences of
mass shifts are still related to the equal time commutators. The first
part of the question is then, of course, to find when the latier are well
defined. In this general context, we define the unequal time com-
mutators as the boundary values of analytic functions, in the spirit of
WIGHTMAN 3); if the limit at equal times of this distribution in xH is
also a distribution in r , the equal time.commutators exist. The
conditions for the commutators to exist are found in general; the
asymptiotic behaviour of the invariant functions must be a sum of terms
of the form (l/kz)n (Vz/kz)m . To get the explicii forms it is

necessary to know the number of subtractions in the jost-Lehmann




form; if there is at most one, it then follows that the existence of equal
time commutators.depen.ds on a single condition, The latter also
guarantees that the commutators transform as components of a Loreniz
tensor, of arbitrarily high rank, however., This complication, that

the Lorentz transformation properties are not dictated by the explicit
fensor structures in < p [j‘u(x), jv('O)]' p > alone (i.e., by the transform-
ation character of the j'u ) means that a higher rank tensor behaviour
may be generated by the spectral functions themselves, In that case
the commutators still determine the divergences, but in a more com-
plicated fashion, whereas the earlier direct relation holds if there are

no higher tensor properties.

The final section studies the implications of the above com-

mutator existence conditions on the asymptotic behaviour of the Jost~

Lehmann representation, It is shown that the JostLehmann representation
for the time-ordered product needs no subtractions; the existence condition
precisely removes anapparent logarithmic divergence in the representation,

Returning to the mass shift question, there is, in general, a
possible quartic divergence. For theories in which such terms are
absent (and only these can be analysed meaningfully} the coefficients
of ]nr~2 and k-4 in the amplitude are determined in terms of the
Lorentz scalars in the Ck and Ckfi equal time commutators. Thus,
wherever these equal time commutators exist they do indeed determine,
but in a generally complicated way through their associated Loreniz
scalars, ‘the quadratic and logarithmic divergences. The quite general
possible Lorentz structure of the commutators which was obtained
also uncovers the complexitsr that may exist within these ostensibly
simple "kinematical" relations. The underlying reason resides in the
fundamental model dependence of the small distance properties of both

equal time commutators and mass shifts,




11, MASS SHIFT DIVERGENCES IN SPECIFIC MODELS

In this section we investigate the mass splittings in a number

of general models under the assumption that the BJORKEN limit 1)

holds &,

A critical discussion of the validity of this limit and of mass
spiittings in more general circumstances is given in subsequent
sections, We recall Bjorken's argument: if the invariant functions in
the forward spin averaged Compton amplitude 1Y iad (k, p) obey un-
subtracted dispersibn relations in v = - pk/m , then the asymptotic
behaviour of the k integral is determined by the limit k>0, k
fixed,

The invariant functions free of kinematic singularities are
defined by

X% y ,u- vV
M/(;’;ﬁ): (kjf“ A—/M(kw )2] )
pa gy uv+ ok [IV],tk, ¥,

= f Ax f_‘%xz.'(p/ T J4x J01) 1p>

(11, 1)

r .
where T  represents the conserved Lorentz covariant current cor-

5)

relation function °’ with the disconnected graphs removed. The single-
partlgle states are covariantly normalized so that < p[ p>=

= (2) 2pO & ( p B-) and we use the metric (-1,1,1,1) throughout
(> + m? = 0).

2 . . 6
The mass shift 6m may then be written in terms of M"Y as )

a__eri (% M uiph
M= = F ) Gy S

=3/ Vc‘/%%_ v/ﬁ?‘;’)i B Lk + (k27U y}}

(IL. 2)




where the conservation of the T product has been used to retain only

the g1y part of the photon propagator,

The quadratic and logarithmic divergences of the mass shift
calculation are determined by the coefficients of l/k2 and 1,’1{4
respectively as k2—> o0 in the Mi . In order to make such an
assertion, one must assume that Mi goes to zero at least as fast as
1/k2 ; if that is not the case, the situation is much more complicated
and the mass shift is more than quadratically divergent. We shall

discuss this case in later sections.

o 2 . 2 . .
The limit as k -> oa, I k [ >> lpk( is then, under the assumption

that Mi'V (1 /kz)mi » m, constant,.
’ff”; Ml k) = JLg*sesil+ VoL SeHt 55258533 m,
— (I (LP P 55pp popsi=p g - Ve Lp LK P

+ PR SR pekS Y- 2pl ok j"‘”—ﬁ’ﬁiﬁff”*‘f":—ﬂ)}

(IL. 3)
where the terms which go as O(1) are just the Schwinger terms
necessary to preserve the covariance of the amplitude, Consistent
with the general structure of the current correlation function M‘uv R
these occur only in the space-space comporients 1), 5). The l/k0 terms
yield the equal time commutators, The m, gives 'only a [jo, jk]

1

. ko
commautator, while m, yields a [j ,31] commutator as well, We

2
. . .0 .k
recall that while the Schwinger terms occur in the [3.0,3 ] commutators,

these terms require that space-space parts be added to the time-ordered

product for Lorentz covariance,

On the other hand, the asymptotic behaviour which we have
assumed implies that the dominant term in the mass shift calculation

is




Sm* e — (B/JESymr] | Kok {CIhTm, H12 ) V4725

= — (3/som) ) AR f s v

(11. 4)

where the integral has been transformed to Euclidean spaceB) and the

angular integration performed,

The quadratic divergence is thus determined by m, and m,
which are in turn determined by the matrix element of the [jo, jk]
commutator, The c-number parts of the commutator do not, of course,
contribute since they are always subtracted along with the disconnected

graphs.

The logarithmic divergences become interesting if, as in some
models, the quadratic divergence vanishes, In that case, we assume

— 1.4 : ' 0
that Mi 'vrni/k and the asymptotic behaviour as k — o) is

M/‘V.,__,;— []/‘ko‘!’){ (j’“v/éié"ﬁ’/ﬁ, — ’/m‘){f’“f’%ip‘ff‘“ﬁ );}479,;

koo
+ 9N pk)*) §
(11, 5)
which is unrelated to any [j'u(._g), jv(O)]. However, if we consider the
curl of %, K™ = 8%i%-2% , this will introduce an additional factor of

ko , restoring the l/k0 behaviour characteristic of equal time com-

mutators, Then

fgﬁ:@ Jdx e"'/”}'(p ITKATx), [102) 1P >
= ﬁ:}; (LI W7 IR k-ph) — (Ut [R 2972 K5 1"
(KPP pA )R ok p7 R M (A P4 |
= LUa0) (L35 377 ST — (gL poSLg 7Y 552

e Iéﬁp”;,v"égyféfﬂ"-ﬂ’ﬂ@_] (IL. 6)

Note that there is no constant part this time, hence no non-covariant




terms. The commutator is a delta-function with an operator coefficient
whose matrix element is given by the expression in curly brackets in

the above equation, The only non-vanishing term is the commutator

Rk :
C ()= (/olfk”ﬂ:.,o} /'4{0)31/7>

= CSL)L 5+ (I 590 plpkl ]

= ¢ 5”}6‘901&

(IL. 7)

. 0 .
The previous commutator < pl [i, 3£] I p > has the analogous form

£
Cotr)= (I 12§58 m, + (U [540°% p 2o s }

(11. 8)

The commutator coefficients are just components of the fourth

7) cuvlc ‘- auvkc

rank tensors of the general form

VAT % ¥, Ao~
C =— g f""-m, + (Vo) lp™ P 7 +07""ja"f"7ma.

F (Y] pEPTIA T e (ﬂc]’“"j jm’ )
FRU (PP 37 PP g P

(11, 9)
Note that the « and B coefficients have vanishing (00kf) components.

The most general fourth-rank tensor with the above symmetries
contains an additional term of the form p pvp)‘p ; we omit it since it
is absent in the models to be discussed. It is shown that terms of the

form m(ll) may occur and that the mass shift is determined by

1 +% m{l) + % m, , but independent of a and f8 , as is the com-~

X . o . ,
mutator {though such terms can and do arise in C“V)' itself, while a

m

p“pvplpo' term would contribute both to the commutator and the mass

shift), We now find the appropriate Lorentz scalar part of C'W?w




which determines this combination from the two independent double

iraces
CH1 7y = =l L Vi = 1 5
’“7:04_;} = - ’“/j,m’ + ’/q,m:ﬂ)*"ém.z ""5;"4'%/6}

(1. 10)

Thus the coefficients of the quadratic and logarithmic mass shifts are
given by, respectively,

P21, + Yoy P78 Yy = "/36)[5'“;0,“' S L%
and (II, 11)

— _— . — —cr -

We now investigate the possibility of finite radiative corrections

to mass shifts in some models. Internal symmetry as well as parity
indices will be omitted throughout. The arguments then apply to mass

shifts or splits; depending on which isospin parts are considered.

