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GENERALIZATIONS OF TII3 POINCARE GROUP

I . INTRODUCTION

The recent successful application of the symmetry

group SU, has opened the floodgates of speculation. The
1)original formulation of SU- symmetry ' suggested that it

was incompatible with relativity, and many attempts to form-
2)

ulate a "relativistic version" were made. ; Except for the-

suggestions of WYLD,3^ and MAHANTHAPPA and SUDARSHAN,^ all

these generalizations are plagued by difficulties of inter-

pretation of the most serious kind. Here we investigate

relativistic "generalizations" of internal symmetry groups.

Our main conclusion is that an algebra .*/? that inoludes

that of the Poincare group must be a somi-direct product with

3 = c/2 /S • -^e assumptions under which this result

is derived are 1 (l) Kelativistic covariance, and, (2)

that the mass spectrum is not continuous. We have studied

several choices of S> giving relativistic generalizations
5)of Wigner's supermultiplet theory, ' as well as Gursey

and Radicati's SU^ theory.

II. GENERAL CONSIDERATIONS

It is our aim to determine every real Lie algebra

that satisfies certain conditions that are necessary for a

physical interpretation. Let f be the algebra of the

Poincare group, and let the 10 basis elements of j be chosen

as follows

C,j - 1,Z,3 i s- = 0,1,1,3

Let JLT be the largest subalgebra of J that commutes with

Pg and let JL be the homogeneous part of 7A7- , Then

the structure of J is



The semi-direct sum will always be written-with the invariant

subalgebra last.

Let t/2 be an algebra that contains J as a subalgebra,

and let *^ir be the largest subalgebra-of J that commutes

with Po . Then we shall show that the physical interpret-

ation requires the following structure for «/? '•

<A - {JLir , ila. } (2.4)

(2-5)

Q ^ (2.6)

S (2.7)

From (2.4) and (2.5) there follows that {£.5 is an invariant

subalgebra of </l . If {^.| is an invariant subalgebra of

t/t > and if in addition the mass operator ĵL*. r is an

invariant of ^? , then (2.6) and (2.7) follow. This import-

ant result was obtained by MICHEL. ' Here we shall assume

only that the spectrum of ^ r is not continuous, and not,

a priori, that { 9 \ is an invariant subalgebra.
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First we show that (2.4) is necessary. Let zD "be

a particle-like representation of <A (i.e. one in which

the spectrum of R is bounded below by w,say) and let

"3C be the Hilbert space in which the operators of 2) act.

Let "$u be the sub space of 24? on which Po has the eigenvalue

'Wi , and let E^ be the representation of J\L induced in ^_ -

The basis vectors of "tftL are, for an appropriate choice of 0,

the states of a single particle at rest; we may call them

{<*. > , et = 1, 2, ••• where oi. stands for discrete quant-

um numbers like spin, charge and strangeness. Let CL ; <>f,2

be a maximal set of basis elements in >/? that are linearly

independent modulo •A-4mrp • Let t/te.) be a unitary operator

•\ + 2 €c (X.^ where the €.. are arbitrarily small real num-

bers. Then l/(e )/<*> = |<*,£> is not in ^ . Thus, the

elements of «/i that are not in J^~LT may be used, in add-

ition to the label <K , as labels to denote those vectors of

"3t that are close to ^ t . Let us decompose this part of

^ into a direct sum of subspaces o ^ , where "̂ Ĉ . consists

of all vectors irt,£> with fixed oC. Then Vt^ contains all

the states of small velocity of a particle with well-defined

internal quantum numbers. Now we come to our main point,

namely: the dimension of • ~3£^ must be 3. It is at least

3, because the three components of momentum are independent

of each other. It is not more than 3 because- the principle

of relativity requires that, if a particle is found in a

well—defined state by an observer at rest relative to it,

then its state must likewise be well defined as seen by an

observer moving slowly relatively to it. It follows that

the three operators Loi , when adjoined to ^ir,complete <A ,

and we have proved (2.4).

Let <X £ /? and consider the commutator

(2.8)
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where t> e. **A-ur . Calculating the commutator of both

sides of (2.8) with ^ we obtain

U.P.] -- cc<o/' p. (2.9)

v,fhich proves (2.5).

In (2.9) let CX. &<HL and let us now introduce the

assumption that the spectrum of ^ P is not continuous.

Then the matrices CCa.).J are antisymmetric, and form a faith-

ful representation of the subalgebra {/<;;£ of *&• • There

fore </2̂  must have an invariant subalgebra S , say, such

that S commutes with {?L\ and it-i}] is the factor algebra

<AL /S • Thus we have proved (2.6); (2.7) follows immed-

iately by the observation that the matrices C(*O. in (2.8)

and in (2.9) are the same. Note that 5* commutes with {^}

Let -4 , A* ',£,--- be a basis in the algebra $ ,

then

(2.10)

where the matrices <-A form areal, finite-dimensional

representation of the Lorentz algebra {i^wi. Suoh a

representation is a direct sum of tensor representations.

The index A may be replaced by an aggregate of indices

{ ̂  -•• AA , a.) where all except the last one are four-vector

indices, such that (2.10) takes the form of a set of equa-

tions

with /»t = 0,1, ••• . The range of the index -a .will, in

general, depend on <n .



The structure constants of £> itself, defined by

must of course satisfy the usual conditions that make #S

a Lie algebra. In addition, (2.1l) and (2.12) are con-

sistent if and only if (2.12) is Lorentz covariant.

