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Tbe Relativistic Structure of StT(6)

by

R. Delbourgo, A"bdus Salam and J . S t ra thdee

International Centre for Theoretical Physics, Trieste

It is shown that a relativietic basis for invariance under

SU(6) exists only if the group structure is extended to U (6) 6 TJ (6)

for any interaction terms. The notipn of inhomogeneous extension

U (6) £ *I»(6) is introduced. This extension leaves the kinetic energy

terms invariant, though it still does not provide a fully satisfactory

theory.
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THE RELATIVT3TIC STKIICTUBE OF SV(6)

!• Introduction

We wish to examine in this note the relativistic bagie
2

of recent generalisations of Signer's supermultiplet theory

to elementary particle physics. We start with the assumption

that so far as the relativistic and internal-symmetry structures

are concerned it is sufficient to start with an elementary

raultiplet of Dirac spinors — elementary in the sense that it

corresponds to the fundamental representation of the internal

symmetry concerned. More specifically for the internal symmetry

group U(3), this fundamental representation corresponds to a

Dirac set of three (J3akata-like) quarks. Our assumption then

amounts to saying that so far as group theory is concerned all

particles can "be considered as composed from Dirac quarks.

There are three questions to "be studied:

(A) The structure of the "algebras" formed from the Dirac

matrices and the internal symmetry generators "T •

(B) For which ones of these "algebras" are the kinetic energy

and the mass terms in a free Dirac Hamiltonian invariant'

(C) The types of interaction Hamiltonians (if any) invariant

for each "algebra".



2* The Structure of the Combined Algebras

Given a set of hermitian Dirac matrices i * a.nd internal

symmetry generators • » note that

For the fundamental ( ̂ V - fold) representation of any unitary

group TJ(tV)» the fltfl matrices T* span the entire hermitian "basis

and therefore both IT*,T J] and fT1
;"PT e-re expressible

as the linear sums of the T* ' s themselves. So is t r iv ia l ly the

case also with the full set of the 16 Dirac matrices. Specialising

to U(3) ( A-t. for the nine matrices T* , 1 - O, l , .-.,8 ) t i t

is clear from the above that the 144 matrices yA- j* (As|,.--,l6>

A* O,|,...,if in general provide the set. of generators for a U(l2)

structure.

I t is easy to see from the results for the anticommutators

of the Dirac Yfl given in the Appendix that the general U(12)

group contains two II(6) sub-groups each generated by the 36

matrices,
l

The crucial remark is that since ( | + A 7e )<T\4V is a

set of antisymmetric self-dual matrices, there are only three

independent ones amonff these; and likewise for ( t—*fs) ^uv

Clearly a TT{6)-invaria.nt parity-conserving theory must necessarily

possess [K **> tC* symmetry. U (6) and U" (6) clearly are straight

generalisations of SU (?) and SU (2) ~ the two sub-groups into

which the (Euclidean) group of rotations in 4-dimensions sp l i t s .

The relevant matrices are unimodular
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for a Lorentz metric /one must therefore first resort to the

"unitary trick" of Veyl, i.e., go to a Euclidean metric,

generalise U*(2) ,u"(2) to U+(6) and U~(6) and then pass tack
4to the Lorentz metric . Adopting an obvious nomenclature we

shall call U (6) the homogeneous symmetry group:in contrast to the

inhomogeneous groups we consider in the next section.

"Algebras" of the second kind "based on the inhomogeneous

rather than the homogenous Lorentz group are generated if we combine

general relativistic "spin operators" with the T 's. The "spin

operators" are products of the Dirac Matrices with momentum) one

example is the set of the Pauli-Lubanski operator (which in the

rest-frame of a particle give its intrinsic spin),

y ^ p <>Vp |V , ( ̂  (^- 0 ) , (2)

Since,

< •

A new U(6) algebia is generated "by the 36 quantities ~T , t*^ I

Since MS (like O~u.yf ) commute with 7C , i t is also possible to

set up the groups \J^ (6) with the generators

Kow the i^'s are only one example of the general class of
5"spin-operators". Another operator has been described by Calogero

this is the tensor
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For a free Dirac particle, Calogero shows that the "even"

components of the t*Xi, and W*y (in the Foldy-WouthuyBen sense)

represent respectively

Here ff* and <T are the longitudinal (along £ ) and transverse

components of spin 0" , In the rest-frame therefore W ^ and

possess the same physical significance. In a future paper we

hope to come hack to the complete algehra of these spin operators

3. Invariance of the

Thei Free La^rangian

The Pauli-Lu"banski operator t£. and Calogero operator

r
possess the retnarkaljle property that the Dirac operator D » T*p

commutes with these. Thus

is invariant for TL- (6) (with generators T , V&uT* )• Likewise

defining *+ u R - ^ C|±4^>f, ̂  t«rm5 f
are invariant for TJ *. (6) (generators T*, UT^ T* ) respectively.