1) Bilinear current models (with charged Bose fields)

Here the current is constructed bilinearly from charged fields

which may be scalar, spinor or vector, Then

e Pl P [ PF P V)57 B 6B
(II.12)

When there are no derivative couplings,the fields obey the canonical

(anti) commutation relations:
[ o), #lerp= i)
+o .
[ 94](4’5}; Pror1= colL) (11, 13)

[6%r) 897- 5%




and
Pro gky
G‘M: g/rgﬂ__ o4k (11, 14)
B°= (Y $T %~ 26

where T4 is the source of B
Py G o 5"“‘_-_-7-7’“
We also assume
[/'a(,.C), TG00T=~T%)8r)

Explicit calculation yields

L)%, rerd=inila? PPH s (i) GOF G4 67 )
-ty
+ s4B"B,.- B8 BB ]SL)]

(II, 15)

Here the absence of fermion terms just reflects the well-known in-
consistency in naive calculations of the equal time commutator of
fermion currents, We shall assume that this missing Schwinger term
is a c¢-number and so will not contribute to the matrix elements in
which we are interested. In a model where it is an operator it will,in
general, contribute a quadratic divérgence. In this connection we recall
that the presénce of othér interactions may well affect a commutator's
operator propertiesa). As an example, consider the perturbation
theory model of a neutral pseudoscalar meson interacting with charged
nucleons through an interaction term of the form gody . The lowest
order diagrams for the current correlation function between meson

states are of the forms shown in Fig, 1.




A 0 .
The matrix element of the [j, Jk] commutator can then be calculated

and it does not vanish, Hence, the interactions have changed the com-

mutator relations and the neutral meson will have quadratically
divergent §m~ in Ofa) . This will in turn entail a quadratic
divergence in the nucleon mass through the O(e) term shown in the

diagram of Fig. 2,

Although the above boson [jo, jk] commutator is positive definite,
the quantity which determines the mass shift is the difference between
the diagbnél matrix element and the vacuum expectation value, so there
are no positive definite conditions on the mass shiff. While it is
conceivable that just the diagonal matirix elements but not the operator
vanish, thereby removing the quadratic divergence from the mass shifts,
we know of no such local operator, except where kinematic constraints
force it. This is clearly not the case here; thus we conclude that the
general mass shift will be quadratically divergent in this model and
must be absorbed into an explicit renormalization. It should perhaps
be emphasised that, while most or all mass shifts will be divergent,
this does not imply that there are an infinite number of independent
renormalizafions, .but only that a shift of any mass will, in general,
cause a shift of all other masses; hence a divergent mass shift of one

mass will imply a similar divergence in all masses,

The formalism with which we are working is unable to dis-
entangle the various sources of the divergence and a more detailed
model is necessary to make any further statements. For a pion field
coupled to a nucleon field, the pion has a quadratic divergence through

the diagram of Fig. 3.

-11-
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and the nucleon then acquires a quadratic divergence through that of

- Tig. 4,

In this model, once the pion has been renormalized, there are
no further quadratic mass shifts but only shifts of the nucleon mass

due to the (finite) shift of the renormalized pion masses.

Cuvlo-

The general fourth-rank tensor structure, ., Which was

defined earlier for the commutators, can now be explicitly exhibited for

these models:
£ - g2+ BB
Fhm) { G & VM&'MU—?" G & Cryrf-&'w.\}
~ R JATLBYB BTV + g4V BT BT BT 5
(II. 16)

The coefficient of the quadratic mass shift is then the matrix element

of the operator

-12-




( ’/Bé)f{cﬂvﬂv"(g/“)CM)‘ /e
= 2O+ 3y BB (VemY 6 G
(II, 17)

2) Bilinear current models (without charged Bose fields)

The logarithmic divergence can now be calculated from the

k .
commutator [@ Oj - akjo,jﬁl ; it becomes: interesting only in the

special case of a pure Fermi current, j‘u = E'y”w , Where the quadratic

divergence vanishes, The equations of motion for i are defined to be
(ot ™Y e + m/s) ¥=x (I 18)
where X is assumed to have the anticommutation relations

fA L), 76/0)] = ff_e{p) 5(L) (1L 19)

and the componenis CPG’B transform like boson fields, Then

W= ISy (P kT P 2im Vot ¥
— L/?:"‘Z"Zt‘"‘?/

(11, 20)
and
A K”?J.f), /”}0)]: CSiz)] ?@.f}";“‘_ ey TR Y
— g FHH_ B b Y YLhy o ¥
b Ak ¥ Pkt W fr 20 €M 50 ) VI
(iI. 21)

-There are again no positive definite statements concerning the
vacuum subtracted diagonal spin averaged matrix elements to be made,
‘ 01k
The only form which does not contribute is the € papa(g term

which has no scalar part and whose spin averaged forward scattering

-13-
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matrix element vanishes. The rest have non-vanishing matrix elements
and we conclude, as above, that most mass shifts are logarithmically
divergent, including those of any neutral bosons, due to the coupling
between particles which was discussed in the case of quadratic diverg-
ence, We have not expressed the commutator in the _éuvaa form

because a more explicit statement concerning the type of interaction is

required for the Xy and T @ ¢ terms.

We have now exhausted the class of models for which we can
consistently couple the electromagnetic field to a bilinear current and,

in general,they all yield divergent mass shifts,

3) Algebra of fields

Two further classes of electromagnetic couplings have been
proposed which are,in some cases at least, more convergent than the

9),10)

previous ones, In the first the electromagnetic current is taken

to be proportional to a canonical field,

/-/“E)t PG gL v (11, 22)

Ok . k
where G is canonically conjugate to @

0 k
The [j ,j ] commutator is then a c-number,

)\Z[ 5‘07[.}, ‘//z/a/]:—- - 4;74\_2;5’*5%/ (I1. 23)

hence there are no quadratic divergences. Further,
- - . : R Y ¥ 4
[(2°/% 28/, [l = A6 ) (11, 24)

is again a ¢ -number and there are no logarithmic divergences either.
Two versions of this class have been proposed. The firstg) is in-
adequate as a description of the real world since the vector field is taken
to be a linear combination of the p,¢ and w fields. Then, either the
vector field must have a Yang—NIills coupling, in which case the above
analysis does not hold, or there must be additional explicit terms in

+
the current corresponding to the current of the p and p~ and these

-14-




bilinear bhoson terms produce the usual quadratic divergence. In the

10)

second the canonical field is taken to be an entirely new field which

is coupled to what would normally be called the electromagnetic
current, Then the above analysis does apply. When a Yang-Mills

coupling is introduced the equations must be modified to read,

r
&'/:- = o’)}&ﬁﬂa}/_ 07;’92:(“—* c'g Cabe ?0;,“ K_y

(IL. 25)

and
V.
0’),)6'/: + 3 ?ﬂ/‘,—.—j Z/“ (IL. 26)
50 that

”f-: ?ﬂ (I1. 27)

where q is the component of the internal symmetry group correspond-

ing to the charge. While
L / (% ) ) /70/_? = — 6'0%27 “sir) (II. 28)

is as before, the other commutator is altered since the curl of the ¢

'Q :

field is no longer the conjugate momenium to j

[(90/"&"07/0/(?) [ Y07 = [”7/&[60 L)-iq e u.:}C.z /af}

. 212 ikl . A o £
= (2] 5] 87+ GV fulCgre i}
(11. 29)
It should be emphasised that the indices of the structure constants

include parity so that in the case of SU(n)X)SU(n) we have a sum of

vector and axial fields. The mass shifts must again be logarithmically

=UVAD

divergent. The tensor C is readily identified as

_ (rﬁz/j)lj’“’/{j"rﬂjﬂ/m“/ ‘ffécg/‘,; 4 f (I1. 30)

~1 5«




and the logarithmic mass divergence is proportional to the matrix

element of
//‘/ m"" : /55-& (Cz):é %/“}

It is perhaps worth noting that this is the only operator relevant
to the logarithmic mass shift divergences. The matrix elements of
this operator could vanish without : cpk Cchﬁ : vanishing - the latter
is not equivalent to : ?, Cch“ :in a:)y one frame although it has been

suggested as a test for'convergence . In this model the vanishing of

2 .
< pl : q)‘qu a:p"l : [p > is the content of the general requirement
o+ Ve v Ya Y= <p 10136 C™Y ey - sl Vv}lf>= o

for the shiiis to vanish, On the other hand, there is no single frame
in which the vanishing of < p[ COOkQ] p> 'is sufficient; furthermore,
the requirement that this element vanishes in all frames is stronger
than is needed, so that vanishing divergences could conceivably occur
with

'y 4
CPIY3) L = T C NP7 = 0 <p1C T 1p> Ao

for arbitrary P .

In view of the well-known finite mass shift results obtained from
SU2 X SU2 for soft pions 1) using the WEINBERG sum rules ! 2), it may
be amusing to see how these are recovered from our general criteria.
Here the quadratic divergence of the mass split vanishes, being

governed by
"0k * ‘o
TTIL) AT > = <m0 % /47 17res
since the commutator is a ¢-number., The logarithmic divergence for

the shift which includes both 1= 0 and I= 2 parts is governed by

-16-




STHELLVF + 582, 0%3) 12 = :
L, VT SAT A3 1T (alflé?;,[[,zﬂj/‘?,+‘{5,,tﬁ’},ca;-’]]/o>

—

= <ol R A5 (a2 vy 105

I

ol[{A2,A*5 - 51 s HYoe, V4300, 1 3) 10> = o

(1L 31)

and vanishes by isospin conservation. Here we have reduced the soft
pions by the axial charges Qﬁ; . The divergent neutral pion shift also
vanishes in the same way., Direct use of the field algebra has bypassed
explicit use of the sum in evaluating the divergent terms, The critical
role of the soft pion property was of course to reduce the general

diagonal matrix element to a vacuum expectation value.

