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The relativistic structure of the 143, 364, 572, 4212,
~
and 35940 U{12) multiplets is exhibited in the conventional

wave Tormulation of guantunm fields. Expressions for free

Lagrangiansg, free propagators and interaction lagrangians

ars given for S-matrix calculations,., These last multiplets (&Elf, Ejﬁﬁi)
include spin 2 particles and experimental evidence for them

has been recently accumulating.




1. I¥TRODUCTION

A covariant theory of strong-interaction symmetrics ivr-rmarating
a U(12) structure was developed in Part I of this paper (Salam,
Delbourgo, and Strathdee, 1965). The chief feature of ths formalism

was to exhibit essentially the free-particle structure of the

~
(intrinsically broken) U{12) irreducible multiplets corresponding

to (143) mesons and (364) baryons.

Now the free-particle structure of the multiplets is all that

is required if one wishes to generate the simplest S-matrix elements
(veriex functions). We were thus able to give expressions for the
meson—-barycn and meson-meson form factors. For more sophisticated
computations, however, it is desirable to develop 3.5112) invariant
field theory of the particles we are dealing with and this will be
attempied in the present paper. We wish to stress that there is

no assumption here that the particles we are concerned with (the baryams

¥ and the meson M) correspond to anyfundamental fields'".

The contents of the paper are the following: In Section 2 we
write the free-particle structure of the 143, 364, and 572 multiplets,
and the free Lagrangians from which the corresponding Bargmann-
Wigner {1948) equations can be derived. We alsc give in Section 2
the free propagators. In Section 3 we write the interaction
Lagrangians for NNM and MMM coupling. These were essentiélly given
in Paper I, except that we now also include interactions of the
neson singlet. This formal apparatus should be sufficient for most
higher order calculations. Section 4 gives the detailed relativistic

decomposition of the 4212 and 5940 meson multiplets.

2. THE STRUCTURE OF FREE-PARTICLE MULTIPLETS

A, The multi-spinor formalism of Paper I is essentizal to
exribit the‘ﬁ(l2) symmetry. Alsc this is the simplest formalism
for writing invariant interaction Lagrangians. It is, however,
somewhat unfamiliar and we shall attempt in this paper to write

all our expressions in the conveniional wave formulation of fields,
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B. Three of the lowest U{12) multiplets which find application
are the 143, 364, and 572. (These correspond to the 36, 56, and 7C
~J
of U(6) theory.) In terms of U(4) x SU(3) their conients are as

»
fellows:

- b : * -
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36e = (Yo Y, Ye 5 Ve Yo ) (2.2)
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where the SU(3) dimensionality is shown underneath each set of
guantities that comprise a 614) multiplet. For homogeneous Lorent
transformations (which are contained inf5(4}) ¢> is scalar;

5133,\ = A-vector, Cb['w"]: antisym. tensor, '\.‘b = Dirac-spinor,
«pﬁv
the U(4) symmetry is broken and one finds a relation among pairs
( ‘{359 c%’*._; )’ ( ""/ ’ '\‘Py. )y ( d’,,. ' 4’;?,]), and (2"'{’?" "}‘t;.w_‘_‘, }.,

In detail, as a consequence of Bargmann-Wigner equations one nay
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Rarita~Schwinger spinor... When equaticns of motion are applied,

write the multiplets in the formz:’
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Jote the wnifore structure of 4-gradients and 4-curls which occcurs

feor all multiplets censidered, The presence of the “derivative”

components §u¢ , h,_ \1/ , etc. is necessitated by the regquirement
‘._() . X 4

of U{12) invariance”,
C. The free meson Lagrangian is the following:

. - . 3 Ty N : c 2 A
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(2.5)

The propagators are most easlily obtained by the functional different-—

iation method of Glashow (1958) where a source term of the type

t 3 AT B . L . .
-:-_w." ) ; G)Z is introduced to compute the appropriate Green's
o -
functions. Leaving out the unifary gpin factior 8;3 s these read:
;
.
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For the 364 multiplet, let N, M stand for the spin %

particles and 3% . DF"" for the spin 3/2 particles. Then
negiecting wnitary spin,

£ ix) = W {ige-m)N & N

p N~ NN, - WV
- ’“"\?? N ?’%‘QXBPN)/M + 'f)‘r(i{a»m) "igi*

<+ 5?(31- gyw‘ '3,*'01,)']).,/1*\’ - Jj:m‘B,-\vtDPV

(2.7)

Tiis Legrangi

gien provides propagators in close similarity with
tnoze of the mesons:
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where
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Note the {uniform; appearance of "contaci" terams involving
%pv and %kr %nv y etc. in the propagstors. These exira
terms are characteristic of all linearized field thecries. For
gauge theories of mesons it is easy to understand their significance;
these terms take care of the so-called C-parts (two-meson, two~
photon contact interactions). For spm 2 and 3/2 particles their
appearance (for the first time in the present theory) presents a

coxpletely new feature.

