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csxtf^e approximation technique to

"he eloctrod vnai;;ics of vector mesons, it is shown using

two-particle unitarity, that in its high energy aspects,

the theory is analogous to that for scalar mesons only

for particular values of the constants of the theory.



I. INTRODUCTION

T::o renorn-tliaabl'; theory of v^c'-or i.icsor.s has for some

time attracted th» attention of various authors" who have shown

that the use of conventional Peynmun rule;-; 1 *•;:.-.,,;>; to an unronoraal-

izable theory. In an attempt to oo i,ain a (c ovarian t) renoraaliz-

able theory, Lee and Yang" introduced the *r -limiting formalism

and obtained a rcnormalizo;; theory of vector mervor.G with arbitrary

anomalous magnetic rr.omoy:T. .)••; the assumption thai after Eun;min-<r all

contributions to Lho ?-;-•.;- diagram, the limit T = T C exists and

can therefore be taker. s.vf..;-.-.

Usi.,g a completely different approach from the usual
2

procedure, Sal am and Delbourgo have recently proposed a theory

(of the electrodynamics of vector mesons with arbitrary magnetic

moment), which is based rather on Dyson's form of the equations

for the renormalized propagator nrd the vertex function. In this
« A 3

theory, the inhomogeneous term y of the full vertex function

I is considered s.;; ;,-..e i^rst a^proximatior i.o I , the process

termed the gauge approximation. It is then =;hora that with con-

ventional subtractions, vector electrodynamics is completely re-

normalizable.

In their trentrnc-;rfc of thin theory, SL conjectured that

the equations of vector electrodynamics ;;ive rise to two distinct

solutions depending on the boundary concl itior.r-. imposed on the prop-

agators. These two distinct solutions are called the "vector"

and ."scalar' alternatives by the authors. A solution was found

for the ''vector" alternative, valid for the arbitrary gauge, which

is non—perturbative in methodology cut still possesses the same

limits as the free propagator. liov/over the authors did not con-

sider the scalar alternative i.e. the case when the vector prop-

agators and vertex function behave as they do for scalar electro-

,q-,r,-•>• ..-îe . A problem therefore arises ; Does this other alter-

na.ive exist physically? to wit, are there any special values

of the constants of the theory for which a different solution could

be obtained? In particular Lee and Yang have suggested that the

meson propagator /_Wy behaves not like the free propagator A ^ ^ but

-like the scalar propagator Z \ . It is the purpose of this paper

to show, using two-particle unitarity and the gauge approximation,

that the scalar alternative might hold for special values of the
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constants of the theory.

Section (2) deals briefly with these two distinct

solutions and the boundary conditions to bs imposed. In Section (3)

wo consider the meson solf-energy equations and obtain the conditions

necessary for this other behavior to hold- Section (4} deals at some

length with the photon and the vert ox funciior: oquations, obtaining

the conditions to be satisfied by the form-factor equations in the

gauge approximation.

II. THE STABILITY CRITERION

Defining the meson propagator as

(2.1)

where

(2.2)

(2.3)

\the Dyson equations for 2q. (2.1; are

(_,«•)- E ^ -T \rl L-<o.^^ (2.5)
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here the kernel K, is defined

r

J
function r€norf:i;:lization constant

arc {r .̂ja relations

(2.6)

and the "bare mass

= I (2.7)

l » I

( 2 . 8 '

It follov" froi;i the definitions (2.7; and (2.8) that the second terms

or, the rif';ht-hand side- of ^q.uations (2.4) and (2.5; must approach zero

in thia limit.

Xow a sufficient condition for

(2.9)

hoici is river oy

(2.1C)



oq. (2.9) ia the stability criterion of any approximation procedure for

computing any Green's function based on Dyson formalism-and from it there

-iv~ RC two possible behaviors of the propagator and the vertex function
A p A. '
/ \ and t respective^ ;

(A) Either £_ V\a is finite (apart from logarithmic factors) so

that we have the boundary condition

^ \ (i.e."7 = 0 automatically)

or

(B) ' 2 ^ ° and Z^IPV*5* P In this case W* must be
intrinsically quadratically infinite.