111, JOST-LEHMANN REPRESENTATION

In the previous section we have been considering the covariant
time-ordered product, which appears directly in the expression for the
mass shift and assuming the conditions needed for the Bjorken limit to
be valid, We must now investigate the general behaviour of the ampli~
tude more carefully, For this purpose we turn to an explicit para-
metrization of the causal commutator - the JOST-LEHMANNz)
representation, Due to the particular mass conditions in the matrix
elements of interest here, there is no necessity to go to the more
general Dyson form and we can explicitly write,in the rest frame of p“,

A Y g '
PIL) 0, 0T 1p> = [dh ekepml

MY 0 .
Lokt = (/)0/.5]5/‘,3“ ECKYS(S tip 4 K- 2404 )y

w{(j"'vkik'“f’}’)/ E(SJ lz‘,l)-L’/m’/[f“f’/?l—p#(ﬂ"%”fA‘,’v’yy""/fﬁjj}—z;[éfag’
(III. 1)
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Owing to crossing (antisymmetry under g« v , ke -k), the usual
odd terms in ko do not appear. Rotational invariance and the fact
that a spin average has been taken 1mp11es that the ‘1’ depend only on
l‘i[ rather than w . Note that while the Jost- Lehmann represent-
ation was originally written in the rest frame of the external particle,

a straightforward Lorentz transformation glves it in the general frame

p#0; there v =k0=-pk/m and (k| = [k +k02 1/2=[k +y (1/2)rn

In general, it is not possible to infer the form of the T product
by first obtaining the form of the two orderings < p’ j'ujv[ p> and
< p[ jvj‘u! p > from the causal commutator, since the spec£ra of the
two orderings overlap; however, in our case, (as long as the partiicle
is stable under the strong interactions) the lowest intermediate state
mass is the same as the external one, Thus for j“jv the lowest value

O 2 1
of k is [k + m2] /2 -m >0 , For the other order we have

0 2, m2 172

k" <&m- [E + m < 0 and the two orderings are distinguished by

the sign of their frequencies:
A 'y ey
(/0// (x))710)lp>= /(; 5 (f’,/d

<piflor [ 1xrip>= /L%%Je'“mf"’

(II1. 2)

where

M;jzf, £)= fa 4/5fo/-§¢¢ i+ k%) (S5 + (44— k)= kT
g KRR T 05, 1) L p R ph (p KK 2 g 0] Bt

We can now calculate the (usual) time-ordered product

Lpt T /.x// Y1) lp> = fa/é 6‘“/7’7’"(%/5/
M (/o,/z/f 6/5/

Ly ke ks 10, 1)
S+lu-k)E A"’" '

(UL p e ke p ek K+ ;‘“”(px&ﬂz (5, 1.4 I/}

(II1. 3)
In general the k0 's appearing in the kinematical tensor struct-

ures will give rise to non-covariant terms, reflecting the general lack

-14-




of covariance of iime-ordered products when the equal time commutatlors
. . 13 co

contain gradients of delta functions ). The addition of ''seagull" terms

is required to yield a covariant conserved current correlation function

for consistent coupling to the electromagnetic field.

Another problem Which may arise is a lack of convergence of
the s integral in Mi . If that occurs, subtractions must be made
and the subtraction constants correspond to additional interaction of the
electromagnetic field with the matter fields, These represent addition-
al parameters describing the interaction of photons with the charged
particles involved, hence a redefinition of the electromagnetic inte:i-
action. We assume that some choice of subtraction constants results
in the correct Compton scattering and mass shifts and investigate the
consequences of such forms for the current correlation function. The
degree of divergence of amz is closely tied to the asymptotic be-
haviour assumed for the Jost-Lehmann spectral function, i,e., to the
number of subtractions required, Physically, the structure of the
covariants associated with one subtraction corresponds to counter
terms, in a simple Lagrangian picture, of forms like ~FMVFMV¢2 .
Such an O(kz) momentum dependence generates a quartic divergence,
Similarly, a still more rapid increase of ¥ associated with, say,
two subtractions, wouldlead to ~A6 divergence through counter terms
of the form MF“VF‘UV 82 qbz with O(k4) dependence, It may perhaps
be mentioned in this context that we have treated all the usual con-
“straints in the theory, such as the bare mass, as finite, i,e., that the
usual renormalizations are finite; as a result normal counfer terms
like («sz) ¢52 did nof have to be worried about in this context. If, on
the other hand, we were to take seriously this type of infinity, it would
strongly alter the effective structure of the theory 14). For the remain-
der of this section we shall assume that the current correlation function

5)

obeys a once subtracted Josi-Lehmann representation

Provided that the spectral function ¥(s,u} is sufficiently

regular at u =0 [lim f d3u f{u) ¥(s,|ul) = 0], a dispersion relation
2 €0 Jpice -
in v can be derived, If we assume that the Jost-Lehmann represent-
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ation is once subtracted, the once subtracied relation reads, subtract-
0_. 16
ingat k=0, k ia ,

e (ko= Pt as, ca) = [ludls Tl ] — o)

41 SACUL th1)L" Zre
5 tlte— ff 1) A% 0E

= 47;-/ A‘d/.ao/é f;/s,,ajc/%‘i

Y
S+e?4a®

(111, 4)
This may be cast into a dispersion form by the following steps.
. _ s
Define Iﬁ:(aﬂ) = é ‘,/5/_;2‘7/5)/,“)

and Lorentz transform to an arbitrary frame

M, fﬁ' W= (et ca) = 4’7/%/5#'/4.[?[5 -Q/[

(Stac'r kY2 e (3247

!
C5+uwbw9f} 2 9 b@
where v = -pk/m , [~l§|= [k"+v7}]'" ., The (s,u) plane integration
may then be rewritien as .
Y oy VL%
= 97 4@{4 VAT
el k3 V)= Pt va) = /76’752" o LY (ot hs 2l PR, s

o )
f (a— %‘z“-_).j

(I11. 5)

2
The last equation was obtained , for k >0 , by the change of
. . , 2 2 2 2 e .
variables s = ~-u -k + 2ujv'“+ k ; the limits are just such as to
guarantee that s> 0 ., The u integral is over a finite region since
‘i’i vanishes for u> m . If there is a finite contribution from u=0,
it has been dropped, since the integral explicitly does not include that
point, A more careful treatment shows that inclusion of the point

yields a subtraction in VZ .  Thus, an unsubtracted Jost-Lehmann

representation does not imply an unsubtracted dispersion relation in v

We are now in a position to discuss the relation between sub-

tractions in v and the validity of the Bjorken analysis. The equal

-20-




time commutators may all exist and the asymptotic limit as k0-} =,
k finite, would then exist and be well behaved (the exact forms are
discussed below), This in itself says nothing concerning the
behaviour in v for fixed k2 . Thus, it is quite possible to have
subiractions in v and well-behaved current commutators with finite

7)

1
rmass shifts

The converse question, whether an unsubtracted disperSiQn
relation in v implies convergence of the Jost-Lehmann form, is more
difficult, It seems possible, though artificial, to have the subtraction

from the u singularity cancel that of the asymptotic behaviour in s ',

The task now before us is to recast the mass shift in terms of
the spectral functions ‘I’i(s,u) rather than in terms of the time-
ordered product, The convergence properties of the shifts will then
be discussed on the basis of the spectral functions, Going to the

Euclidean integral, we have

5’” =— 3/&¢€ /C’-? J,q[/ﬁ, {,éj hy) + ‘Z]{/'f';?/é;/ﬁzj%(éf:%vf]
T/, )
= - (34/4,7//5/5.9/-34 %’%gf/@u) + Yl1+ 2k Fts )]

Hsreaargs s
(I11. 6)
plus the subtraction constants, if any, which would give quariic di-
vergences, We shall assume that there is no net quartic divergence,
since otherwise the following considerations become somewhat
academic. - (Also, the transformation to the Euclidean-integral is no

longer valid if the amplitude is subtracted.)

The angular integral in k can easily be performed:

S = —(Zet/u) f ¢ ols ol Zee Z’ ¥, /5,«)[_5_:;‘.;7:7— _9‘+L,Z‘+T=Y

I ,.,;‘_f"' ? — 3
+ 13 Lz [5”“}[[/4- s ?::: :/f':-:z" /.S-fﬂ+ﬁ+/ "% S -57‘/0‘94 7.]