3. INTZRACTION LAGRANGIANS

A. The three-point interactions of the 143 and 364 multiplets

Nf -
are wnique in U(12). Thus

Lo Y - . (V. S [ b : ’1
JL(QQCJI = %g'; 3‘?;# éyi é’p«v * 34)?5 r“
f.;. .!‘} 1k
+ 6 (i’; cij? @3»5 ¥ ¢pw (bv} ¢}§x~
-~ ¢ 3 ¥

In conjunction with the free Lagrangian written earlier this gives




the typical eguations of motion,
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Note that the trivial conmponent 61’? is no longer zero and the static

Eq. (3.3) provides a definition of it in terms of the other fields’

B. Turning to the interaction of the mesons with the nucleon

octet, we construct the (multispinor) invariant:
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Expanding out in terms of ¥ and Nihl ,
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With the propagators (2.6) and (2.8) and the interaction
Lagrangians (3.1), (3.6), and (3.7) the formal apparatus for
writing Dyson S-nmatrix elements for meson-baryon interactions
is complete. The lowest S—-matrix expression for the form
factors (vertex function on the mass shell) for example is
obtained in the conventional manner by substituting for NP; dﬁ»s

/
and ci)rw, ]);M, the free equations of motion,

i"‘"”)« = P)\N ; ‘:}’\'4>)5' = de’s y

‘L‘IACPK'A > bk¢A- b,\qb,;, ‘:W\Di:.\ = bl‘])’\ - hdy

This gave the expressions (5.15) and (5.16) of Paper I.

It is interestiing to note that whereas the usual gauge
generation of electro-magnetic interactions by changing Yp = Y("*eA)
makes the Bargmann-Wigner set inconsistent, +there apparently
is no contradiction if this is dore for the Lagrangians (2.7),
(3.1}, etc. This somewhat sirange circumstance calls for

furthsr investigation.

F.
4. EIGHER MESON REPRESENTATIONS IN U(12)

To accomodate spin 2 one must proceed to the higher
representations 4212 and 5940 (189 and 40% in SU(6)). Their

decomposition in terms of SU(3) xﬁ(d,) is

4212 = (8, 84) + (1, 84) + (10, 45%) + {10%, 45) + (8, 45) + (8, 45%)
+(27, 20) + (8, 20) + (1, 20) + (27, 15) + {10, 15) + (10%*, 15)
+3 (8, 15) + (1, 15) + (27, 1) + (8, 1) + (1, 1)

5940 = (27, 84) + (8, 84) + (1, 84) + (20%, 45*) + (10, 45)

+(8, 45%) + (8, 45) + (8, 20) + (1, 20) + (27, 15) + (10, 15)
+(10%, 15) + 3(8, 15) + (1, 15) + (27, 1) + (8, 1) +(1, 1)



The detailed content is

4212 = (4’,’\,_5 ; T, U "],V,X) (4.1)
i | W | | SO
P+ 8 L EX 10 mo¥ i+3§+217

500 = (¢, A,5 ; T, 6 u, n, Y, X) (4.2)
§ AUS— | — 1 5
1+ 3+ 27 5+5'+Ib+|o* VE 8

where
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(4.3)
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The correct U(4) multiplet structure is assured by the constraints

Ave == Mo Progeg = Apaten

Al’.ph][vﬂ T Acvﬂq»k] y Ayepwy © ‘ACV}JP

Sap = Spa Spr = 0, Scaee) T - Scrw‘ltu]

Si:p-h'lcvn = ch)."jtp.k} , S)Cr—‘a = - SI‘.‘ynv'.lA

e —

- —~ L L -
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e
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X = X55+ XPSFS p XPSVS = X,SFS
(4.4)




Finally the following 144 relations guarantee that the U(12)

representation is irreducible,

_ singlet HE R T [V ) - [
¢ +‘q = 0 (& OC'te‘t)’ .Z_"_lb‘s- """ O (Octet), ] 'i"Z"' Wi \M.A.J.L&..'.k.—-t)

where
Ze = -4 € uapy AE&:UC}W]
Z*‘“ = 2i [Aaoawy ~ Agann
Zps = Cpver (Aucay + Aoy )

= 24 _ .
Ly C (A Acpxacve ) (4:5)
At this point we apply the Bargmann-Wigner equations and obtain

Bp Apvw = %S = 0

i n S[‘.thi" = E?R S;‘}L - P)‘Str J P"' SCH_;"]P,. = "'l:m 57\‘“
T y

* n S‘Ckk}tw] = kr%‘k S)\V - bi“}h gKV + rv "A Si—r\. - rl-' PIL s)r.

with  Sumdae U‘,.“M t‘“"’ Atiah')p ) A)‘cl“"] ond A’Eu]ﬂw].