For case (A) -we have the corresponding propagators behaving

A ~ 1 r*<* i.
^-^ » p (2.11a)

and for case (B)

A* * (2.11b)

Cr:s,cs (A) and (B) are respectively the "vector" and "scalar" alternative

solutions for vector electrodynamics as conjectured by SB. The former

is investigated in detail by the authors and we now consider the latter

ir. the following sections.

i'J-jJ 2.I5SON S5LP-EN5RGY BQUATIOl^S

The meson self-energy equations obtained '^j SD may be reduced

t o the f orin



r. 0 1 men. as

and the prime denotes differentiation with rsspect to

For large p Equations (3.l) and (3-2) reduce to the forms

• * •

1-
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and

?L*:.iin£ Tor KKfiiolicil" tha t
•—7/

small compared to

.at ions (3.5/ a"''->d ; 3 . 6 ; o;vn h-s

(3.7)

•+

(3 .9 )

where

(3.10)

r
(3.11)

Consider nov Equation (3.4). This is the inhomogeneous Riemann-Iiiltcrt
5

equation which has teen fully investigated by i-Iuskhelishvili . Apply 1;:

kiiskhelishvili' a results, Equation (3.4J ^as the solution, with the sub-

6traction

(3.13)



and C is a constant•

No- for I to behave as j «* f |Vj(f7must behave as

^ ) * * I so that the term <X p ^ I ^ M t P V dominates over [ in the

denominators of Squations (3.7) and (3.8). Hence a mat ion (3.4) would

admit of solutions "behaving J ike ~£ /p>) cd> I if and only if the phae.o

(N
••'juxition (3 -9 ) T-;Qulr" admit of s o l u t i o n s behav i ng a t i n f i n i t y

= - i r

(3.15)

In this case in order to satisfy all the conditions of the Ric&arin-Kirbert

•equation ve should introduce a subtraction constant •£_ (o}-z.Zf(d) the com-

putation of which is given by SB. Also it is to be noted that Conation

(3.9) is homogeneous for the I^errai-Stuckelberg gauge and then zl [ Pj

vanishes identically.

Equations (3.14) and (3.15) a-!"0 the necessary and sufficient

conditions to be satisfied by the constants of the theory (such as <X.

ar.d the observed magnetic moment IC) . These conditions are clearly

"*\ Pi

The photon propagator J) ̂  may be expressed as



2/O - .4.2;

(4.3)

• •-•-'•-:•: .?'.u;-":-.rrjr '.~or.~tiov i;-; uho two-parviclo unitarity approx-

(4.5)

t =p-p\X
?ro;a -iquat phoxo/

ar, defied i;, SI,

self-energy equation reduce? "to the form'

i " jo^"li'.i\T'r: is clearlv Gxhibited if we
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'-'her: eliminating \*Jfey equation v4.'-0 becomes simply

?!'.'- rh^oical significance of Y(fc /is oasilv shovn if v:c define a function

(4-9)

the v>ri~e denotes differentiation with respect to ̂  Then in

9
i,o.tic limit, TJO have the interesting relation .

(4.0)

where Q is the quadrupole
moment in units of

;••.•: the stability criterion requires thai; ~7r~> 1 (or alternatively Q- (i.)

ir.~ be- at least as convergent as l/'t for large X, ; if the photon

-•operator is to behave like J) *^/ /t,*' ̂ n c e from Equation (4«8)

iv)"^ -^i ) "VlltO'^'t (aijart from logarithmic factors),
It! "̂*- ' It! ^ n *

hic;: is consistent TH+V, ;,viC fact that for [ r-> p thsform-factors

^"j ^ ^ , £,(**") ^ ^ say, where a, b ,

.d c aro constants (since for iar<7G"t, "̂P an(i ^ v:ili dominate in

;-.-.-ition (4.8;!. iui examination of Equation (4.7) then reveals that

)*•«-> I only if a - "0 + c.