(L, 7)
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where
V= [(S5rects g% ‘5/,“’,47‘]//2'

This expression will be used later in the general case; for the
‘moment we shall consider it only in the case where no subtractions
are needed and for the remainder of this section proceed under the
even stronger assumption that the s integral converges independently .
of u . For, as we are about to show, these assumptions .';re
sufficient for the validity of the Bjorken arguments as applied to the
quadratic divergences in the previous section. The additional
assumptions for the corresponding logarithmic terms will be developed
later, The asymptotic behaviour in k2 of the integrand is then
simply obtained by replacing the integrand of the s,u integral by its
asymptotic value as a function of k2 . The quadratic mass shift

becomes, upon expanding in 1«:-2 R
o2
S e ~(Betfy) o | h” J s [ 2 15,004 Vo Bt at)]

(II1, 8)
and dropping less singular terms. Its dependence on the spectral

1
functions is thus through the particular combination (¥, + ) ‘I’z) .

We next also express the equal time commutator <pl [jo, jk-]lp>
in terms of the ‘I’i . The relations thus obtained between the mass
shift and the commutator will establish the equivalence of the above
equation and the commutator forms of the previous section, For, in

terms of its. definition, we {ind for the commutator

(/o/[/"/;/,/"?a)_]//w: ‘chSiL) él‘é’e/a/sa/é« Zrsaw

P (I 85p02 phpt) [ds o3 Fil5.2)
(IIL. 9)

00k . 1
The right-hand side has exactly the structure of C with ml( V- o,

so that we may identify the m, in Sec,II as Sdsdsu E’i(s, u) given
earlier, thereby verifying that, under the stated conditions on the ‘i’i '

the relation between the equal time commutator and the shift still holds.
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If the further assumption is made that the relevant scalar part
of the [jo, jk] commutator vanishes, the logarithnﬁic divergence be-
comes dominant. However; its determaination appears quite com-
plicated unless the entire [jo, jk] commutator vanishes, i.e., unless
the conditions studs ‘ifi(_s,u) = 0 hold separately, With the further

assumption that j ds ‘i’i(s, u) = 0, rather than just its u-integral, we

obtain the result

St —~(34/ur) %) %‘fv;j d3utel 5 C—ﬁ)f s (I11. 10)

relating the logarithmic divergence to the first s moment of
‘.{’1 + (1/2)‘£’2 . As in the above discussion of the quadratic parts, we
now show that the same combination occurs in the corresponding com-

mutator < pl [KOﬁ(E), jk(O)] lp> .

We take the curl of the current commutator expression

eq, {III. 1) and obtain

) Rl
<pllK (X/,//w]/f)'_z/(% (K Jif

(I11. 11)
whose only non-vanishing component at equal times reduces to
Lp /[/\’D//L/,/' */aﬂy;»: L'éwjz’é‘u/dfs/;u es) %1549
ke p2 2) ()3, ols t-50 Pt 5 <) |
(547 php) [ el 3 Dol (1. 12)
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The quantities r'ﬁi can be identified as dedBu(-s) ‘I[i(s,u) and the
analysis now clearly goes through just as in the quadratic case, to
justify the simple mass shift commutator relation for the logarithmic
divergence [at least when < p| [jo, jﬂ]\ p > vanishes and the further

assumptions made on ¥, hold] ,

v, CONDITIONS FOR EXISTENCE OF COMMUTATORS

In the preceding sections we have made rather strong assumpt-
ions concerning the behaviour of the Josi-Lehmann spectral functions
in order to obtain simple forms and relations for 1eading divergences
and equal time commutators., There are two major questions to be
discussed in the general case: i) How are the equal time commutators
expressed in terms of the (moré general) spectral functions and what
conditions must be obeyed by the latter for the commutators to be at
all defined? ii}) Under what conditions are the mass shifts and equal
time commutators related? A third question - what determines the
mass shifts when the commutators do not exist?- can also be answered,
but the result is not very illuminating, We shall start with the
requirements for the equal time commutlators to exist, When they do
and,further, have the Lorentz transformation properties which are dictated
by the kinematical factors, the analysis of the previous section holds in
its entirety. On the other hand, more geﬁeral structures may occur,
in which case knowledge of the equal time commutators still allows the
calculation of the divergence but the relation is no longer so simple,

The first problem, then, is to give a general definition of the

8)

~equal time commutators. One approach is tb recognize that the
operators invoived are disiribution valued and that only in special cases
can one consider them as defined at given times; thus, in the more
general case, one should integrate with a suitable testing function in
time and then consider the limit in which these functions are localized

at t=0.




An alternative approach, which we shall adopt, is to begin with
3
the WIGHTMAN product as the boundary value of an analytic function ).

Thus .
(/”/W["} J0 (p>= &P FEoop)
“ : (Iv.1)
<pi 7o) [0 lp>= &P lnp)

. 0
where Fiv(z, p) is analytic in the cone z'u s xH T m'u , nunu<0, n >0.
The functions ' (x,p) are the limitas 1 — 0 within the cone,

We then define the commutator by
. : v
L { & 7" F Ppeigpr= € B Cerin )
7—>0 '
= <p /[/"“/x/, / Y900 1>
{Iv.2)

This, of course, yields a distribution in xM , which may or may not
exist as a distribution in r at t=0 . If it does, then the equal time
commutator exists and we obtain the same result as the time distribut-
ion approach; if not, then the equal time commutator does not exist as
such and we shall not attempt to force a definition any further than to

identify the various singularities as n =0 .

In terms of our spectral functions, the Wightman product is
given by -

pi[ o7 [Plor 1P = (FT% S e e § irins
F PP pI R 340%) + g4l ] [ s Hts § 9 i)

(IV. 3)

where

2) _ ~ 2 { 2 ﬂ&/&j)@;[”f’“‘}.
%{5,f)_. %'ro/,wo&lf- 2n
= [ e L Tosu)

and

el = (XTIl (PEEZ)T

LY



A Loreniz transformation has been used to obtain the commutator in
an arbitrary frame from that in the rest frame, The variable ‘g'z is

just the magnitude of the spatial co-ordinate in the rest frame.

Since the integral must exist and "}.’i(s,u) has finite support in

. .. 2
u , l,[li may be expanded in a power series in § ,
o

Yis 8= z § ¥

n=c

where

- wnl.
L.m{}.s} = A1 3 I/a/.?;“— let! 12:[5/ 1441)
*loe VT (5,40)
- b
— [;_JJ”[G?nf-!}f] 4/7?’/0‘ oliec 4L "?" av,4)
-This expansion is then absolutely and uniformly convergent for
fixed s , The next problem is to discuss theasymptotic behaviour of

rl)(s) . In order to do this, it is useful to consider a modified

Mellin transform,

a1
hl r
5(#;‘:’)_/“/‘5 ’% Cg,j[}-{-[f/m)] (IV. 5)

. . 2., . ‘ .
The transform is taken with respect to [1 + (s/m )] instead of s in
order to avoid a spurious singuhrity at s = 0 . Then, assuming that

gbi(n)(s) is polynomial bounded, 1(n)(a’) is analytic for Rea<-M,

where }n:nm' & l(n)(s) = 0 , and we assume that M can be taken
1ndependent of n , The_ 1nverse transform is
%’”}5)_ (and)™ / 4704 FEtw m 2[/1‘-(-5/;..')]
where O > /¥ (IV. 6)

. X n .
and we assume the asymptotic behaviour of gi( )(a) , a8 @ - o3, 1s

such that this inverse exists,

The ¢lement < pj j‘ujv ]'p > is then given by a sum of terms of

the form §2n xn(-:) where
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xmfs) f ds ¥ wﬂ(s S)= / s %Zj VS s @ni K (/5T

U

= (2w f A gl ’”t'd)mz“" ’7 A5 (m5) 21T S ETT K (1EF)

{Zm/"f a’afa?m’ tX*z) Z?nj 577'4.S (/7EY

iy, AP —afef, w2

(Iv.7)

19)

where S,J v(z) is Lommel's function of the second kind The

¥

asymptotic behaviour of this function for small z and Re a< 2 is

g L %‘7{/'—
= —(2sa) P UR—) S (— 2t { o
L/zc(‘saf—l—d-fl (d f) { I ) /n:l)

— ?{3+m-a{}— V)3 Lm ! 17 (34m-a) ] ['Z/;g)dﬂ'/-’ (—?-vc'}[ I A2 cotirtasy

given by

— T, (2)cosec n-.(.z-.xjj
oo j L RetR~e)]

T 1 @) T L AT e 'S+ Oz
Z-70

(IV.8)

while, for Rea > 2 |

Ya=s (2) (a1 Fy et ’}n%/d

o fymot=2 2' -0

where [a] = largest integer less than a

y 2 . . .
We have dropped a term =z f_nz in the Re a < 2 expansion; it

vanishes for integer (2-a), which is the only case where it would be

(n)

needed, The «a integral for g can then be performed by moving

the contour to the right until 1-n < Re @ < 2-n, The only singularities

(n)

are those of g (@) and the result is

j e ?Ofﬁszﬂm S) N[(Jn) 5] g(zfr/ fdw&"cg‘/ Pt) (-1

—-)’0 Fe"“f}/"

L Retaw);
[1- 2 Z, (5 /y)f /7(2-«()/’(.7—«-,9//9’ o+

-2T=




3/J‘ﬂ+1'd¢

+ (ame) / o 7 et tt=1) -l[ /= m‘S/‘/)d-lf' R{J—o()]j +O(S%E")

‘3/}-”—:.3’
(IV.9)

If gi(n)(a) is regular at @ =1 the first terms,for n = 0, can be
combined to form

. _ ;/-ﬂ‘“’

o ' ) 1 ”
j:'(iJE LI ola oliseg i) to~y +/ Jx(d-/)'y:")df]
AT/ Rea < 34 5o (IV.10)

and the integral becomes

o 1o . Lleta-al -
5,., 24' (1) - L. 6/"( 0&5: z‘rn';)d) ;2 (":’-’]‘S/qf‘fﬂ’ :’7/,?-0(}/76?-!’1/

GrrE T I Shweyen i oo PT S am*

(I1V.11)

for the asymptotic form as £->0, The assumption of regularity at '
a=1, for n=0 , can be removed with a slight complication of the
formula; however, in that case, there is either no contribution to the
commutator, or the corn_mutator does not exist, so only the case of
g(o)(a) analytic at @ = 1 will be considered in this paper, (The only

assumpiion which has gone into this treatment is that the . n)(s) are
g i

polynomial bounded.