LA chn‘ﬂ = ?g,_Uy - “v va ) . h’“ Uﬁ}wj = - Lm Uv
T = X = Y = o .




This gives the complete relativistic g(lZ) structure of
4212 and 5490 . Notice that the desoription of spin 2 exactly
parallels the Fierz treatment of integer-spin particles except
that we are forced by‘5(12) invariance to include all Pierz ((93§)
alternative formglations of spin 2 theories within one multiplet.
Observe a new feature of the formalismj one of the spin 1
structures appearing in 594C (and 4212) contains 15 components
instead of the 10 which describe the spin 1 particle in the 143.
This "abnormal" behaviour skould not be surprising since the
multiplets concerned correspond to differeni values of the‘g(4)
Casinmir operators, It, however, does introduce a.new (perhaps

weakly respected) selection rule in the theory.



FOOTNOTES

1. The unpaired quantities c% and V (the trivial components)

equal zero as a consequence of the equations.

2. In the multispinor notation used in Paper I these states are

expressed by

EL0e2) = B0 L Tlrpem)lts ) + 1ot )h(re)?

Yaoe 08) - Yarpsart = {2 [(ﬁ””‘)n C]ais“l"rr W ¥
+ ——{@W )rscdp w‘l' _— cjc}
Y pye (522) = @Edmﬂ - E"“”'"‘)’frc]«gs €hgs "l’r.»,: -
* %{E‘M + fﬂ) Vs Clay €qus by + Bt m)ygc]qe"s«y;g}
b T {Rw*rm)rg oy Y + [m-m)ysc']ﬁ apd}
= Lor e m)eClag by g

Our normaligzation of, for instance, the 364 multiplet differs
from the SU(6) normalization of Sakita (1964) by an overall
factor of JS-(to give chargeefor the proton). An extra factor
of l/’JE. enters in the decomposition of the symmetric rank 3
multispiner into a spin 3/2 Rarita-Schwinger field and again
produces the correct charges )?i(NaH—i-)f N*tY , Ko

ot
3. The parity assignmeni of the multiplets is wnique in U(12)
theory and is the subject of a separate discussion by A. Salam,
J. Strathdee, J.M. Charap, end P.T. Matthews. {to be published
in Phys. Letters)
~
4. VYhenever we use the phrase "U(12) invariance" we use it in the

context of its inirinsic breaking through the inhomogensous

Lorentz Group.




4. (Continued)
It is worth mentioning that (2.5) can be recast in the form

_ TR T A ‘ v v v . . {
d = -Lim ?A‘ @B +im [‘i’w (ar‘@v - ¥y Ch»)"’ (“‘f‘r‘-zbr:)% '¢",~5’ (ai‘%)}

The form explicitly shows that the kinetic energy terms are

3(12) non-invariant while the mass terms are.

5. Using (3.3) one may eliminate ét Trom the other equations
{or effectively from the Lagrangian). As mentioned in Paper 1,
one can treat the irivial components ¢& as spurious.
Consistently with C- and P-conservation, if one looks for an
for example g
unsymmetrical solutionAwith only ¢ £ O, one obtains
a natural mechanism for SU(3)-breaking. Thus an approximate

symmetry-breaking solution of Eg. (3.3) is d}s o m /3 3 .

6. The multispinor forms for the non-trivial components 'I} y U, ¢ A
)

and 8 appear more simply as

Lapd o {(wp+m) YsCA]rrs_ [C-l”"s(””'“)]#n“’)

Cyel

1

&
i

fap}t ! *
r.rps] [Ger +m) v CLE (7, C“.Fm)] i Ve ®)

{{2{;}} = [(vp +m) V- C)rs (e (ﬂ'm)] N Gy (1)

L &

(?m_mk),} - U‘x"m;) UP“ = (P"'*w‘) ¢PV = 0

br Ur[ﬁ’) = WP lp) = o
and

$= b, A= 4)’1&*‘“3 ; Sprs ¢fw} ;) Spr = 0.
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NOTE:

After this paper had been printed the authors
received two papers from Drs. M. A, B, Bég and A. Pais
and Drs. B. Sakita and X. €. Wali, who have used a similar

formalism, We are grateful to them for sending their

preprints.
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