This is of course not true of the mass term -tit ( *̂ B VU +

Consider now the algebras U (6) generated hy the T 'a

and the Dira.c matrices. The transformations

(4)



even when taken in conjunction with the Lorentz transformation

7
do not leave the free Dirac Lagrangian invariant . In fact

where the summation is to "be carried over v-s. f to 8. The

conclusion therefore is that so far as the free Lagrangian is

cm*.
concerned, the group U^-(6) is the only which leaves the

w

Lagrangian invariant; TJ * (6) leaves the kinetic energy

term unchanged hut not the mass term, while for the covariant.

groups U* (6) (defined with Dirac matrices &u*j e tc . , rather

than the spin matrix V^u.) the free Lagrai^an possesses no specially

desirable transformation character.

(B) The Interaction Lagrangian

It is at this stage that our difficulties start. It has

so far appeared impossible to construct an interaction Lagrangian

involving a product of a finite number of field operators which is

invariant for U^j-{6) or 11^,(6). It would seem therefore that1^,

if IT (6) is a relatively exact symmetry of nature, only an S-matrix

type of theory oan be constructed for it.

t.

On the other hand for the group structures U 1 (6), even

though the free Lagrangian is not invariant, one can write invariant
Q

interaction terms. For example, in the Euclidian sense
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(with y st iD ), the interaction part of the parity conserving

Lagrangian

+(^Tiv|/j(qrrf.rt)

is invariant for U (6) <§) U ~ (6) transformations. There is a

total of 72 currents of which only the SU(3) ninefold

is conserved. The divergences of these currents are listed in

the Appendix.

4. Invariance of 5U*t(3) & STJ~*(3) under SU(6)

The considerations of section 3 leave us with a dilemma.

What ia the U(6) group of Guraey, Radicati and Sakita, if it

is not Ujj(6)? If we are willing to give up covariance of the

group-structure (though of course not of the basic Lagrangian)

a <fceiv-covariant sut>-group of the structure U (6) ® U (6) is

provided "by the 36 generators.

This structure coincides with the little-group 1^6) for the rest fr=me
Thus the set of transformations,

6 I (space-rotation)
bPb

leaves the interaction C«F

as well so the mass term as well as ^^"•bt>4
/ invariant, changing

kinetic energy term "by

The differential conservation law does not hold for the 24 currents



Note quite generally that 8k * * 2.

Now the Lagrangian (5) postulated afcove is precisely the

type of Lagrangian previously written down in a different connection

in connection with what has been called the [Sltl3)ji ® 1**̂ 1̂ /JU,
9theory . It is perhaps instructive to write the equations of the

gauge version of this theory in detail as well as the transformations

involved. We shall use the Lorentz metric and not adopt the trick

of passing to the Euclidean space.

Start with the Lagrangian

[

where ~Zlu^ and JLtj.
 a*"e 18 gauge vector fields which can he

expressed as sums and differences of vector and axial vector fields,

Now if we specialise to the Keyl representation/the tt(^) <S>

transformation written in eq.(4) we have

(8)+ R '
or

with Oi~€t-if\ t jJ-€-/TJ, Then i t is easy to check that

the Yukawa-like interaction terms in (7) are invariant providing

ri

si'
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However the free Lagrangian changes "by

+ meson terms

Clearly the mass term y ^ is invariant only if the Oj

containing part of the transformation vanishes (fl-sO &Y Vs/J ).

Also as stated "before, the kinetic energy term is at least

invariant matt? for the part of the transformation (8) corresponding

to pure rotations,

Note also that I^Z*, i s invariant in the Euclidean sense,ite,,

We have omitted writing the meson equivalents of the fermion

kinematic-energy in eq.(ll) for the sake of "brevity.

5. Conclusions

To summarise the situation in respect of. combining the Lorentz

with the internal symmetry groups, we succeed in writing down a

complete field-theoretic formalism provided we extend the algebra

of the homogeneous, and not the inhomogeneous Lorentz group. The

operators ( [±\rfg ) Ouv correspond to the two independent

(angular momentum) operators whidh generate the homogeneous Lorentz

group.
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The group structures U_ (6)<g)TI (6) are a direct generalisation

from SU (2) to TJ*(6) of spinors of each kind. However we note that

these generalisations do not leave the kinetic energy terms invariant,

The physically significant group with 36 generators is then the

generalisation of the homogeneous Lorentz group, this generalisation

consisting of 36 generators of space rotations £ and the unitary

transformations T*, fT* . For the rest frame of a single particle,

this group coincides with U,j.(6), the "little group" of Gursey,

Radicati and Sakita.

The authors are deeply indebted to Prof. P. T, Matthews and

Dr. J. Charap for stimulating discussions. They have developed the

U (6)0 U (6) formalism independently. After completion of this work

the authors have also seen a preprint "by M. A. B. Beg and A. Pais on

the subject and a referenoe therein to a preprint by Lee, Cornwall,

Preund and Bardakci.
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APPENDIX

We l i s t here the commutators and gaititjommutators. that ar ise in
the algehra of U(12), For the U(3) spin part we have

The •£ and d are the same as those of Gell-Mann (Phys. Rev,
, 1067 (1962)) and "X = £ T establishes the correspondence with h is

notat ion.

For the Dirac algebra we use the 16 matrices

, rh ,
for which ^"f ty is real. Then listing the results,

- 0
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4- -
We also include here the currents which generate U (6) $ V (6).

Thus under (4) we have

meson contri"but ions

wlwrx

and similarly for J« , Since the only change in the Lagrangian is

that of the free part ;

if
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