It is now straighiforward to calculate the equal time com-

mutators. At unequal times, : )
. . - . pix-c7) . .
plj“tx Jlo)ip>= € Pl €‘f <pl LX) Yo 1>
andd

and
play

' , —-lF f?) ,V >
Y, _ 2P e <pt]Hor | “xrip)tp>
Lptj) [*xip= € ;/Z_’;'; Pl ) /&
(IV.12)
hence

<piein, T lipr= L © Pl i T ) Tor ) Pesin) 1p>

7'-? o
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If the commutator exists as a distribution in r the factor epn can be

dropped, yielding
<pIL; %, [lorlip> = lm {(9"9”;*“’;‘)2 /4/575(5)[5 a8,

— §f”ﬁ(&,5)j +( //,,,-)[p"‘f”c? ~ pA (p I+ I Y] + 7PN
go/aa;5 'g‘?j/[if”d (53,5 = _‘?ﬂﬂ ;/5-—;5)]]

(IV.13)

where

§i7~= T + (PCXFWIm)* ndd = (xFip)”

For this to be a reasonable definitibn_, the limit must be in-
dependent of the way in which n* — 0 and for the equal time com-~

mutator to exist, the limit must exist, as a distributionin r, at t= 0

for all p ,

—

We first consider the time-time components of the equal time
commautators, Here, the tensor factors only contain spafial derivatives,
hence we may simply investigate the properties of the invariant functions
themselves - the spatial derivative of a distribution in 1 being well
defined if the original distribution is. At t = 0 the invariant function
must be odd in r after the change of variables whi;:h is made below
and only odd testing functions contribute. The following integral
determines the equal time commutator
Lo §[d7r QU013 [ SV T [ £ 005,5- E7005,9] qv.ag)
77-—70

where, here,

f—ﬁ-"(

Sy [P L—ipn +poyml T

i~
H

and

Se= (L5 ) 70"

-—

P 0
Now, a change of variables may be made, y-zr + in - iﬁé n  and the

integral becomes P

-~99-
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e [1/0/3,» Plrsin-¢ Frf’/,,a/ /s Yl g*’”g,g_,sj_lz

where

FE 27+ (2LIm)* o= 2Ry pod- 22 L 70 uv.is)

The requirement that the limit be independent of the particular limit-

ing procedure chosen is satisfied if the integral

//3r L)z fobs %) 5 (5, 5)

7/-—70
exists for an arbitrary odd testing function,

The time-space components have a product of a single time
derivative and a spatial derivative, The space derivative can be
ignored as before and the resuliant distribution arises from the first
time dérivative of the invariant functions. At t= 0 , the functions

are even under 1 —~ -r and

fa/.?/. ?9///5) ,__//5 ;J {5}52"&/3,5)
"70

must exist for any even testing function, Similar conditions may be
written for any higher number of time derivatives. These occur in
the space-space commutators and the [80 ik ak3° ﬂ] commutator,
However, the former does not yield any new conditions (the latter will
be discussed later). The fact that the space-space commutators are
no more singular to define than the.space-time ones should not be too
surprising since in both cases we are dealing with the same model-
dependent set of Schwingér terms. The existence of such terms in one -
part of [j'u(f__) jv(O)] then, in general, implies their presence in any

other by the Lorentz structure of the equal time .terms.

The integrals are sums of terms of the form Ezn/ §‘B ‘and,for
n—>0 , only r =0 contributes; thus testing functions ¢ polynomial
in r (together with a damping factor for good behaviour as r-—» co)
suffice to calculate the commutator, The indicated choice for odd ¢
is thus é-_z:_ r2t§2q and for even ¢ , p 2t qu , times an appropriate

damping funection. Then, for odd testing functions
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,2/ > Br /z'“‘g“z?;/f?s Y 57415, 5

[Rat2~0] e
— 5 Cane)! [l otec-i almci m/g J /%./’ T 2ot} [ 2atmgy
7

Reat 2 3=tz
,z[n-fg-rz‘-r/arx}
: (n t, 2o~
G (IV.18)
3 2n_2t
where C(n,t, @)= 2 dr per -El-—%— 'Vlz((;-n_t-z) is independent
em? = = 3

o1 ‘rl .

The requirement that the commutators exist as a distribution
implies that this function must have a limitas n—=>0 , But the |
explicit n dependence shows that this can be true only if all the
coefficients of the n—e terms vanish {except if a > -n-q-t-m). This
leads to a set of linear equations for disc g (n )(a , one for each pair
{g,t). However, C(m,t,B) isa itunctmn of p which depends on n .
It is shown in Appendix A that, if ¢ is non-integral, the function is
sufficiently complicated to ensure that the only solution, for all p , is

(n) (n),

for the disc g (@) to vanish, Thus g ’(a) must“be meromorphic

with simple poles at the integers less than or equal to -n if the
commutator is to exist. Application of the same arguments to the
first time derivative implies meromorphy for the ¢ £ -n+1 , except

for gi(o)(a) , wWhich must be analyticat e=1 .

The space-space components of the commutators can be shown

to exist without any further restrictions, provided the other components

£ _.0.4 0 k
do. ~To continue to the commutator of K =9 j - aﬂj with j ,

which involves third time derivatives, requires further analytic

(n)

continuation of the g (&) . In order that this commutafor exist,

1( )(o:) must be meromorphic with simple poles at the negative integers

(1) (0)

for Rea<~n+2 , g; (@) analyticat e =1 and g; (@) analytic

at =1 and 2,

In order to perform an explicit calculation of the cqual time

commutators, it is convenient to further restirict the singularities of

(n) (n)(

the g (@) . A pole of g @) at a = -n-p implies that
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1/ (n)(s) sn+p : one would expect, a priori, that this would, in turn,
require p+ 1 subiractions for the s integral in the Jost-Lehmann
representation to exist. This is not the case; we show in the next
section that,. if the only singularities are for p = 0 , then the existence
of the'equal time commutators implies that there are cancellations
between the terms with different n 's such that the Jost-Lehmann
rei)resentation is unsubtracted. We further conjecture that the same

result holds, no matter what the behaviour is as s -+ <0,

The calculation of the various commutators is given in Appendix
B, The result is that for the single time derivative (i.e., the space

time components of the commutator) to exist, the residues 'g‘“)(-n) ,
defined hy '

j””fa’) e — () G

must satisfy

5 G g = 0 av.17)

This one condition is actually sufficient to guarantee that all the (j“, jv)
commutators exist and that their Lorentz transformation properties

are those of a tensor,

o0
. . L 0
The coefficient of the delta function in o Z/.s 7[5, g‘/ﬂ/é 5}4
o

is then given by

Lo 43 9°2 | s Vs89/)1is,55)]
720 ¢ e

. () - 5 o -~ ' %
t{[j (l)fj'ti:)_] +,%—.1 [j ;ﬂ»u.;. ”;(?—}n_) ﬂ-’(ﬂ-l),’ [g/mzj”{%
. 2 771
+ .2[{/’%,)-/];1’%0 (’D%;j’”:ﬁ(,.(ﬁ-/j)‘] (IV., 18)

where
r
Apin)=—35 [ltp+1-s+4) rills-2,)
S2C Gintrs)] sTFir+4777 %)
and the E(n)(-n)' obey the previous constraint,




0 k . .
The commutator < pl (3,71 I p > is then given by

<pIL)L), ) o] 1p>
= ¢ C;/Jt Sr) { gtu'[ﬁ:agﬂ +j‘: 7o) + 2: (j:(?-{m/nn;ﬁ(ﬁiﬂ) (?/m‘}n

nln-n! {20105 LI+ 2 (1 )5 Py NP apiren] + 8" 572 p

[j (0+ Tl + > NeA (-n+/)+ﬂ;’(?-}n/{%”/ nlin-0. (szvtﬁ})