In general $> will include elements with no vector

indices. These commute with J and form the algebra SQ

of the internal symmetry group.

Ill . EXAMPLES WITHOUT INTERNAL SYMMETRIES

To construct the smallest J\ that is not simply a

direct sum of £Q and J^ let some of the elements of £ '

be labelled by a single vector index, i.e. - ^ ^ P ) / 1 "

Then the commutator f-^,-*^]*-^ ̂  is an antisymmetric tensor.

If '^v,^-
<^ then we may take S to consist exclusively of {-^ } ,

thus SQ = ° . In this example iAL * {L^ j Q [AA is iso-

morphic to the direct sum U^ & £^ , where B is the

three-dimensional Euclidean group. If -4 ̂  0, then it

cannot be expressed linearly and covariantly in terms of the

-i ; hence ̂ 5 v would be independent elements of £ ,

For another example, suppose that -*^v = ~'**y* & " *

Then it is possible to write covariant commutation relations,

for example

This algebra is of order six; ' it is isomorphic to - $L(Z,C)-

It has a two-dimensional representation

(3.2)
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The algebra 4/^ is {/-t.-} Q {-^w } • From the commuta-

tion relations (2.1l) and (3.1) it follows that {-<£ {com-

mutes with [l^-sS.^ ;therefore *A-L is isomorphic to $LC2.,C) ©

where the second, term isf^- ~^-j\ and not {Zt. -\ . The unitary

irreducible representations of Ji are given by a pair of

unitary irreducible representations of the invariant

subalgebras ; let us consider, briefly, those representations

of J\.^ that are obtained by choosing the trivial represent-

ation for the second one .

The unitary irreducible representations of $L(ZtC)

were given hy IT AI MARK. ' They may be reduced according to

its compact subalgebra, which is isomorphic to SUp)and are

then found to contain an infinite sum of irreducible repre-

sentations. Each irreducible representation of the SCp

subalgebra with "spin" larger some minimum value occurs pre-

cisely once. These representations may be associated with

9)
the rotational levels of nuclei for fixed isotopic .spin. '

It is important to realize that, in the type of rep-

resentation just considered, the operators Lii and -3^.

are equal only in the rest system, i.e. on ~%LU • Because

the commutation relations between L-. and -̂,. with accele—

rations and with momenta are entirely different, this equal-

ity does not hold in other reference systems. In fact, on

states with momentum (p '•

where /-. are the spin operators in the rest system, while

where A is the 4 by 4 matrix of the Lorentz transform-

S*~ ' (pi co)
ation that transforms oL to rest. We have L-. = ~*>..but l-.^^i. for states with y £ O
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IV. EXAMPLE WITH ISOTOPIC SPIN

Let So = { f^ \ 9 where 1^ » * s 'i^>3, are the iso-

topic spin operators, and let us construct a relativistio

generalization of Wigner's supermultiplet theory. Both So

and the algebra i-^,} considered in the preceding section

have two-dimensional representations, given by (3.2) and by

IA = -£• *cT . In these representations we may calculate

anticommutators as well as commutators; it is particularly

important that those of {-4 ̂ ] may be expressed covariantly:

¥igner's supermultiplet theory ' is based on the algebra

SU given by the matrices

The relativistic theory is constructed in the same way, and

gives the algebra S '•

I* - i < 1 © ̂  ) , ll = it C 1 ® ̂  )it

O

Jr (c-. <a r) (4.3)

Because (3.1) and.(4.l) are covariant we have covariant

commutation relations for S ; given by (3.1) and :

, r J - «• ic , Ex., r;j-4T; , [i^l-^u.*)

(4*5)

-7-



J *<

( 4

where -^.w,e - ^ ^ € - 4 ^ and c'J,/, and a., b, c

are cyclio permutations of 1,2,3. These are the commuta-

tion relations of

The algebra A^ is { Lt-; } Q SL C / , C ) . As in

the previous example /̂ •;~-<Si--̂  commutes with SLL^yC)^ so <A-

is isomprphic to $LW,<~) © £^j. • Again we may take

the trivial representation for SU?, and construct unitary-

irreducible representations of SLi.^,O. These are sums of

unitary, irreducible representation of SO" j thus one rep-

)resentation of S^-CV,c) is an infinite set of tfigner super--

multiplets. We repeat the warning that it is only on~"2Ct^

that lcj - -*(-; .

V. EXAMPLE WITH UNITARY SYMMETRY

Let So ' {/l^} where ^^ , 4.= 1,'"tP are the

unitary symmetry operators, and let us construct a relati-

vistic generalization of Gursey and Radicati's supermultiplet

theory. ' In (4.3) replace t T f c , d-1^,3, liy %^ , A- 1 >••>*',

taking for the latter one of the three-dimensional rep-

resentations. Then the matrices in the left-hand column

satisfy the commutation relations of SU-rt and those in the

right-hand column complete this to £', whichiis iso-

morphic to £z. £6,C> . The commutation relations are
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given "by (3.1), (4*7) and

The algebra </? is {/.,.-} ^ $L(&,C) an(^ i s isomorphic

to $>L C&,C ) @» ^l^ x where the SU2 generators are

2-£. ~ *£>;. as in the other example. Taking for SU- the

trivial representation, we may represent elementary particles by

unitary irreducible representations of SL (&)£•) , which are

infinite suns of representations of SU^» The full relativistic

group is given by (2.?) where £ is isomorphic to Si. (6jC).

The translations commute with £ and the commutation relations

between £ and the generators of the homogeneous Lorenta group

are given "by (2.1l).
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