Corisider nov the exact two—particle unitaritv equation for

;;ho vertex function. Per simplicity VQ shall deal with the photon

unr/'iynical since the meson unphysical is more complicated, involving a

'•"":'"<-: number of form—factors, and requiring a proper treatment of the

C". ...;to.n parts in order to preserve £au-GQ invariance .



r.-.al with the gauge invariant quantity

.:• arc Ô-C-T--.:;:̂  with I. A?,?') such that tho mesons are

(4.11)

vherc Wjf is as dofincd in 3q_uation (4.5) •

The three f orra-f actors fcix) . J\[ [t/and ^.[fc^j are linearly related to
the three possible contractions

u . 1 2 b )

and from t h e s e \;c ootairi"C^L-t1'J Jl l^-V a n d C c t t / i n fco:rins o f F"(rvj P" /t

and |TUv). ' ' ' >

ITow one of the contributions to the vertex function is the

one-photon-exchange diagram. 'This in the two-particle unitarit"- appro

iraatio. , "ives

X... F ^

CL j c f-k-'-

Prom Equation (4-13), the form factor equations ars obtained as

( 4 . 1 4 a ;

7T ij-^iV TT

S}
(4.Hc)

-10-



where _L rv\ r- L€ J (,*-"', ̂ V UTe given in the Appendix and

"£• ~X-t. a r e t o 'be found- in ̂ J ) •

Eqs. (4.14) tor^th^r with 5q. (4.6) give us four equations

involving four nr.l:noT-n̂ K ̂ (.•fc*K J l|("t.X)' A-li*"} - -'- ̂ - 6^y • They

a r e , h o w e v e r t vovy coapl •• • .ted _̂•.&.-•;, solut, Lr-.n:-. >,_' w h i c h c a n n o t

easily be obtained. .;*« .:.srefore make use of the -,Tior

where we set (T(o)= O » G'(C)~\ -rid

constant proportion,.1 to the fine structure constant ^ ^

Thus for large t* , Q£ (t l) « ^ .

In this approcimation, Sq- (4 -14a) reduces to the

homogeneous Riemann-Hilbert form, via, ,

(4.15)

where

- (4.15a)

Similar equations are obtained f or X*yH&\)"nd JLK> T C^*"^ "*" ^-

Thus Pit1") behaves for l u g e "t as C (j-^) /^mJ I i f

. (4.16)

It follows from E--.s (4.15) that for lar^e "L , "

must behave like unity. A tedious but straightforward calculation,

using the X ' s in ^ j ) and in the Appendix, gives two cubic

equations in (̂  and f? . A consistency requirement enables us

to impose a constraint on 0 , which i s , however, too complex an

equation (of the 12th order!) to be solved. Taking a special

value of ft— I (which simplifies the calculations considerably)
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leads to an inconsistency, implying that the Bernstein and

Lee suggestion th.-̂t the vector niesons have no anomalous

magnetic moment is not reproduced at high energy in this

approximation.

CONCLUSION

Pbrom the stability criterion, which serves as the boundary

condition to be satisfied 'oy the three Green's functions A , P

and J) , it has "been conjectured that two alternative solutions

(one of which has already been discussed by,3J)) to vector

electrodynamics, exist which exhibit distinct behaviours at

high energy. The power of this criterion in specifying

acceptable high energy behaviour of the propagators enables

us to obtain conditions for the various spectral functions.

Exploiting these, we have been able to show, using two-particle

unitarity and the gauge approximation technique, that for some

particular values of the constants of the theory, which owing

to the complexity of the equations concerned we were unable

to obtain, solution to vector electrodynamics might exist which

behaves at high energy as in scalar electrodynamics.
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Using: tlxO phase cpaco i n t e g r a l s l i s t e d in 52, iHquai:.ior.s v ^ ••'',

reduce to the Term

K'

x, %\ ,

A* 'I

IT



Kx *

jQ v~ (I,,

- 1 4 -



•+T / T T 1 _ T

"' (-a)

where I - Io, can be found in SD except that l0. should read

and I - I,q are as follows; with I^P? P'*
k) = Ii(p'jP

- TV CWP)



) 61 f ;> - Kj P

K £UP

I p

I (pV p

:) 2
p

K CL / p



- L LL<L '"

j .
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