+2n (F/m) /"’/m) a,-(h-/))jj 17)35 (1) fevsmns

(IV.19)
The quantities [gi(o)(l) + ’g’i(o)(o)] and[’gi(n)(—nﬂ) + n gi(“)(-n)]

are necessary and sufficient to determine the matrix element of the
commutator, Each term has a coefficient with a different tensor
structure: the unsummed terms have just the kinematical structure,
while the rest transform as higher rank tensors, Thus, the com-
mutator, in addition to having the transformation properties dictated

by the tensor structures, may transform as the pure time component

of a tensor of arbitrarily high rank 20). This is just a realization of

the fact that the Lorentz transformation properties of two operators

do not alone determine the Lorentz transformation properties of their

equal time commutator - .an arbitrary number of pairs of additional
time indices is always permitted. (TCP determines whether the total

number of indices is even or odd,)

A simple illustration of such higher rank structure occurred

)
for currents bilinear in boson fields in Sec.Il. Their [jo,j ] com-

) § 02
mutator had terms of the form Gk . Gk p and pkpﬁ , the latter

two having unrelated coefficients. In the present notation, this means

the combinations gl( )(1) + (0)(0) , B (1)(0) + "(1)( 1) and
(0) - (0)
2 +g 2

We also.observe that,in general,the g

(0) are non-vanishing, while all the others are zero,
70 )(-n+1) are sufficient to
generate any Lorentz transformation properties of the commutator;

(n)

the more singular structures g (-n) may be taken to be zero. These,
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6 .0 k.
however, do determine the [j ,j ] commutator and part of the [j ,J.’Q]
commutator, as well as higher order derivative terms,

0}

k
We now turn to the matrix element of the {K™ ,j ] commut-

()”

must be extended to the right so that the only singularity of g( )(oz) is
at o = -nt+2 and is of the form - g‘ )(-n+2)/(a+n-2) and g( )(2) and

ator. As was mentioned above, the region of analyticity of the g

g(l)(l) must be finite, Then, the asymptotic form of the unordered
product is
“ 'V, Ay L wl, =i
pl ] )l ip> ~ {(Q ;_;««;} gt Jer | 5
N> : (,211)"5 ﬂ"(?rrj‘g””
7/'¢ G %) en-pln! (Y~ 1™ (2155 - 41 7
(j,{nﬂ)-fﬂj,(nl tn-1), i/ (j /27 ;d‘} /:-ff/}'gﬂ;}.;ﬁ
+ _’[j(‘)ﬂ) + jI(V"’*é f’( ")]-fz .E 2” [ jfh;f”*l)f' (n—dﬁ_,(?.’”,.,)

(;1,}5; ”‘2'(2717'5”

EN

Hynomn JEm sl i)™ 1 5 £ Tl o) i) |
CIEN

ULy P2 P g i 3 9= 5] }
| (Iv, 20)
In Appendix B we find that this expression implies that
Pl *-0¢))c), fla]ip> = (S
X { $ M["”L(&%”ﬁv*—,%"f/)-y,_j_%/} + /jf’?/)f'jf}’o/ +4 9, (—f}}{é + TP lt)
up £ { j "t-nt3) 4 tn-i 7 Consr) +4 nirmiy G em))( %;‘} -1 in-2)!

if{”*'ykj 4 L /1) -
{L”-U./’(’/f + Pl <, U’/m/ Clypin U}J

F (§Ho02 phod[ G G2 1] ¢ Pisig)terms
+ V‘lgfﬁ) +2rms

(1v, 21)
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where
a (n-1) = 2n{ntl) a (n-1) - (n-1}(2n+1) a (n-2) .
r r r
Again the commutator is an arbitrary rank tensor since the
g 's are all necéssary and sufficient to describe it and any powers

of p0 that may occur in the sums,

We shall see in the next section that the quadratic and logarith-
mic mass divergences (if they are the leading ones) are still determined
by the equal time commutators of [jO, jyl and [KOR, jk] . Also,
under the conditions we have derived for the commutators to exist, the
behaviour of the functions M,uv as ko——> oo is just a polynomial plus
a l/kO term plus terms which vanish faster than 1/kO . In.’

configuration space, it is only the l/k0 term which yields the

commutator, Hence, assuming the commutator exists, we can

: 0
always identify it as the coefficient of 1/k . The appearance of
higher rank tensors in the commutators simply implies that in the

asymptotic behaviour of the Mi there are terms of the form

+
v2n/k2(n 1) which must be included (if the E(n)(-n) are not zero

there are also terms of the form (vz/kz)n ).

V. JOST-LEHMANN FORM WHEN COMMUTA TORS EXIST

In this section we discuss the properties of the Jost-Lehmann
representation in the case where the commutators exist., We deal
explicitly with the class of spectral functions which was discussed in the
previous section, There we saw that gi{n)(a) is analytic for Re a < -n

so that
~ 0P o

V)= (amiy| ol gy L1+ (5w

— 0=



y — {0},
07’0/9(}:' o((o/"ﬂjm%""" ﬁfﬂ%} ana/y/'l‘c ,L‘a,./;eq,s.z

i -] '
jcu(d) =—7 0 _ zdfa/+ ﬂj%’}' ﬂf”’(d;aﬁ‘!"'}”("" for Heo<z

ol

(v.1)

and, for n> 2,

j‘”’(d}s- ’—j Pns _ z mf-n}//___ _z’”/_gn/ f—ﬂ; ),

ald od+ri-1 YL a3
ﬂj“’fd} ana ///-r‘c Loy Keowg-rte

where the residues E(n)(-n) satisfy the constraint

s} =0

Thus
) — oo _
/"(5) = jl?o)m-.z, + / ?/0}.51 ld’é ﬂ#/ar%sj-“—'-;‘méi)-#;mfd/
| - 10}
}a:' s A ¥ %0=[0"%a-4" -4, §'%0r]m™ A
(4 s , _£? 07 z;?

V”}{S)s jm(w s’ + [5%) + 3o [ + 2N ¥s)

= (,_ _ ol = (1, y FN
Lds A¥7s)= ;’ (u-:-j /a)ré,j (-1
{v.2)

and, for n> 2,
I —
? /5) = ; {n)("ﬂ} Sﬂm—Z("t‘lj
+ [ jmf—m )+ Hi‘”f’-n)_] §" prin

—th) — ' -2 ~afn- n}
+[j (-n+27 + CW—I)imﬁ-nﬂ} +gnm—ug M!—n)_]Sn e I)-t- v/, ?.5}

where Hm s-n+.2 .{W(n)(s) =0 .

3 —>0d

It is now easy to show that the Jost-Lehmann representation for
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the time-ordered product needs no subtractions, We divide the s
integral into two regions:

[ Loy _ [, [ L,

.5+(ef-3_)3-ﬁ"::‘c— SHg—f ) %0

- where we take k2 + 5, >> 2ml k!, and Ju| is restricted,by the Jost-

Lehmann form, to the region <m . The integral up to s, converges

0
in any case; the second may not, as s— « , However, it may be

expanded,
[ s ol Fisiger > :
— = 97 ds.wcle Zits,0 S# (1 110 4%
S St~ k)4 E / T, ’Z"s-ﬂaff,u)u'-f&
- 0 ’ 2 n - -
= [ds Z (91617 or e 22 Tt
: ,2n+, (2 (5 +/0¢7'+/t"/'?"“ .

oo
27 oo
= [ el 2 VLTS el 0 e 4577 gy
P Zn) pl v & ARt

ot
= [ ds 2 Y1k1 (rem! t2re0] # 05
@l tren! (S+A£D 4

(v.3)

This s integral converges, except possibly for the n =0 term, whose

asymptotic behaviour is
o
={r - r -t
f As [ ?(r("'")m “(S5/m) [5+47 I{zrw).’
rso

— ad i) IS Y/ )y
= f s é‘,j (~r)@r+1)i ¥ [f5 /s+4%) ] (V. 4)

which is then also c'onvergent by virtue of the constraint represented: by
the - ~1 term. Note that the absence of the condition on the ‘g"(r)(-r)
would lead to a subtraction and to asymptotic behaviour of the form

NQn k2 .




Hence, we conclude that the existence of the commutator

xmnl;_e_a_tha__th_e_.]ggt Lehmann form is, in fact, unsubtracted. We

conJecture further that, even if the w( )(s) grow fasfer than s .

the same result holds - the existence of the commutator implies that
the retarded commutator obeys an unsubtracted Jost-Lehmann re-

presentation.

The next problem is to relate the divergence of the mass shift
to the equal time commutator, Following a procedure similar to the

earlier one, we have

b= (et | Rtk { [l selne [ Btswd 2 [y 14 g s

51‘_/“?*‘!_*,( .SJ-A-I-/:**J"
‘_(Z-I/J Py oo g r (-4 /P]ﬁ
e 1l 2.2 1 /0 (Arei! S (f'+p) 5/
S+l kT V' ~ /"”)/"““ {,2;9 T e © pliprultrp)! (st4) g
+7 f (arenl 5 prairple AT J
rzo f’f’ z/:-,-z)' trps] 1544077
L 4 _i Fro
Nf/BJ/‘fﬂ}fﬁza/né {—"rz ZJP-HJ’[ 36‘4-}!); z_a_;;’,
-1

 JP N - YN R
par {Jf’ 5(,9“) 6(),*1))] 4'[;:051) +07 ,,,, +£_ {2r+:)1[j (-rid r',f, (-r‘)j
(r+) r

4 {j‘ (”*ﬂ"/’m}*' ;» M'[Jm—&)[ Crs) A H«;_]J /A

F P+ irez)

1 5 fo) "
‘f‘[(—m /’[{7, {1)-—;‘,{ (?”_le (0)) + [-m//j“ (2)-%"'?,; /g—‘u? ))
/[j.z (I?-J'*jle +é "“}-.f))-i-lz @rinlira! {j" (-rw-a).f-(r.;}j;’,':'p,,}

3 i (reayl mAnn
+ -y "”’(-r} /
griu g en) ] Ved ] |
(V. 5)

While the l/k2 and I/k4 terms are indeed determined by the equal
time commutators, there is also a constant term, which ostensibly
implies a quartic divergence, unrelated to the above commutators 21).

It prevents the very introduction of a Wick rotation (which can handle
quadratics) since in the original Lorentz metric it is non-zero as

ko-—> o and so the usual surface terms in the rotation would not vanish

and are, in fact, complex, Thus, in ordertodiscuss the divergences
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meaningfully in the mass-shift, we must deal with systems for which
this contribution is absent in the original Lorentz space form to start

with, Different methods of evaluating the various terms in fact yield

(n)

» _{n .
different quartic divergences; hence we assume that the g '(-n) are
all zero in order to eliminate unambiguously the quartic divergences,

Then gn(a) is analytic for Rea < -n+l ,

Under these circumstances, only quadratic and logarithmic
divergences occur:
o2
2 _ z 0}
S~ (3"”/(?:7)/ Ak [09, (/)+Zj__:°£,} + 5 (2rif,
Yoy AP

[ - rf
x [{r’*—-l)j', (=r+1) + Y 12re3)r G- pen)]
Yiren(rez)

oy
— (3/#7) / A FC= 9% + Y[ A

-+ ’/3 '//é 'V(—m‘} [j:';fjfﬁt';o)]_z 2-: e,.*,/'/ ('ﬂ"v"x

rea p2r(pray!

<[ j’fml_rfy * [ﬂ’)a'://_:fﬁ(-—rﬁ)j}

(V.6)

term come from the
HVAD

(0) 1)

We recall that the g terms and the g

kinematic tensor structure for the commutator C , while the
summation comes from the possible higher order tensor contributions

C,uulo, 0000“": as may be seen by comparison with the

of the form
previous section, It may therefore be concluded that both the quadratic
and logarithmic‘terms in ﬁmz are determined, in general, by

the gi(l‘) coefficients specifying the equal time commutator expansions

whenever these equal time commutators exist,

These results can be expressed in a much more transparent
form, The requirement that the equal time .commutators exist
restiricts the asymptotic behaviour of the invariant amplitudes to sums
of terms of the form (l/kz)p (v2/k2)r for mv << k2 as 'k2 goes to

infinity. To see this, we recall that
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Mksv) = [ducls 2 (5iead

S+ (L—4k) A"—f:'e

= 5 /,/;w/,s (9161) e Fo(s,00)
Ari ( 5+ +£’)

2P

= > EYlk +V')] (ptn)) IJ/oﬂ}/ e ¢fp/ _
n'P ?”*‘U! (F—'ﬂ}’ ] (5+‘£‘_}f"

(V. 7)
and the leading terms of the s integral are a polynomial in 1/k2

2
Thus, expanding the factor (k + 1’2) , We obtain

PR o U £, CEE) 4 Yo 2 ET R
A5V 2fe
+ O™

(V.8)

If there are higher order derivative terms in the commutators

[_(n (-n) # 0] there will be terms of order 1 [O((uz/kz)r)] or higher
and the problems of a quartic or higher divergence in the mass shift
will appear, The Ci are linear combinations of the "(n)(-n-kl),
hence they determine the [jo, jk] commutator. The C are linear
combinations of the [g(n)( -n+2) + (n-1) ‘.(n}( n+1)], hence they determine
the [KOQ,J ] commutator, This is readily seen by taking the limit

0
as k- o0 k constant, Then

2 r -r r
Melhiv) ~ = Ypor 3 € 1P T+ Yo ZEE(P )
=
and the equal time commutators are

<plLj%c), [ /f?——-tgké(f'){é*lr:o X

‘ ke 2 4 oo, 3P
+ Ut ) S R p )3 (P

-40-



and

(F/[/rafﬁ)l/.“/oﬂj Ip2= ‘:5{“{6“}{“ CrUrms”

+ B p?* 8 e php ) 2 T (P
(V.9)

On the other hand, the mass shift can be calculated directly and

8”71’: -(3"’/:;77-)_/%_’%- 2{ MI (/('i t%v)'l" lé{/-ﬂ"?éfl/i‘)m: (‘43‘%'/.}}
e 5lin) [ L { Y 2 L (Kfp) Yl AU

: y p —Jr "1 1
+ ,/iy’%dzjr[ﬁ%-,}f‘"}_gZV(H}‘.{/ﬂ)ﬁ:oC [Y/ﬁ)
¥ Frmle fir'mo}

I R TR

riorsn! r=o rlomatd”

+ I/AL[% il g’ r/,” - I E’{Qr},’lfi-lf)r]} +FEinrte Ferms
* phirs)l W ruo rlire2 o
(vV.10)
The effect of this work is to assure us that this is the only
possible asymptotic behaviour,that the relation between the commutator
and the mass shift indeed holds,and that the subtractions in the v dis-

persion relations are irrelevant to the divergence in the mass shift.
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APPENDIX A

The coefficients which appear in éq. (IV.16) are [/= L/ + (P %/m) "]
C (n, z‘,/aja.—“ 2 ('7’“*2/“’3"5-.{ f”/z,zf <~ 71?4—”_ Z-2)

! o0 :
- wt AUttt p2n - .
j’dx/wa/n.{,yw TR TRy 2 pnn Af'ﬁ" -z

2 ni+3
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=L°’X{/ﬂd/&(;’ﬂ)'(ﬂ+£ﬁxm‘9 | /2”[A1+fzj”/d
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= [xx £ dnen™ (o g 17
Y Lo
! 2tn=giet Ty * -
-/ LS~ n-t/)~5 LIt rh3 .
= [ & e o N S i s prrime]
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_ (/- o
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(R5+ D1 [2 tE4m41-527)

x Lt +nei-s+9) [ (B+5=n-2-2+4)
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i
—_ L'P(.?m}-l/dxxz' Z@/i—+n+1)+ 17! el
-7 S

-?/1"+2rl+l-/-d-5}-l~f{ . S

X JLilfr= noto 2l T CAAtIS
(2s+1 (8 rUA) (£+n41-5)1 4

(A.1)

First consider the case when B is not an integer; we choose t =0,
q=0 and B> nt2 . Then let B = n+2+¢ and we must sum over n

for fixed € in order to find the coefficient of n 2 in eq. (IV.16). Now

/ 3-2¢ 2(nH-5)
Cn, o, nt2+e)= itblam)ftex* ) 2 8 (i~ x

x{ @)l (Erseh) =7
(25+0)! Minea+e)lin)ns -l ¥

(A.2)

which is then a sum of terms of the form (0<r<n+1)
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/ L pRIr-e)-3 / ey, -
z/,dx)( / = V.z(g/a?(f’z,l/).[/ oA x / }(r‘—e——%)’

= 2[ar- é}-/J_){?/; {,%,)}{[F%, L e /,_jfa/)( (2T 34}]
_ , -2, —1 o, RIF-6-%) 2r-e-3)
= 2[3re)—-17 ( /,;(p,g,_;)){(r- €) (/"/"}:l 1._(!"—6—%_)/(;&2_/’4/&'/ j
fir-me) Lir-¢=4) U= -y
-—l( 9/9“’/1”‘)/ {mwf'{FH— &) Pir-m-ev4) (FZ'/ e A}+

+ [-e) e é—"’/;}/d 7 -?7
Fire-e) ey -¢) -

2(/f-5—&-34)

=1 £ rirs-erlir-e=h) (P%,)
T2l se0 [Mirtre) Iir-s-é-%)
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o romerietf ux il f
[ irs-&) P45 -&)+

(A.3)

If € is neither integer nor 1f2 odd integer, then the series

does not terminate and, since r can be as largeas n+1 , we have
T L >

\The nhighest order term in the

, . 0.2 .
a power series in (p )~ , multiplying (po/m)

series is n+1 , hence each term in the series multiplies_a_linearly

independent fun£t..ipn,ofﬁ__p_(_) . Por the function to vanish in all Lorentz

frames, each term in the series must vanish, Thus, disc g(n)(a) =0,

except for o integral or -;* odd integral.

1
We now turn to € 5 odd integral; then, we choose t =0 and

Nl'—‘

q such that 8~-n-g-2 = . The same calculation then applies,
except that the series terminates; the last term va;lishes since

F(-e-}z-) =o) for €= *15 . Apgain, the coefficients are lineariy in-
dependent functions of p0 for each n . This leaves the points where
€ is integral. The argument can not be carried through now - the
series terminate but the functions are not linearly independent, leaving '

at o integral. However, the singularity can be restricted to be a

an insufficient number of equations to determine all the [disc §
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simple pole, since any multiple pole would yield a singular behaviour
as n goes to zero and the coefficient of the order n term is a poly-
2
nomial of order n in pO . We thus conclude that the only possille
(n} . .
(@) is meromeorphic

s ’(m) Y

OF .
. J ] com-

behaviour for gn(af) for Rea < -n+l is that g

(n)

with simple poles at the integers, i.e., ¢ '(s)~L

-n+
where s Y —0 as s-s>ca. If we consider the [K

mutator as well, the region about which statements may be made is

(n

moved to the right and g )(a) is meromorphic for Re @ < -n+2,

In the case where € is an integer, the C's are more easily

calculated using a slightly different technique, (b = ipx/m),

F2/tre)-3 7,

C(n Z, n+7f+2+é} /JXX/ /a/amw coo” 9x
2

) ZlttnH3
X [/m B + buo &]
—2ti+e)-3 Rttt €41

- 7
= [ayx I T Lateometl [ oty [ o4 b
*', re) [2tttnser 1)1 4Th
-2 ﬁe =3 / -
= [dxx/ 672 )“" LS b]t””é " [0t e1]] it +neév3)
= 2O ) attent e vl LEtnt e4dd!

—Jff*f’z-* -zt W}

[a{)l’X / y qt-ﬂv-oéﬂ (f'f‘""‘l-‘*')’ (ffﬁ%f/ﬂ.

:::LF,&,,

(A. 4)
Ifor fixed t , the result is a polynomial in p2 whose order is independ-
ent of n . But t can only range over a finite number of values, as
can q , hence there are a finite number of conditions; and by using
A sufficiéntly large number of terms we can always satisfy the con-
ditions that the coefficients of 1 2e vanish, Similar arguments must
be applied to the quantities which appear in the first time derivative;

(n})

they do not change the essential result. The g ‘(e) , for Rea < -nt+l

must be meromorphic with simple poles at the integers except that
g(o)(a) must be analytic at @ =1 ., The residues at the poles for
Re a < -n must obey a set of hdmogeneous linear equations; but there

are no conditions on the residues at a = ~n+l1 ,
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We also need conditions for the finiteness of the commutators

A s
[Kuv.] ] . At least when the g(n)(a) are analytic for Re a< -n (as
will be assumed in the text) there are no further conditions on the

{n)

residues at ¢ = -n , However, the g (@) must be meromorphic

(0)

for Rea < -nt+2 , except that g '(a) must be analytic at ¢ =1 and

2 and E(l)(a) must be analyticat =1,

T g g




APPENDIX B

In order to calculate the various commutators arising from the
invariant functions of Sec, IV, we must evaluate several integrals.

First we consider the contributions which come from the poles of

(n)

g '{a) at @a=-n . The relevant small distance behaviour is then
+2
gzn/:‘;f We need to calculate the properties at t = 0 for the

funciions and its first three time derivatives. For the function, only

its odd part is relevant and we have:

B - FE -rr—-2 —n-2)_. ,A'V )
/Z"M (2_")-!.2 (54- - X )= ﬁ..-‘gfﬁ} "
e (B.1)

as the only distribution that can arise is a gradient of a delta function,

re 2 v ? r__ g r/ )7
rs s . .

@ /zz/ /"—-—" ! /+ (f’r/"f}ti .54— _/Z + 7 -+ Le !‘ﬁ, /M

and

” An _—mn-2
A= y/ . .Z/z/’r/,?ﬂ)_zﬁ'.’: g 5.
iadd e "y
~ i -3 . 9_’_"?)«/”&479
= @n) i/,a/xx/ ./%‘“5’ (oo &) (fain

n+3

/ 253
. [1(n-5+2%) .,{xx‘/
o (Pl E 05
sz0 2 fiinpinti=s) <!
X 7 o, 25V 2 pinere)s!r-n) 4
= ‘P/M{Z‘, (/%)l E,“ Pl (ner-r)l FIPIss4) %

; ,/g" Lin-r+ )19/ —(%’f[?’“""l"jz’“%gj

2rze (%1l -4)tns-r)r! (B. 2)

The coefficient of the sinhm1 term vanishes by virtue of the identity

S Niava-s)[lo+rs) — [l 1) s ta)

s (a-s)b s! a! /"(o/-f) (B.3)
We then define the coefficients ar(n)
n+i / [(n+)
nel=s5+4.) 1s-4) = DT el
arn= 2 U T Loll= DT Pim

s=ret 2inei-5)t SO+ C1)
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and
A,, = ¢ Plm rga (F%fr_’arf")
Thus
. SR A ' 5 (% “arin
Jow &5 )=~ A TIPS 2

7/-—70
(B. 4)

.We now proceed to the first time derivatives. There are two
functions which contribute: 80 ‘g‘zn/ §f+1 and 60 gzn/§?+2 . The
first contributes to 6(_{:) , the seconzl has a divergent term and a
finite term of the form VVé(r} . The coefficient of 6 (3:) is obtained

by integrating the first function
i [P anT I EV(37 577
90 am o hgzo?_"_-})
= i [d% an Py, )0 €8T - R L /) PG St
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= 2:TUnR) L ey gn 5 (Pl Geny
n'ri%) mL e 5.5

-n-2 -

The divergent term of bo[é’zn(f,,_

§:n‘2)] is obtained by integrating

the expression
[d3r (207" 9§55 - =
=3, | . AlH=l) ~p=2
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=L 2 dx /' M| e 7 {trvarca o ( Vi2in & +CPXfp 28/
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It is equally straightforward to calculate the second derivative
. . . 2 .2 ,
terms, VV§, using the same integral with r and § ; we leave this
: -2
as an exercise for the reader. Taking the total n contribution,

We sum over n using eq. (IV,11) to find

Y z —=(n) ) '_"-’/-’(ﬂ"'%j
77' (9 Z ‘Z‘hf—;m L tnve Mines) (77 (i)t 04

The condition for this to vanish is

nt ! .
—-— Y ! - -r)
5 Gl (Y] T - 2 5 Ty 1 Gyl = 0
h .

(B.7)

. s 0 ,
This same condition also removes the l/p term in eq. (B. 4) and
similar terms in the higher-order derivative expressions; hence it

also guarantees that the commutators transform as tensors.

The second time derivatives are required for the space-space

components of the commutators, Thus, we need

(@7l OTL§ (5 5= (207 e (FAE U]

N, = Gl fdor pop (- ETT 2 5T = AanT ol i fonnrs f—i:
— Yntnsi) 52‘7/5‘”7 =[—- Inl2nsi) At ‘/n(m»/})\n] “f/,,.,

= ‘ F/m Yn g;a [ /"”/,?7 }'?m[!m- 1) Qptn) —(n+4, )0,.-{/7-//]

{!

L%y (1) B )
(B. 8)
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(B.9)

(80)2 2n t’ -2 term contributes third derivatives of a

delta function as well as singular terms, We shall not calculate the

third derivative terms, only the divergent term which is given by

h- 2
37 (2T {poc) -IIE (5 2 )]s B §75
- 2"”’”*”5 MJU " 27—- //XX/ /a/&ﬂ'{#fn—u{mt)max

Jzﬂ*j
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= (Plmy ? / dx x‘/-‘r{Z(n-U/’/ﬂ*‘Z/__ planes) ey
s/ (hf—lj’ r'ews) W1l Fiey )

n+ %)
= =24 ff /7 (}9#}’/"//1){

(B.10)

The coefficient of l/r’L2 is thus identical to that in the first derivative

term, eq.{(B.,1). The vanishing of these terms then leads to the con-
straint on the g?j(n)(-n);

The remaining quantities of interest are the third time de-

rivatives which have cdntributions to the delta function from fn £ and

- 2 1 2n -~n-2
Ezng' and singular contributions from &£ n§ 7% and £ nt‘ o

The delta function contributions are from 30(-62)' In ¢ = 4(21r)2 Cé(r)

C= [d3r(97) D (-0 br(5+/5-) = J42r (205720°(Yg) = ¢
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and

[ 3 (2072 -V [E 5~ £7)]= 4n /d’r(:n)’ZJ‘yzrmuf 5
— (Z2nti] f&m-us—'j

. 71 2t
= 4 n[ Atnty M;— ﬂ[/’z,;/g (f’z,) (7 (ﬂ-l}]
o

N rtn)
- [n+4 2
anH/[( };:U—'I’fl_—,;’y{ ,* (n-0(PL,) r}?a % )Zt a{m-z)]}
= ([ &/ n+%) <
w0l * UE) " ,_% . (7. Z,,/?f [ 21 (nt1) Tlr—1)~ m-.-;r:nma{(m{)y
The 5/'}’);://«»* tferms From E /577" are: {B.11)

Jd3r 9% § U s: 67T = 0
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